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the realization of underlying shocks. Because private agents have more precise
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controlling the information revealed through the interest rate.
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"Perhaps most importantly, we need to know more about the manner in which inflation expec-
tations are formed and how monetary policy influences them. Ultimately, both actual and expected
inflation are tied to the central bank’s inflation target, whether that target is explicit or implicit.

But how does this anchoring process occur?"

Yellen (2016)

1 Introduction

There is no doubt that central banks understand the importance of expectations and aim to an-
chor inflation expectations. However, an open question is how expectations are formed, and more
importantly, what the role of monetary policy is in shaping expectations.

There has been much progress in the economics literature in modeling expectations that are
different from the full-information rational expectations and in studying the implications for the
optimal conduct of monetary policy. The majority of papers in this literature assume that private
agents observe noisy signals that are exogenously distributed around the true state.! This assump-
tion, although useful in many settings, excludes the possibility that private agents may learn the
state of the economy from decisions made by other players, and one important example of "other
players" is the central bank.

This paper studies how monetary policy should be conducted when expectations about the
state of the economy are endogenous to monetary policy decisions. I assume that information
about the true state of the economy is asymmetric between the central bank and the private sector.
The private sector has partial information about the realization of underlying shocks, whereas the
central bank has perfect information. In this environment, monetary policy has dual effects: The
first is the traditionally studied direct effect on the borrowing cost of households, and the second is
the informational effect on expectations in the private sector. Suppose that the economy is hit by
a positive cost-push shock and it is partially observed in the private sector. The central bank now
faces a trade-off when making interest rate decisions. If the central bank increases the interest rate,
the direct effect of the tightening monetary policy is to decrease inflation by lowering demand,
which offsets the effect of the positive cost-push shock on inflation. At the same time, however,
firms also learn more about the shock from this interest rate response. This informational effect
induces firms to increase prices, partially offsetting the direct effect of the tightening monetary
policy.

To model asymmetric information between the central bank and the private sector, I introduce

informational frictions to an otherwise canonical New Keynesian model with Calvo price rigidity.

! Another way to model imperfect information is to assume lagged information, rather than partial information. For
a comprehensive review of papers on imperfect information, see Mankiw and Reis (2010).
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There are two types of shocks in the private sector: technology shocks and wage markup shocks.
Their aggregate components map to natural-rate shocks in the output gap and cost-push shocks in
inflation. Private agents, both the household and all firms, know the distributions of the shocks, but
have partial information on the realization of the shocks. Under rational expectations, the private
agents understand the way the interest rate reacts to the two shocks in equilibrium, and therefore,
they extract information about the realization of the two shocks from interest rate responses.

I start the analysis from the baseline situation, in which case shocks do not have serial corre-
lation and the current interest rate is the central bank’s only policy instrument. I start by solving
the equilibrium interest rate for a discretionary central bank that optimizes after the realization of
shocks and takes as given how private agents form expectations from its interest rate decisions.
In equilibrium, the interest rate is one signal that jointly provides information about two shocks.
When the private agents form expectations about one shock, the prior distribution of the other
shock becomes the source of noise in the signal.

The information on the realization of natural-rate shocks is beneficial, whereas the information
on the realization of cost-push shocks is detrimental. This is because after a natural-rate shock, the
central bank is able to completely stabilize inflation under perfect information. Therefore, when
private agents regard a positive innovation in the interest rate as a response to a natural-rate shock,
they expect inflation to be zero. The direct effect and the informational effect of monetary policy
are aligned after natural-rate shocks. In contrast, the central bank only partially offsets the effect of
a cost-push shock under perfect information, because cost-push shocks induce a trade-off between
inflation and the output gap. Therefore, when private agents regard a positive innovation in the
interest rate as a response to a cost-push shock, they expect inflation to be positive. The infor-
mational effect of tightening monetary policy is to increase inflation through expected inflation,
partially offsetting the direct effect.

I then study the optimal state-contingent policy rule and compare it with the equilibrium interest
rate under discretion. To isolate the gains from the informational effect, I focus on a simple rule in
which the interest rate only responds to current shocks. This removes the traditionally studied gains
from commitment to a delayed response, which changes the expectations on the future equilibrium.
By committing to a policy rule, the central bank effectively chooses a direct mapping from the
actual shocks to the expected shocks. I show that the optimal policy rule reduces the sensitivity
of expected shocks to the interest rate, which consequently alleviates the degree to which the
informational effect dampens the direct effect of the interest rate.

The informational gains from commitment lead to a novel time-inconsistency problem. Dif-
ferent from the traditional time-inconsistency problem, in which the incentive to deviate applies

across time periods,? the time-inconsistency problem in my model applies across states. Once the

2Many papers have shown the time-inconsistency problem when the central bank optimally commits to a future



central bank has committed to a policy rule, it has fixed the informational effect of the interest rate.
Ex-post, the central bank has an incentive to deviate from its committed rule, assuming that such a
change will not change how expectations are formed in the private sector.

In practice, central banks commonly treat communication about the state of the economy as
an important tool. The baseline model captures the situation in which information is conveyed
through policy decisions, but what if the central bank is able to directly tell the private sector the
information about the shocks? To address this question, I model central bank direct communica-
tion by adding external signals independent of the interest rate. This raises the question of whether
there is an interaction between the "words" (direct communication) and the "actions" (monetary
policy decisions). I find that increasing the precision of the communication of one shock makes
the interest rate a more precise signal about the other shock. Consequently, this interaction effect
makes the welfare implications of communication different from the conventional wisdom: pro-
viding more precise information about the efficient shock (natural-rate shock) through central bank
communication may reduce welfare, as the private sector also gets more precise information about
the inefficient shock (cost-push shock) from the interest rate at the same time.

I extend the analysis to serially correlated shocks to study the dynamic informational effect.
In this case, the private agents form beliefs about current shocks by optimally weighing current
signals and past beliefs. Therefore, the current interest rate has a lagged effect on future equilib-
rium through the belief-updating process. I show that the dynamic informational effect makes the
equilibrium interest rate have an additional target, which is anchoring expectations. In a numerical
example, I show that the size of the gains from commitment crucially depends on the precision of

external signals and the serial correlation in shocks.

Relationship to prior work

My analysis connects the growing literature on optimal monetary policy under imperfect informa-
tion. Papers in this field typically assume that expectations about the state of the economy are
exogenous to monetary policy decisions. One of the few exceptions is Tang (2015), which is also
the paper most closely related to this one. Tang (2015) characterizes discretionary monetary policy
under the assumption that monetary policy has an informational effect. The most important con-
tribution of this paper is to connect the informational effect of monetary policy to the debate over
discretion versus commitment.

The field of optimal monetary policy under imperfect information is revived by Woodford

(2001), who shows how imperfect information about monetary policy leads to persistent real ef-

path of interest rate responses. Examples include when the central bank faces stabilization bias (Clarida, Gali, and
Gertler (2000), Woodford (2011)), and when the current interest rate is bound by the zero lower bound (Eggertsson
and Woodford (2003)).



fects through higher-order beliefs. Following Woodford (2001), the majority of papers that study
optimal monetary policy under informational frictions assume that beliefs in the private sector are
formed independently from monetary policy decisions. Ball, Mankiw, and Reis (2005) assume
that information is rigid in the private sector and characterize optimal policy as an elastic price
standard. Adam (2007) adds rational inattention and demonstrates that the target of the optimal
monetary policy changes from output gap stabilization to price stabilization when private agents
choose more precise signals. Angeletos and La’O (2011) show that the flexible-price equilibrium
is no longer the first-best when information frictions affect real variables.

The idea that optimal commitment achieves ex-ante welfare improvement has a long tradition
dating back to Kydland and Prescott (1977) and Barro and Gordon (1983), although not in the
content of informational frictions. The gains from commitment in these papers come from the
assumption that the private sector is uncertain about the policy response. In my paper, I assume
that the private sector has perfect information about the response of monetary policy in both cases,
but has imperfect information on the underlying shocks to which the monetary policy is a response.

There are papers that discuss the gains from policy commitment under imperfect information.
Svensson and Woodford (2003 2004) assume that the central bank has imperfect information and
show that the optimal policy under commitment displays considerable inertia relative to the discre-
tionary policy, due to the persistence in the learning process. Lorenzoni (2009) and Paciello and
Wiederholt (2013) explore the idea that the central bank is able to change the learning process in
the private sector if it is able to commit to completely offsetting inefficient shocks. However, the
gains from commitment studied in these papers come from the direct effect of monetary policy. In
contrast, the emphasis in this paper is the gains from commitment through the informational effect.

The informational effect of monetary policy has increasing support from recent empirical stud-
ies, which is also accompanied by the increasing degree of central bank transparency in the U.S.
In 1994, the FOMC began to announce its target policy rate. This change in policy is shown to
improve private forecasts of interest rates (Swanson (2006)) and to impact private forecasts of eco-
nomic fundamentals as well. Romer and Romer (2000, 2004) are the first contributions to provide
empirical evidence on information asymmetry between the Federal Reserve and the private sector.
They show that inflation forecasts by private agents respond to changes in the policy rate after
FOMC announcements. Faust, Swanson, and Wright (2004) further confirm that the private sector
revises its forecasts in response to monetary policy surprises. In more recent papers, Campbell
et al. (2012) show that unemployment forecasts decrease and CPI inflation forecasts increase af-
ter a positive innovation to expected future federal funds rates. Nakamura and Steinsson (2018)
also show the informational effect of the federal funds rate using high-frequency data. In addition,
Melosi (2016) captures this empirical pattern using a DSGE model with dispersed information.

Motivated by these empirical findings, recent papers have begun to study the optimal conduct



of monetary policy when monetary policy provides information about the state of the economy.
Baeriswyl and Cornand (2010) note that because monetary policy cannot fully neutralize markup
shocks, the central bank alters its policy response to reduce the information revealed about the
cost-push shock through monetary policy. Berkelmans (2011) demonstrates that with multiple
shocks, tightening policy may initially increase inflation. The paper most closely related to the
present work is Tang (2015), who characterizes the optimal discretionary policy when monetary
policy has an informational effect. However, to my knowledge, all existing papers that capture the
informational effect of monetary policy have only studied the situation in which the central bank
optimizes under discretion. I contribute to this literature by showing the gains from commitment

that come through the informational channel.

2 Private Sector

In this section, I characterize the equilibrium of the private sector in a standard New Keynesian
economy with sticky prices in the style of Calvo (1983) and informational frictions. Fluctuations
are driven by two types of shocks: technology shocks and wage markup shocks. I assume that the
central bank has perfect information about the two shocks, whereas private agents cannot directly
observe the shocks. Private agents have rational expectations and update expectations about the

shocks when they observe changes in the interest rate.

2.1 Informational Frictions

I model an "islands economy," following lines similar to Phelps (1970), Lucas (1972), Woodford
(2001), and Angeletos and La’O (2010). There is a continuum of islands, indexed by j, and infor-
mation boundaries are the result of the geographic isolation of islands. There is a representative
household, consisting of a consumer and a continuum of workers. At the beginning of each period,
each household sends one worker to each island, j. There is a continuum of monopolistic firms,
each located on one island and indexed by the island. Each firm demands labor in the local labor
market within the island and produces a differentiated intermediate good, j. Information is sym-
metric within an island, meaning each firm is able to observe its firm-specific shocks. Information
is asymmetric across islands, meaning firms are unable to observe shocks or decisions made by

other firms.



2.2 Private Sector Optimization Problem

2.2.1 Household

The preferences of the representative household are defined over the aggregate consumption good,

C;, and the labor supplied to each firm, N, (), as

B {Uc) - [Vintail, 0

where EF denotes the household’s subjective expectations conditional on its information set, ®y.

The aggregate good C; consists a continuum of intermediate goods:
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where C;(j) is the consumption of intermediate good j in period ¢.
The economy is cashless. The household maximizes expected utility subject to the inter-

temporal budget constraint:

[ BOGUMI B < [ WM G+ (4B 4T, o)

where B; is a risk-free bond with nominal interest i;, which is determined by the central bank. I1;
is the lump-sum component of household income, which includes dividends from ownership of all
firms. W;(j) and N, (j) are the labor wage and labor supply for firm j, respectively.

The household’s optimization problem can be solved in two stages. First, conditional on the
level of aggregate consumption, the household allocates intermediate goods consumption to mini-
mize the cost of expenditure conditional on the level of aggregate good consumption. The alloca-

tion of intermediate good consumption that minimizes expenditure yields

G(j) = <M) _SCr 4)

for all j € [0, 1], and where P, = [fo ()1 8al]}

In the second stage, conditional on the optimal allocation among intermediate products, the
household chooses its aggregate consumption, C;, labor supply to all firms, N, () Vj, and savings
in the risk-free bond, By . I assume that the ut111ty of aggregate good c?nsumptlon and the utility

1 G,andV(N )= 1j++(;p’

of the inter-temporal elasticity of substitution and the parameter ¢ is the inverse of the Frisch

of labor supply take the following forms: U (C;) = where o is the inverse



elasticity of the labor supply.

The inter-temporal consumption decision leads to the following Euler equation:

€0 = B(1+i)E" <c Gi). 5)

Equation (5) shows that the consumption decision is forward-looking. Specifically, current demand
depends of expectations on future real consumption and future changes in the aggregate price level.
The intra-temporal labor supply decision sets the marginal rate of substitution between leisure

and consumption equal to the real wage:

NSG) W
c° B

(6)

2.2.2 Firms

Firms are intermediate good producers and subject to both price rigidity and informational fric-
tions. As the assumption made in Calvo (1983), in each period, a measure 1 — 0 of firms win the
Calvo lottery to reset their prices. Other firms charge their previous prices. A firm j that resets
its price in period ¢ chooses P;"(j) to maximize its own expectation of the sum of all discounted

profits while P(j) remains effective. The profit-optimization problem can be written as follows:

maxp:; )Zk 09 E {Qtt+k[ F(D) Yk (J) — Uzvik(j)WHk(j)Nt(]')]}a (7

where E] denotes firm j’s expectation Conditional on its information set, @;. Q; ;4 is the stochastic

. . . 1% Cz+k w
discount factor given by: Q; 1y = 8 ) Pz+k UM

Following the tradition of the New Keynesmn literature, I assume that labor is the only input

(j) denotes the wage markup for firm j.

and each firm produces according to a constant return to scale technology,

Yi(J) = A(DLJ), ®)

where A;(j) denotes the technology of firm j.

There are two sources of uncertainty that affect the pricing decisions of each firm: technology
shocks and wage markup shocks. I assume that both shocks have an aggregate component and an
idiosyncratic component. The idiosyncratic components are drawn independently in every period

and log-normally distribute around their aggregate components. Denote a;(j) = log(A;(j)) and



u” =1og(U"(j)), and it then follows,

a(j) = a+s4j),  s4(j) ~N(0, o)
w'(j)=u’ +s4(j),  s“(j) ~N(0, 62)

I assume that the aggregate components of both shocks follow AR(1) processes:

ar = 0%y +VY, vl ~N(O, sza)
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The first-order condition for labor input implies that the nominal marginal cost of production

is U;(j)W;(j)/A:(j). Substituting the marginal cost of production into the optimal pricing decision

results in ) ) |
E/X(BO)u (Coip)PE Y, yu W, nA L (J
Pz*(]> _ £ TX(BO) U (Crix) ik Lt+k 1+k(J) t+k(j) z+k(])' )
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Equation (9) implies that pricing decisions are forward-looking and strategic complements. Specif-
ically, the optimal resetting price of firm j increases with the expectation of a higher firm-specific
marginal cost of production and a higher aggregate price level in both the current and all future

periods.

2.3 Aggregation and Equilibrium in the Private Sector

Equilibrium variables in the private sector are solved in log deviations from their steady-state
values (i.e., x;, = [n(X; /X)), and denoted by lower-case letters. (See Appendix A for details.)

The Output Gap

Following the New Keynesian tradition, I express output in terms of the output gap, y;, which is
defined as the difference between y; and the natural level of output, y;'. The natural level of output

is defined as the output level under flexible prices and perfect information. In this situation, y}

becomes a linear function of a; y} = %a,, and follows an AR(1) process, y! = ¢y, ; +v;, where
+0
¢ =¢% and 0, = —(f+(p Ova.

The output gap is derived as follows:

. . I 1 (0
)’tE)’t—)’?ZEtHyzH—g |:lt_ (l_q)i”?— 1_¢EtHV?) —E;Hﬂtﬂ}, (10)

where E9, . = Efy 1 —EFy!, = Efly, .1 — 9EFy!. " denotes the natural rate of interest,

which measures the expected growth rate of y7, i.e., /' = 6 (Eyir1 —y!) = (¢ — 1)y*.3

3The natural-rate shock is mapped from the aggregate component in firm technology shocks in the present model,
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Note that equation (10) nests the situation of perfect information, in which case Ef 7 = 7/,
EF$, | = E;$;.1 and EF'm; | = E;m; 1. The output gap under perfect information is given by,

R P
Vi :Ez)’z_g[lt_r?_EzTCtH] (11)

The comparison between equation (10) and equation (11) shows how informational frictions
affect the output gap: Suppose there is a positive innovation in r}, meaning the aggregate technol-
ogy is lower today and higher tomorrow. The equilibrium price should increase and consumption
should decrease in the absence of any frictions. Due to price rigidity, the current demand does not
decrease sufficiently, which results in a positive output gap. If, in addition to the price rigidity, the
household has no information about the change in aggregate technology, it does not adjust demand
at all. Consequently, the increase in the output gap is amplified by informational frictions.

This leads to a key implication for optimal monetary policy: After a positive natural-rate shock,
the central bank wants to reduce demand by tightening monetary policy, as the direct effect of tight-
ening monetary policy is to increase the household’s cost of borrowing. At the same time, however,
such policy response also reveals the realization of the natural rate shock, and this informational
effect also reduces the output gap. In this case, the informational effect is aligned with the direct
effect of the interest rate.

Inflation

Under the assumptions of Calvo (1983), the current aggregate price level is the composite of

the aggregate price in the previous period and the average resetting prices:

pi=0p1+(1-6) [ pi(i)dj. (12)

The integral of resetting prices may potentially lead to the higher-order beliefs problem. As
equation (9) shows, p; () includes firm j’s expectation about the aggregate price level P; and, thus,
includes other firms’ expectations. This leads to the infinite regress problem: Each firm uses its
firm-specific shock as a private signal and guesses the private signals observed by other firms.*

I abstract from this higher-order beliefs problem by assuming that 6y, = o0 and o, = . Under
this assumption, private signals, a,(j) and u}"(j), become completely uninformative about the ag-
gregate shocks, so firms do not use their firm-specific shocks as signals when forming beliefs about

the aggregate economy. The subjective beliefs in the model are homogeneous, which I denote as

but it can also be other types of demand shocks as well, for example, time preference shocks or government spending
shocks. As long as the output target in the next period is not known to the household, the expected natural rate affects
the output gap in addition to the actual one.

“Many papers have shown how higher-order beliefs lead to monetary policy have more persistent effects, for
example, Woodford (2001) and Angeletos and LaO (2009). For the solution method to the infinite regress problem,
see Huo and Takayama (2015), Melosi (2016) and Nimark (2017).
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E?.> Homogeneous beliefs are formed when private agents, including both the household and all
firms, use only public signals when forming expectations about aggregate variables.
The aggregation of the individual resetting of prices leads to the New Keynesian Phillips curve

under subjective beliefs:’
T =BOE M1+ (1 —0)E ™ + KOV, + ur, (13)

where Kk =

(=P 9)(19_ 0)(¢+o) , and u; denotes the cost-push shock, which is linearly mapped from

the aggregate wage markup shock as u, = (1 —0)(1—6)u.
Equation (13) nests the situation of perfect information, in which case expected inflation equals

actual inflation, and the Phillips curve is given by,

. 1
7 = BEm 4 + Ky + Euz (14)

The comparison between equation (13) and equation (14) shows how informational frictions
affect inflation: After a positive cost-push shock, its effect on inflation is reduced, as 6, the Calvo
parameter, is less than 1. To understand the intuition, recall that under perfect information, firms
increase prices due to two factors. First, each firm’s the cost of production increases due to the firm-
specific wage markup shock. Second, as each firm perfectly knows that other firms also increase
prices, it further increases its own prices, due to the market structure of monopolistic competition.
Under imperfect information and in the absence of public signals, the first factor still exists, as
each firm is still able to observe its own firm-specific shocks perfectly. However the second factor,
the strategic complementarity in the pricing decisions, does not exist, as each firm does not know
that a fraction of its firm-specific shock is an aggregate shock.

This leads to a key implication for optimal monetary policy: After a positive cost-push shock
that causes positive inflation in the absence of any policy response, the central bank wants to
reduce inflation by tightening monetary policy, as the direct effect of tightening monetary policy
1s to reduce demand, which reduces inflation. At the same time, however, such an interest rate
response also reveals the realization of the cost-push shock, and this informational effect makes

firms further increase prices. In other words, the informational effect conflicts with the direct

>Note that subjective expectations in this paper refer to the rational expectations formed under imperfect informa-
tion, rather than any other deviations from rational expectations, for example, least-squares learning as in Evans and
Honkapohja (2012).

6 Another way to model homogeneous beliefs is to assume that firms have the same technology and face the same
wage markup but do not observe them when setting prices. This assumption, however, implies that aggregate inflation
consists of only the firms’ expectations, and does not consist of actual shocks. Consequently, there will be no trade-off
between inflation and the output gap due to the lack of actual cost-push shocks, which makes the optimal monetary
policy less interesting

’See Appendix A for the detailed derivation,

11



effect.
The equilibrium in the private sector is expressed in terms of the output gap and inflation. The
underlying aggregate shocks in the private sector are now written in terms of natural-rate shocks

in the output gap and cost-push shocks in inflation. The shock processes are given by

r?:q)r{l—l_'—vla

o u
U = ¢uut—l +Vt,

where the natural-rate shock and the cost-push shock are mapped from the technology shock and

the wage markup shock, correspondingly.®

3 Monetary Policy with Serially Uncorrelated Shocks

In this section, I focus on the within-period gains from commitment due to the informational effect
of monetary policy. I first characterize the informational effect of the interest rate for a given
interest-rate response function, and then compare the equilibrium in which the interest rate policy
is chosen under discretion and under commitment.

In this section, I add two assumptions to make the model static in nature. First, I assume that
underlying shocks have no serial correlation. Second, I impose the restriction that the central bank
cannot commit across periods, which excludes the traditionally studied gains from committing to
a delayed response. Under these assumptions, the expected inflation and the output gap in the next

period is at their steady state levels.’

3.1 The Direct Effect and the Informational Effect of Monetary Policy

Under the assumption that shocks are not serially correlated, future equilibrium variables are ex-
pected to be at their steady-state levels. Substitute ¢ = ¢“ =0 and Ejm | = E/y,41 = 0 into
equation (11) and (13) and get:

. 1.
== (i =rf) (15)
8Specifically, 7" = ﬁ—ga(qﬁ —1)a;, and u; = (1 — 6)(1 — $0)u)’. By construction, r' and u, have the same auto-

coefficients as the aggregate technology process and the wage markup process. Denote the standard deviation of
the natural-rate shock and the cost-push shock as o, and o,. By construction, 6, = %;G((]) —1)oy, and o, =
(1-6)(1—PB0O)0Cyuw.

Following the conventional New Keynesian literature, the long-run distortion has been eliminated via a Pigouvian
tax as an employment subsidy, so that the steady-state levels of the output gap and inflation are all zero.
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The output gap is free from expected shocks, because the household is able to observe the
current price level and future equilibrium variables are expected to be at steady-state levels. In
contrast, inflation is affected by subjective expectations, because each individual firm does not
observe the aggregate price level when making its own pricing decision. Rearranging equation

(16) leads to the expression of aggregate inflation in terms of expected shocks,

1-6
(Ejrf — 1)+ ——Efu; +uy. (17)

K
c

Equation (15) and equation (17) show the two effects the interest rate has on the equilibrium
in the private sector: The first one is the direct effect, which is the conventionally studied effect
on the household’s borrowing cost. Through the direct effect, an increase in the interest rate re-
duces current consumption, as it increases the relative cost of current consumption versus future
consumption. The direct effect of an increase in the interest rate is also to reduce inflation, as each
firm which gets the Calvo lottery reduces its price due to lower demand. The direct effects of the

interest rate on the output gap and inflation are as follows:

ayt 1

a i ’dlrect _Ev (18)
&75; aTCt 8)7[ . K

a i ’dzrect a 81; _E- (19)

The informational effect captures how private agents update beliefs about expected shocks after
observing changes in the interest rate. As the output gap is free from subjective beliefs, monetary
policy has no informational effect on the output gap. The informational effect of monetary policy
on inflation consists of the changes in expectations about both types of shocks. Expected natural-
rate shocks increase inflation, because firms increase prices when expecting a higher aggregate
demand from the household. Expected cost-push shocks increase inflation, because firms increase
prices when they expect the wage markups of other firms to also go up. The informational effects
of the interest rate on the output gap and on inflation are as follows:

93
a d |lnf0rmaltonal =0, (20)
U

om, om_JEjr} | 9% OEu
81; informational — 8Efr? 81} 8E,Sl/lt 81‘,

21

where the partial derivatives of inflation on the expected natural-rate and the expected cost-push

om _(1_9);( dm,  _ 1-6

ESrT T o’ dEw, 0 °

shocks are defined in equation (17) as: 5z
Belief Formation

The informational effect of the interest rate depends on the interest rate response function.

13



First consider a given interest rate response function that responds linearly to the two aggregate
shocks, i.e., iy = F,ri' + F,u;. The interest rate becomes one signal that simultaneously provides
information about two shocks. When private agents extract information from the interest rate about
one shock, the prior distribution of the other shock becomes the source of noise in this signal.
Agents in the private sector are Bayesian and form best linear forecasts by optimally weighting
their prior beliefs (shocks have zero ex-ante mean) and the current signal (the interest rate). Let K,
and K, denote the optimal weights on the two states after observing interest rate changes, which
are determined through the optimal filtering process. Beliefs formed through the Kalman filtering

process are given by,

ESrT 1 -K, 0 K| . K. F, K.F, 7,
t't _ r ‘I‘ r i[: rt'r rt'u t 7 (22)
Elu, 1-K,| |0 K, K.F, K,FE,| |u
where
F2c?
KF=—"T"T" 23
rtr Frzcrz_’_FuzGuz ( )
FZGZ
K,F,= —-4*% . 24)
" Flo+Flo}

The above system of equations solve the belief formation process in the private sector. The
following lemma provides an interpretation:

Lemma 1: When the interest rate response function is linear, i.e., i; = F,r}' + F,u;, and private
agents have model-consistent expectations, expectations about the two shocks have the following
properties:

JESr!/or})

_ JEr /oy . 0 Fr
o When o, = o, JEruTou; Increases with oh

S 1 1
o When F, = F,, % increases with %
t u

Lemma 1 describes how the precision of the informational effect of the interest rate is deter-
mined by the interest rate response function and the ex-ante dispersion of the underlying shocks.
When the two shocks have the same ex-ante dispersion (6, = ), if the interest rate is more sen-
sitive to natural-rate shocks and less sensitive to cost-push shocks (F, > F,), then after observing
a change in the interest rate, agents in the private sector infer that such an interest rate change is
less likely to be a response to a cost-push shock. Otherwise, provided that F, is small, the change
in the interest rate has to come from a large cost-push shock, which is less likely to happen given
the fact that shocks have same prior distribution. When the interest rate is equally sensitive to both
shocks (F, = F,)), agents in the private sector put more weight on the shock that has higher ex-ante

dispersion, as the ex-ante mean of the shock has a smaller weight in the belief-formation process.
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3.2 Monetary Policy under Discretion

A discretionary central bank chooses the interest rate ex-post, taking two factors as given. The
first is the realization of the shocks. The second is the informational effect of the interest rate, i.e.,
how private agents use the interest rate as a signal to form expectations about the two shocks. As
illustrated in Lemma 1, the informational effect of the interest rate, captured in the Kalman gains
in the belief-updating process, is determined by the expected interest rate reaction function. Under
rational expectations, the actual interest rate response function coincides with the expected interest
rate reaction function in equilibrium. Private agents receive one piece of information from the
central bank, which is the interest rate decision. They have rational expectations about the interest
rate response function in equilibrium. The following figure summarizes the optimization problem

of the central bank under discretion.

Private agents expect the interest
rate to react as iy = f°(-)

\ /

The CB chooses i, = f4(r", u,).

Shocks are realized (7, u)

Private agents form E}r} E/u, and make
consumption and pricing decisions.

Figure 1: The Sequence of Events under Discretion

As shown in the chart, the central bank takes two factors as given when choosing i;: the shocks and the expected
interest rate reaction function. Private agents receive one piece of information from the central bank, which is the
interest rate. An equilibrium exists when (%, u;) = f¢(r7, u).

3.2.1 The Phillips Curve

The Phillips curve describes the constraint faced by the discretionary central bank when choosing
the optimal interest rate under discretion, as it captures the trade-off between output gap stabiliza-
tion and inflation stabilization. In this section, I use an example to illustrate how the informational
effect of the interest rate changes the Phillips curve.

Suppose that the central bank chooses the optimal interest rate as if information is perfect,

which is characterized by a linear function, i; = F i+ FPu, 10 In this case, private agents form

101¢ is well known that the optimal interest rate under perfect information targets zero inflation after natural rate
shocks and partially accommodates cost-push shocks by targeting m; = —®7;. The optimal interest rate that achieves
such targets is: i; = r' + %;«%w“t'
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expectations on the shocks using the interest rate as a signal, and the belief-updating process is
described through equations (22) - (24). Substituting the expected shocks by the interest rate into

equation (17) leads to the Phillips curve under imperfect information,

= {K— c [(1 — 9)§Kr+ %Ku} })?t + {(1 — G)E(Kr— 1)+ %KM} rf4u,  (25)

Recall that with perfect information, the Phillips curve is exogenous to the interest rate deci-
sion. In contrast, with imperfect information, the Phillips curve depends not only on the realization
of actual shocks, but also on the expectations about the shocks, which further depends on the expec-
tations about the interest rate reaction function. Mathematically, how the interest rate is expected
to respond to both shocks affects the Kalman gains (K, and K,,) in equation (25). In the following
figure, I plot the Phillips curve under perfect information and the Phillips curve under imperfect

information after both shocks.

The Phillips Curve, ry' =1,u, =0 The Phillips Curve, rf' =0, u, =1

Under Perfect Information
Under Imperfect Information

Under Perfect Information
Under Imperfect Information
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Figure 2: The Phillips Curve under Perfect Information and under Imperfect Information

The above figures plot the Phillips curve after a natural-rate shock (left) and a cost-push shock (right) under perfect
information (in blue) and under imperfect information (in red). The dotted ellipse is the indifference curve of the

central bank. See Section 3.4 for parameter values.

The above figure shows that the slope of the Philips curve is reduced under imperfect informa-
tion, as the informational effect dampens the direct effect of monetary policy. When the interest
rate increases, its direct effect increases the household’s cost of borrowing of the household, which
reduces both the output gap and inflation, as shown in equations (18) and (19). At the same time,
the informational effect leads to positive updates of expectations about both shocks, making firms
increase prices as they expected a higher aggregate demand and a higher aggregate price level, as

shown in equations (20) and(21).
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The intercept of the Phillips curve captures the situation when the interest rate responds to
close the output gap. After a natural-rate shock, closing the output gap requires the interest rate to
respond one-to-one to the realized natural-rate shock. The direct effect of such tightening monetary
policy is to reduce inflation, but at the same time, private agents do not know whether the interest
rate is responding to a natural-rate shock or a cost-push shock. There are two factors that affect the
intercept of the Phillip curve, and their relative size determines the sign of the intercept. First, the
expected output gap is lower than the actual output gap, as the expected natural-rate shock is lower
than the actual natural-rate shock, which reduces the intercept. Second, as firms positively update
their expectations on the cost-push shock, they increase prices as they expect a higher aggregate
price level, which increases the intercept.

After a cost-push shock, closing the output gap means the interest rate does not respond at all.
Absent any signals, private agents do not update beliefs on both shocks, and firms increase prices
only because the increases in their own cost of production. Consequently, inflation is lower under
imperfect information.

The changes in the Phillips curve imply the costs and benefits of informational frictions. On
the good side, the intercept of the Phillips curve after a cost-push shock is reduced, because each
firm increases its price by less when it does not know that the costs of production in other firms
also increase. On the bad side, the slope of the Phillips curve is reduced, which means the central
bank needs to sacrifice more output as the trade-off to stabilize inflation.

It becomes apparent that the optimal interest rate under perfect information is no longer an
optimizing choice due to the changes in the Phillips curve. The optimizing interest rate should

1 and

achieve the equilibrium (¥;, ;) that is the tangent point between the indifference curve
the Phillips curve. As Figure 2 shows, when private agents expect the interest rate to follow
ir(r, u;) = F'r' + F}u;, the optimizing discretionary interest rate should respond more to the
natural-rate shock (Frd > FP) and should respond less to the cost-push shock (Fud < FP). The
equilibrium interest rate is found when the expected response coincides with the actual optimizing

response, which is solved in the following section.

3.2.2 Optimal Discretionary Monetary Policy

The objective function of a central bank is to minimize the sum of the squared output gap and
squared inflation for all periods. Due to the static nature of this benchmark model, the objective
function of the discretionary central bank reduces to minimizing current deviations, which is given
by:

. I 0| |m .
min;, L(t) = [n’, ﬁt} +indept. terms (26)
0 o |

"The indifference curve captures the central bank’s loss function, L = 17 + oy?.
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subject to

1

Ve = —E(i,—r,”) (27)

. K 1-6
n,:Kyt—l—(l—G)E(Etrf—rf‘)—i—TEtut—l—u, (28)
ESF = Kyiy (29)
Ezsl/ll = Kult (30)

where o is a constant that results from the second-order approximation of the household’s utility.!?

Definition: A Markov perfect equilibrium between a discretionary central bank and the private
sector with rational expectations can be described in aggregate terms in the following way:

(i) Inflation and the output gap result from the household’s optimal consumption choices and
firms’ optimal price-setting behaviors, which are shown in equations (10) and (13).

(ii) Beliefs in the private sector about the realization of shocks are formed through the Kalman
filtering process as shown in equations (22) to (24);

(iii) The interest rate is set by the central bank’s optimization problem as specified in (26),
subject to the constraints as specified in equations (27) to (30).

As the constraint faced by the central bank is endogenous to the central bank’s own optimiza-
tion problem, further characterization of the discretionary interest rate in equilibrium relies on

numerical analysis, which I describe in Section 3.4.

3.3 Monetary Policy under Commitment

A central bank with credible commitment chooses a state-contingent policy rule prior to the real-
ization of shocks and follows the rule to set interest rates after shocks are realized. Private agents
receive two pieces of information from the central bank. One is the state-contingent policy rule,
and the second is the interest rate. The first piece of information, the policy rule, dictates how to in-
terpret the second piece of information, the interest rate, because how the interest rate is expected to
respond to different shocks determines the informational effect of the interest rate. The following

figure summarizes the sequence of events for the central bank with credible commitment.

12See Woodford (2011) for a general derivation of the second-order approximation of the household’s utility under
perfect information, and Adam (2007) for the application to imperfect information. Appendix C shows the derivation
that applies to the specific assumptions in this paper.
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) The central bank chooses
Shocks are realized (1}, u;)
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The CB imple- Private agents change
ments i; = f(r!',uy). expectations, as f¢(-) = f(-)

™~ /

Private agents form E/r}! E/u, and make

a policy rule, i, = f¢(+)

consumption and pricing decisions.

Figure 3: The Sequence of Events under Commitment

f¢ denotes the policy rule chosen by the central bank with credible commitment ex-ante. Credible commitment makes
the central bank able to change private agents’ expectations about the interest rate response function.

The key difference between optimization under discretion (Figure 1) and under commitment
(Figure 3) is whether the expected interest rate response function is taken as given (in the case
of discretion) or is endogenous to the central bank’s policy decision (in the case of commitment).
With credible commitment, the central bank can change the informational effect of the interest rate
by announcing that it will follow a rule that is different from its best response under discretion. In

this way, the central bank chooses a direct mapping from the actual shocks to the expected shocks.

3.3.1 The Phillips Curve

In this section, I illustrate how commitment changes the Phillips curve using an example: Suppose
the central bank commits to the interest rate rule that tracks the natural rate one-to-one and does
not respond to the cost-push shock, i.e., iy = 1-r +0-u;. As the central bank commits to this rule,
the interest rate becomes a perfect signal about the natural-rate shock and provides no information
about the cost-push shock. Substituting (F,,F,) = (1,0) to equations (23) and (24), it is easy to
see that (K,,K,) = (1,0). The following figure plots the Phillips curve under this commitment, in

comparison with the equilibrium under discretionary optimization.
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Figure 4: The Phillips Curve under the Rule i; = r}' and under Discretionary Optimization

The black line is the Phillips curve for the discretionary central bank. (The solution for the discretionary interest rate
is provided in Section 3.4.) The blue line is the Phillips curve for the central bank, which is expected to implement the

rule such that i; = r". The dotted ellipse denotes the indifference curve of the central bank’s loss function.

The first thing to notice is that after a natural-rate shock, the Phillips curve crosses the origin,
the same as what would happen under perfect information, which suggests that dual stabilization
becomes available under such a commitment. After the positive natural-rate shock, as the interest
rate tracks it one-to-one, the direct effect closes the output gap and, at the same time, provides
perfect information to private agents. This informational effect makes expected shocks equal to
the actual shocks and completely stabilizes inflation as well.

Importantly, the fact that dual stabilization is achieved is due not only to the interest rate’s
response to the natural-rate shock, but also to the expectation about how the interest rate would
react if a cost-push shock is realized. If private agents expect the interest rate to react positively to
a cost-push shock as well, the interest rate cannot be a perfect signal of the natural-rate shock.

The second thing to notice is that after either of the two shocks, there can only be one point
on the Phillips curve that is consistent with the commitment, which I denote in a red circle. After
the natural-rate shock, it is the origin of the plane, i.e., (¥, @) = (0,0). Other points capture
the situation when private agents have been convinced by the rule, so the informational effect of
the interest rate has been fixed, but the central bank deviates from this rule. For example, the
points below 7m; = 0 are the equilibrium in which the interest rate acts more strongly than tracking
one-to-one with the natural-rate shock.

Third, although this policy rule achieves the first-best after a natural-rate shock, it is not the
optimal policy rule. This is because the central bank also cares about the equilibrium after a cost-
push shock, in which case being completely inelastic to a cost-push shock results in the equilibrium

with a zero output gap and positive inflation, which is clearly not optimal. The optimal policy rule

20



is solved in Section 3.3.2.

The central bank can shift the Phillips curve by changing the beliefs in the private sector.
By making the private agents believe there will be a different interest rate response function, the
central bank changes expectations without changing the current interest rate. A similar intuition
can be found in papers that study optimal commitment to a delayed response of interest rates, such
as Clarida, Gali, and Gertler (2000) and Eggertsson and Woodford (2003). In these papers, the
central bank shifts the Phillips curve by committing to future interest rates, which changes the
expected future inflation. Due to the forward-looking components in the inflation dynamics, such
a commitment changes current inflation without changing the current demand, shifting the Phillips
curve. To isolate the informational gains in my model, I impose the restriction that the policy rule
only responds to current shocks. The shift of the Phillips curve is still through changes in expected

inflation, but it is expected current inflation, not expected future inflation.

3.3.2 Optimal Policy Rule

The central bank with commitment chooses the interest rate feedback rule iy = f(r}, w;, m, ;)
prior to the realization of shocks, which becomes i; = Fr}' + F{u; in equilibrium. The optimal

rule is found by choosing F, and F;, to minimize the central bank’s ex-ante loss over the state

space:
minge, Fuc//n?tz(r,, us) + 092 (rs, ug)dr''duy, 31
subject to
ir = Fr} + F uy, (32)
. 1.
Yt:—g(lt—r?) (33)
. Koo o 1—0
7r,:Kyt—i-(l—B)E(Egrf—rt)—f—TEtut—ku, (34)
B3t = Ki(FE, FOFSr + K (S, FOFeu, (35)
E’u, = K,(FS, FEO)FSr! + K, (FS, FO)Fuy. (36)

Comparing the optimization problem under commitment and the one under discretion, we find
that the ability to commit essentially relaxes one constraint: Under discretion, private agents ex-
pect the central bank to react with its best response after each shock, i.e., (F¢,Ff¢) = (F,d ,Fud),
which determines the sensitivity of expected shocks to changes in the interest rate, as measured
in (Kf’, K;f) The central bank cannot change expectations about the interest-rate’s behavior, as
private agents believe the central bank will optimize in all states. In comparison, the central bank

with credible commitment can announce that it will implement a sub-optimal interest rate in some
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states, i.e., (FfS, F{) # (Frd, F! ) Under rational expectations, the change in the expected inter-
est rate response function changes the sensitivity of expected shocks to the interest rate. In other
words, the central bank with commitment can choose a direct mapping from actual shocks to ex-
pected shocks, by controlling the informational effect of the interest rate.

Proposition 1: When o, > 0 and o, > 0, the ex-ante welfare under commitment is strictly
greater when the central bank commits to the optimal policy rule rather than optimizing interest
rate decisions under discretion.

It is very easy to understand that the ex-ante welfare under optimal commitment is always
weakly better than that under discretion, because the solution to the discretionary optimization is
within the choice set of the optimization problem under commitment. Therefore, the question then

becomes whether the gains are strictly positive, which holds true as long as one of the marginal

JdK, IJK, JK, JK,

informational effects (defined as G F IR a—Fu) is not zero. Details of the proof are provided

in Appendix C.

3.4 Numerical Illustration

Since solving the optimization problem for the central bank both under discretion and under com-
mitment requires numerical methods, in this section, I provide a numerical example to illustrate
properties of the equilibrium interest rate under discretion, and the gains from committing to the
optimal policy rule. Parameter values are adopted to align with the traditional New Keynesian
literature. Specifically, I set @ = 1 and o = 1, assuming a unitary Frisch elasticity of labor supply
and log utility of consumption. T use B = 0.99, which implies a steady-state real return on financial
assets of 4 percent. For price rigidity, I set 0, the price stickiness parameter, to be 0.5, which is
indicated by the average price duration from macro and micro empirical evidence.!? For the pa-
rameter that governs the elasticity of substitution between intermediate goods, I set € = 4, which
implies a steady-state price markup of one-third of revenue.

The solution of the equilibrium interest rate under discretion involves a circularity problem, as
the constraint that the central bank faces depends on the optimal decision of the interest rate under
rational expectations. I follow the method of Svensson and Woodford (2003) to find the solution of
the optimizing interest rate. First, I conjecture an interest rate reaction function, i, = FOr + Fu,,
which determines the Phillips curve. Then, the central bank chooses the interest rate to maximize
its objective function under the constraint of the Phillips curve. The equilibrium interest rate under
rational expectations is found as the fixed point between the conjectured interest rate function and

the solution to the optimization problem. !4

13Sources:Bils and Klenow (2004), Gali and Gertler (1999), and Nakamura and Steinsson (2010)
14A detailed derivation for solving for the equilibrium optimizing interest rate is provided in Appendix B.
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The solutions of the equilibrium interest rate, the output gap and inflation as functions of state

variables are found to be:

ir = [1.1074,1.5878] [r", u]’, (37)
and
% —0.1074 —1.5878| |r"
= : (38)
m 0.0210  0.3060 | |u

As a comparison, recall that under perfect information, the equilibrium interest rate, the output

gap and inflation under discretion are given by:

i = [1,1.8279] [, u]’, (39)

5| [0 —1.8279
| |0 0.1538

The following result summarizes the key differences between the discretionary equilibrium

rr

Uz

(40)

under imperfect information and under perfect information.

Result 1: When shocks are not serially correlated, the discretionary central bank targets a
negative ratio between inflation and the output gap, and the absolute value of the targeted ratio
between inflation and the output gap is higher under imperfect information than under perfect
information.

The intuition of this result is as follows: The discretionary optimization problem yields that the
optimal combination of inflation and the output gap is the tangent point between the indifference
curve of the central bank’s loss function and the Phillips curve. As shown in equation (25), the
slope of the Phillips curve is reduced by the informational effect of the interest rate as long as
the interest rate counteracts the effects of both shocks in equilibrium, i.e., both F, and F, are
positive. Because the Phillips curve is flattened due to the informational effect, the vector of
(¥f, m") becomes steeper in equilibrium.

More precisely, the targeted ratio between inflation and the output gap results from the first-

order condition of the central bank’s optimization problem, which is given by:

om; ! oY
T = — wy; == —Ry;. 41
t (ag) Jir Vi Vi (41)

Under full information, the absolute value of the targeted ratio between inflation and the output

o 87@ ! a_)”\t o K\ ! 1
Rperfect info — (a_l;k> a—i;k(i) = (—g> (_6) . (42)
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With informational frictions, the targeted ratio becomes:

om\ ' 99 K K 1-0 _\ '/ 1
Rimperfect info = | — | =mo=—-——=+(1—0)=K,+——K, ——)w. @3
imperfect info <8z,*) 812‘ o o +( )G r+ 0 u o () ( )

Since F, > 0, F, > 0 in this numerical example, the Kalman gains (K, > 0, K, > 0) are both
positive, which yields that Riyperfect info > Rperfect info-

To solve the optimal policy rule under commitment, I numerically search for the linear interest
rate rule, i; = Fr}' + F{u;, such that the central bank’s ex-ante loss is minimized. The optimal

policy rule, the equilibrium output gap and inflation under commitment are found to be:

i, = [1.1965, 1.6902] [, u,]', (44)
and

5] [-0.1963 —1.6902] [

Y " (45)

| 1=0.0633 0.1972 | |4,

The gains from commitment can be analyzed through the lens of the changes in the Phillips
curve, which is the trade-off between inflation stabilization and the output gap stabilization. When
the central bank has the ability to commit, it wants to improve the trade-off from the discretionary
equilibrium, which translates into 1) steepening the slope and 2) reducing the intercept after a
natural-rate shock. Equation (25) shows that these two goals are aligned when the Phillips curve
has a positive intercept after a natural-rate shock under discretion, which is satisfied under the
parameter specifications in this numerical example.

Result 2: In comparison with the equilibrium interest rate under discretion, the optimal policy
rule reduces the degree to which the informational effect dampens the direct effect of the interest
rate, which is given by:

ol(1—0) 5k +1 %% | (46)
c 0

Equation (37) and equation (44) show how the optimal policy rule reduces the informational
effect of the interest rate. First, % is greater under optimal commitment. As indicated by Lemma
1, the optimal policy rule reduces the sensitivity of expected cost-push shocks to actual cost-push
shocks (K, - F,). Second, both F, and F;, are higher under the optimal policy rule. For both shocks,
the sensitivity of expected shocks to interest rate changes (K) is smaller for a given sensitivity of
expected shocks to actual shocks (K - F). Intuitively, for a given change in the interest rate, the
private agents believe that the realized shock is of a smaller size when they know the interest rate

is very sensitive. I demonstrate the change in the Phillips curve in the following graph.
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Figure 5: The Gains from Commitment and the Problem of Time Inconsistency

The black line is the Phillips curve when the central bank is expected to be discretionary. The red and blue lines are
the Phillips curves when the central bank is expected to follow (1) the optimal policy rule and (2) the rule such that
(F+,F,) = (1,0), respectively. The red and blue circles are the equilibrium consistent with such a commitment. The

dotted ellipse is the indifference curve for the central bank.

First, compared with the Phillips curve under discretion (black line), the Phillips curve under
the optimal policy rule (red line) has a steeper slope after both shocks, which shows that the degree
to which the informational effect dampens the direct effect of the interest rate is reduced. Second,
the intercept of the Philips curve after the natural-rate shock is reduced under optimal commitment
for the same reason. The intercept after the cost-push shock stays the same, because the intercept
refers to the equilibrium in which the interest rate does not respond to the cost-push shock. In this
case, there is no informational effect from the interest rate.

Associated with the gains from commitment is the time inconsistency problem. After both
shocks, the equilibrium under the optimal policy rule is not the one that is tangent to any indiffer-
ence curves, meaning the central bank commits to be sub-optimal after both shocks. If the central
bank decides to deviate after a natural-rate shock, it wants to reduce its committed interest rate
response, hoping to achieve a higher output gap without increasing inflation. However, this can
only be achieved if the Phillips curve stays the same, in which case the private sector is fooled by
the central bank. If private agents anticipate such a deviation, they will change their expectations
accordingly, making the Phillips curve shift back to the one under discretion.

In addition, the optimal policy rule does not achieve better outcomes in all states. Rather, the
central bank with optimal commitment sacrifices the outcome after the natural-rate shock to gain
after a cost-push shock. The central bank balances outcomes across all states and achieves welfare

gains ex-ante. !

SNotice that in the right panel (the cost-push shock), the unit of the y-axis is chosen to be 0.1 instead of 1. This is
to make both figures in the same size while having all different Phillips curves observable.
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4 External Information

In practice, central banks are not restricted by the dimension of signals. Instead, in recent decades,
central banks have been treating communication as an important policy tool to improve policy
effectiveness. However, the question is: what is the optimal communication strategy?

Without the informational effect of the interest rate, the optimal communication strategy is
straight forward. The central bank wants to reveal full information about the natural-rate shock,
because doing so also reveals the fact that it is able to achieve dual stabilization using the direct
effect of monetary policy. By contrast, after a cost-push shock, the optimal monetary policy does
not completely stabilize inflation. Therefore, the central bank wants to withhold information about
the cost-push shock, as it does not want the private sector to update its expectations about infla-
tion. In summary, welfare is maximized when the central bank provides a perfectly precise signal
about the efficient shock (the natural-rate shock) and a completely uninformative signal about the
inefficient shock (the cost-push shock).'® In my model, the informational effect of the interest rate

interacts with direct communication, which complicates the optimal communication strategy.

4.1 Interaction between the Informational Effect of Monetary Policy and

Central Bank Direct Communication

Direct communication is modeled as the central bank providing additional signals independent of
the interest rate as a signal, and controlling the precision of the additional signals. Unlike the
informational effect through the interest rate, which is restricted by the signal dimension, central
bank direct communication is not bounded by the signal dimension.

Denote the external signals sent through the central bank communications as m} and m, which
are distributed log normally around the actual shocks, ri' and u,. The signals received by private
agents consist of both the interest rate and the external signals from central bank direct communi-

cation. Signals are summarized as follows:

2

b Fi F3
r 1 0] |¢g
mi|=1[1 0 + (47)
Uy 0 1§ (g
mf 0 1

As the interest rate is one signal about two shocks, its informational effect interacts with the
direct communication, which makes the central bank unable to separately control the information

revealed about one shock. Specifically, for a given response function of the interest rate, increasing

16For a more general discussion on the value of information without the informational effect of monetary policy, see
Morris and Shin (2002), Angeletos and Pavan (2007), Angeletos, Iovino, and La’O (2016), for examples. See Blinder
et al. (2008) for a survey of literature on the central bank communication.
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the precision of communication about one shock also increases the precision of information about
the other shock. The intuition is that when the central bank communicates more precisely about
one shock, the interest rate becomes a less precise signal about that shock, but at the same time,
the interest rate becomes a more precise signal about the other shock. For example, suppose that
the central bank provides perfect information about the /' shock. Then suppose that a positive
cost-push shock is realized and the natural rate stays at zero. The private agents know that /' =0
from the central bank’s direct communication about the natural-rate shock. In addition, the private
agents also observe that the interest rate responds positively, and they can then know for sure that

the increase in the interest rate is due to the positive realization of a cost-push shock.

4.2 Value of (External) Information

In the first row of Figure 6, I plot the expected loss for the central bank at varying levels of precision
of central bank communication under discretion (left) and under commitment (right). It shows that
when communication about the cost-push shock becomes more precise, which is modeled by a
lower o,,, the ex-ante loss increases. This is consistent with the conventional wisdom that more
precise information about the inefficient shock is welfare reducing. However, when the precision
of central bank communication about natural-rate shocks increases, the ex-ante loss also increases,
which contradicts the conventional wisdom.

An important underlying assumption drives the above results: The only source of noise is the
ex-ante distribution of the two shocks. In the literature, it is often thought that monetary policy has
two components: One is the monetary authority’s response to fluctuations in the private sector, and
the other is a random variable that is usually referred to as a shock to monetary policy.!” Allowing
for such randomness in monetary policy makes the interest rate less informative, and the optimal
communication strategy may change. The second row of Figure 6 plots this case, with a relatively
large standard deviation of the implementation error (6, = 0.5). In this situation, the ex-ante loss
is minimized when the information on the natural-rate shock is perfectly precise and information

on the cost-push shock is completely zero.

7THe previous literature has given several interpretations of the policy shock. Christiano, Eichenbaum, and Evans
(1999) summarize three types of interpretations, including (1) shocks to the preferences of the members of the FOMC,
(2) fluctuations of private agents’ expectations to which the monetary authority reacts, and (3) measurement error in
the preliminary data available at the time it makes policy decisions.
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Figure 6: The Value of (External) Information
The first row shows the ex-ante loss of the central bank at varying precision of external signals. In the second row, an
implementation error is added to the interest rate, i.e., i; = i} + ¢;, with 6, = 0.5 and i} being either the equilibrium

interest rate under discretion or the optimal policy rule under commitment.

S Dynamic Informational Effect

With serially correlated shocks, the learning process becomes persistent, which leads to the dy-
namic informational effect of interest rates. This section shows how the dynamic informational

effect changes the equilibrium interest rate under discretion and gains from commitment.

5.1 The Equilibrium in the Private Sector

The process of the actual shocks is given by:

s AV
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The information set of the private sector includes the values of all parameters and the entire
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history of interest rates upon ¢. Due to the serial correlation, private agents optimally weigh current
signals and past beliefs (priors) when forming beliefs about current shocks. Due to the persistent
belief-updating process, the current equilibrium is affected by past beliefs as well. Therefore, when
the interest rate is set to minimize deviations of the current output gap and inflation, it should react
to beliefs in the past period as well.

I conjecture that the equilibrium interest rate under discretion is a linear function of all pre-
determined state variables in period ¢, which includes both the actual shocks at time ¢ and beliefs
in period ¢ —t.

iy = Fir] + RE 1)+ FBu+FRE ju_. (49)

The private agents have perfect memory of their beliefs in the past. They are able to distinguish
the fraction of the interest rate that reacts to current shocks from the fraction of the interest rate that
reacts to past beliefs. Let i; denote the fraction of i, that reacts to current shocks, which is given
by:

=i —BE | r' | —FBE w1 =Fr'+Fu. (50)

I, becomes a signal that simultaneously provides information on both shocks.
Beliefs Formation
The private sector forms expectations about current states through the Kalman filtering process.

Denote the unobserved state variables as

=Pz 1+ (51)
where 7, = [/, u,), ® = z L |- and v = [y, v¥]" with white noise of variance Q.
Denote the observable signal as
St = DZt (52)

where s, = Iy, and D = [F ,Fg]/.
The Kalman filtering process makes beliefs about the current state variables be the optimal

combination of prior beliefs and signals in the current period, which is given by
Ejz = ®E} 17/ +K (s — DPE;_;z-1), (33)
where the optimal weight, K, is determined by the Ricatti iteration as follows,

K =PD'(DPD')7!, (54)
P=®(P—PD'(DPD')"'DP)®+ 0. (55)
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Solution in the Private Sector under Arbitrary Policy Coefficients

The equilibrium in the private sector is described by the system of equations summarizing
private-sector optimization decisions in aggregate variables (equations 10 and 12), the evolution
process of the actual shocks (equation 48), the interest rate reaction function (equation 49), and the
belief-updating process characterized in equation (53).

To deal with the expectations about future equilibrium variables, I use the method of undeter-
mined coefficients. I first conjecture that y;, and m; are linear functions of the state variables in
period 7. To economize the use of notations, I use z; from now on to denote the vector of pre-

determined state variables, i.e., z; = [r{‘, u;, E}

S ", E5_ u;—1]. The equilibrium output gap and

t
inflation can be written as:

' ’] . (56)
Ty

This conjecture allows me to write the expected future equilibrium variables in terms of the

beliefs about current shocks, E;r" and Eju; as:

El$i 11

—TE'; (57)
Ets T t <$t+1

where Efz, 1 = [QE !, EFrl', O"Eluy, Eluyl.

Substituting the expression of the expected future output gap and inflation into the IS and the
Phillips curve results in expressions of §; and m; as functions of the actual shocks [r}, ;| and the
associated expectations, [E’r', E’u,|. Applying the belief-updating process yields the expressions

as functions that consist only of predetermined states. (See Appendix B for the detailed derivation.)

5.2 Discretionary Monetary Policy

Due to the persistent learning process, the current interest has a lagged effect. The central bank
has objective expectations on the lagged effect, as the central bank has perfect information on
the realization of shocks and the entire history of beliefs in the private sector. Denote objective
expectations by E;. The information set of the central bank at ¢ includes the entire history of
natural-rate and cost-push shocks upon ¢ and the beliefs formed in the private sector upon ¢ — 1,
1.e.,

L={r}, E}_Fi_yur, Ey_jur—1 VT =0..1}.

The central bank’s objective expectations about future equilibrium are given by:

Em

| =TEz. (58)
Etdij
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The evolution of E;z; ; includes the evolution process of the actual shocks and the expected

shocks through the learning process, which is given by

Erf, ¢ 0 0 0 Erly iy
EE i | _ [Kult ¢ —KuFi¢ KuFs  —KnF¢® EE! ;o1 =AEzi1j-1
EtuH—j 0 0 0" 0 EtMH—j—l T
EE i titj- KnFy —KnFi¢ KB " =Ko F3¢" | |EEL ; ouyjo
(59)

where the second row and the fourth row come from the Kalman filtering process.
Combining the auto-regressive process of E;z;, j and the expectations about the future equilib-

rium output gap and inflation as functions of E;z; ; results in:

Eimy

T =TA T B (60)
Etdi

The current interest rate affects expectations about realization of current shocks, E/r}' and E}'u;.
Due to the Bayesian learning process, the expectations about current shocks affect expectations
about future state variables. Consequently, the current interest rate has a lagged effect on the
future equilibrium. This mechanism is summarized in the following lemma.

Lemma 2 With serially correlated shocks, current interest rates affect the future equilibrium
through the persistent learning process in the private sector.

We now turn to how the consideration of the dynamic informational effect changes the equi-
librium interest rate under discretion. A discretionary central bank minimizes the expected output
gap and inflation deviations in all periods. The central bank’s optimization problem can be written
as follows:

E/L(t) = E/[r? + 09?] + BE,(L(t + 1)) (61)

E;(L(t+ 1)) includes inflation and the output gap in all future periods:

E, (L(t1))=23-°_1ﬁfEt{[7rt+1 $iss] [(1) 2)] [;r:f]} ©)
t+j

. . 1 0
:Zj—lﬁ]{[Etﬂt—H Et)’tJrj] [

0 w

Em

Et§t+j

+indept. terms }

As the central bank considers the dynamic informational effect of its current interest rate de-
cisions, the objective function can no longer be reduced to the one-period loss function. The
following proposition characterizes the equilibrium interest rate under discretionary optimization.

Proposition 2: With a dynamic informational effect, the optimizing discretionary monetary
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policy is dynamically "leaning against the wind" as it targets a negative correlation between cur-
rent and future deviations of the output gap and inflation.'® The consideration of the dynamic
informational effect makes the equilibrium interest rate target beliefs in addition to targeting cur-
rent inflation and the output gap.

To understand this proposition, first express the first-order condition of the central bank’s ob-

jective function:

JE,T, JE, )/7\ n JE,T, + J0E;y Vit

{%Eznrl—w%ﬂ)’t} = ] 1ﬁj{ i ]Ez Titj+ @ d ,i JEz)’erj (63)
i ai} i

As Lemma 2 indicates, the effect of current interest rates on future equilibrium inflation and

the output gap comes entirely on its dynamic informational effect. The first order condition can be

written as:

{aE—fﬂ[Eﬂrt—ka)aE—,lylEy}+;E BIAG—=1)=0 (64)
where A captures how the current interest rate affects future deviations through its informational
effect on [ESr", E’u;]'. (See the Appendix for the derivations.)

The consideration of the dynamic informational effect consists of two parts. First, as both
consumption and pricing decisions are forward-looking, the discretionary central bank takes into
account that as it changes current beliefs, it changes expectations about the future equilibrium,
which in turn changes the current equilibrium. The first part is captured in the first two terms in
equation )64). Second, the central bank also takes into account that by changing current beliefs,
it changes the state variables for future periods, which is in addition to stabilizing the current
economy. Further characterization of the equilibrium interest rate depends on a numerical solution,

which I provide in Section 5.4.

5.3 Monetary Policy Rule

As private agents are forward-looking, committing to a path-dependent policy rule is able to change
expectations about the future equilibrium, which leads to the traditionally studied gains from com-
mitment. Different from the static model in which I shut down this traditionally studied gains from

commitment, I now allow it to interact with the informational gains from commitment.!®

18 As long as there are shocks that the central bank is unable to completely offset, optimal policy can be described
as "leaning against the wind" - seeking a contemporary negative correlation between the output gap and inflation. For
discussion about the conventional within-period "leaning against”" policy that is caused by informational frictions, see
Adam (2007), Angeletos and La’O (2011), and Tang (2015), among others.

19T need to make an assumption that current interest rates only react to past beliefs and do not directly react to
past actual shocks. Otherwise it complicates the information revealed by the current interest rate. Instead, the path
dependence is modeled by responding to past beliefs.
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Potentially, the policy rule can react to current cost-push shocks to a lesser extent and commits
to a large response in later periods. In doing so, not only does the interest rate reveal less infor-
mation about the current realization of the cost-push shock, but it also decreases expected future
inflation through committing to a future tightening policy. The traditional gains from committing
to a delayed response strengthen the gains from the informational effect.

The objective function for the committed central bank is the same as that for the discretionary
central bank. In equilibrium, the optimal rule follows the same functional form as the discretionary
interest rate, i.e., iy = Fir} + b E} 1! |+ F3u; + F4E} u,_1. The coefficients of the optimal rule,
[F, F>, F3, Fy] are selected to minimize the ex-ante loss from the steady state.?

ming, . ry, B EL() = / / (77 + @97 + BEL(t + 1)) dri'du, (65)

where the output gap follows equation (10), inflation follows equation (12), actual shocks evolve as
equation (34), and beliefs are formed using the Kalman filtering process as specified in equations
(39) to (41). Finding the optimal policy rule involves numerical methods. I characterize the opti-
mal policy rule and compare it with the equilibrium interest rate under discretion, in a numerical

example in the following section.

5.4 Numerical Illustration

In this section, I provide a numerical example to illustrate how the consideration of the dynamic
informational effect changes the equilibrium interest rate under discretion and the gains from com-
mitting to the optimal policy rule. In addition, I add external signals that captures the central bank
direct communication and implementation errors to the interest rate.

For the evolution of underlying shocks, I set the auto-correlation of natural-rate shocks to be
0.9, with a standard deviation of 3 percent, as measured by Laubach and Williams (2003). There
is less consensus on the persistence and volatility of cost-push shocks, as they stem from various
sources, and I set the auto-correlation for cost-push shocks to be 0.3. In addition, I set the standard
deviation of cost-push shocks and interest rate implementation errors to be the same as the standard
deviation of the natural-rate shock. I set the standard deviations in the noise of the external signals
to be 0.1 in the impulse response calculation, and use various numbers when quantifying the gains

from commitment.

201n the steady state, EY 1} | =0,and E} ju; 1 = 0.
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5.4.1 Impulse Response Analysis

The numerical solution for the dynamic model yields the following results for the equilibrium

interest rate under discretion and the optimal policy rule:

igiscretionary = 1.96587 —0.8692E; | r'_; +0.3071u; +0.3038E}_ 1, 1, (66)
irute = 1.93087]' — 0.8044E;_, 1,1 +0.0009u; + 1.0156E;_ ;1. (67)

The associated equilibrium output gap and inflation are shown in the following impulse response
to (a) a natural-rate shock, (b) a cost-push shock, and (c) a policy implementation error.

First, the equilibrium responses to the natural rate shock are similar between discretion and
commitment. In both cases, the interest rate overshoots the natural rate in the first period, and
then decreases in the next period. To understand the intuition, notice that as suggested in the IS
curve, the serial correlation enlarges the positive output gap caused by r/’, and the E/r}' reduces the
positive output gap. As a result, the interest rate responds more than one-to-one to r; and responds
negatively to E]rf.

The responses to cost-push shocks are significantly different between discretion and commit-
ment. In both cases, the interest rate exhibits inertia after the cost-push shocks, which is reflected
by a positive response to E?_u; 1. However, the degree of inertia is much higher under commit-
ment. In the impulse response figure, the interest rate under commitment has a humped shape - the
initial interest rate response is very small, and the central bank commits to a future path of higher
interest rates.

In this case, the traditionally studied gains from committing to a delayed response reinforce the
informational gains. After a cost-push shock, because the central bank is committed to responding
by less in the first period, the interest rate reveals less information about the realization of the shock.
In addition, by committing to higher interest rates in future periods, the central bank decreases
expected future inflation. As pricing decisions are forward-looking, expectations of lower future

inflation decreases current inflation.
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Impulse Response After Natural Rate Shock
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Figure 7: Impulse Response under Discretion (Left) and under Commitment (Right)

5.4.2 The Size of the Gains from Commitment

As Section 4 shows, the gains from commitment depend on the interaction between the informa-
tional effect of the interest rate and the information conveyed through external signals. I stop short
of calibrating the precision of external signals. Instead, I vary the precision of external signals and
calculate the ex-ante loss, the variance of inflation, and the variance of the output gap. Results are

shown in the following table.
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Discretionary Rule
Gg == 003 O-gr - 1 Gg - 10 Gg - 003 Ggr == 1 O-g - 10

Ex-ante Loss 5.87 3.75 3.74 3.81 3.62 3.60
var(m) 1.67 1.01 1.00 0.76 0.93 0.94
var(¥;) 28.64 18.71 18.69 14.46 17.75 17.55

Table 1: Gains from Commitment at Varying Levels of Precision of External Information
The ex-ante loss is calculated as the objective function of the central bank. The numbers are denoted in percentage

points.

From Table 1, it is apparent that the size of the gains from commitment depends on the precision
of external signals. When external signals are very precise (as in the example of oz = 0.03), the
difference in the ex-ante loss between discretion and commitment is very large. In contrast, when
external signals are less precise (as the example of oz = 10), the gains from commitment are very

small.

6 Conclusion

This paper studies the optimal conduct of monetary policy when the interest rate has an informa-
tional effect. This applies when the private sector has imperfect information about the realization
of shocks, whereas the central bank has perfect information when making policy decisions.

In this economy, monetary policy has dual effects: The first is the traditionally studied direct
effect on the household’s cost of borrowing. The second is the informational effect. The value of
the informational effect depends on whether the direct effect of the interest rate can achieve the
"divine coincidence": Information on the natural-rate shock is beneficial, and information on the
cost-push shock is welfare reducing. However, the complication of the model lies in the fact that
as the interest rate responds to both shocks, the informational effect on the expected natural-rate
shock and the expected cost-push shock cannot be separable.

I studied two types of central bank. A central bank that optimizes the interest rate under discre-
tion takes as given the informational effect of the interest rate. In comparison, a central bank with
credible commitment sets a policy rule ex-ante and takes into account that by committing to this
rule, it changes the informational effect of the interest rate. It is shown that the optimal policy rule
reduces the degree to which the informational effect dampens the direct effect of the interest rate.

The analysis is extended in two ways. First, central bank direct communication is modeled as
additional signals independent of the interest rate. The interaction between the information con-
veyed through communication and the informational effect of the interest rate complicates the wel-

fare implications of central bank communication. More precise communication about the natural-
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rate shock might be welfare-reducing, because it makes the interest rate a more precise signal of
the natural-rate shock. Second, serially correlated shocks lead to the dynamic informational effect.
In this case, the current interest rate affects the future equilibrium through the persistent learning

process. Both factors matter in determining the size of the gains from commitment.

37



References

Adam, Klaus. 2007. “Optimal monetary policy with imperfect common knowledge.” Journal of
Monetary Economics 54 (2):267-301. URL https://doi.org/10.1016/j. jmoneco.2005
.08.020.

Angeletos, George-Marios, Luigi Iovino, and Jennifer La’O. 2016. “Real Rigidity, Nominal Rigid-
ity, and the Social Value of Information.” American Economic Review 106 (1):200-227. URL
https://doi.org/10.1257/aer.20110865.

Angeletos, George-Marios and Jennifer La’O. 2009. “Incomplete information, higher-order beliefs
and price inertia.” Journal of Monetary Economics 56:S19-S37. URL https://doi.org/
10.1016/j. jmoneco.2009.07.001.

. 2010. “Noisy Business Cycles.” NBER Macroeconomics Annual 24 (1):319-378. URL
https://doi.org/10.1086/648301.

. 2011. “Optimal Monetary Policy with Informational Frictions.” Working Paper 17525,
National Bureau of Economic Research. URL https://doi.org/10.3386/w17525.

Angeletos, George-Marios and Alessandro Pavan. 2007. “Efficient use of information and social
value of information.” Econometrica 75 (4):1103—-1142. URL https://doi.org/10.1111/
j.1468-0262.2007.00783.x.

Baeriswyl, Romain and Camille Cornand. 2010. “The signaling role of policy actions.” Journal
of Monetary Economics 57 (6):682—-695. URL https://doi.org/10.1016/j. jmoneco.2010
.06.001.

Ball, Laurence, N. Gregory Mankiw, and Ricardo Reis. 2005. “Monetary policy for inattentive
economies.” Journal of Monetary Economics 52 (4):703-725. URL https://doi.org/10
.1016/j . jmoneco.2005.03.002.

Barro, Robert J. and David B. Gordon. 1983. “Rules, discretion and reputation in a model of
monetary policy.” Journal of Monetary Economics 12 (1):101-121. URL https://doi.org/
10.1016/0304-3932%2883%2990051 -x.

Berkelmans, Leon. 2011. “Imperfect information, multiple shocks, and policy’s signaling role.”
Journal of Monetary Economics 58 (4):373-386. URL http://www.sciencedirect.com/
science/article/pii/S0304393211000638.

Bils, Mark and Peter J. Klenow. 2004. “Some Evidence on the Importance of Sticky Prices.”
Journal of Political Economy 112 (5):947-985. URL https://doi.org/10.1086/422559.

38


https://doi.org/10.1016/j.jmoneco.2005.08.020
https://doi.org/10.1016/j.jmoneco.2005.08.020
https://doi.org/10.1257/aer.20110865
https://doi.org/10.1016/j.jmoneco.2009.07.001
https://doi.org/10.1016/j.jmoneco.2009.07.001
https://doi.org/10.1086/648301
https://doi.org/10.3386/w17525
https://doi.org/10.1111/j.1468-0262.2007.00783.x
https://doi.org/10.1111/j.1468-0262.2007.00783.x
https://doi.org/10.1016/j.jmoneco.2010.06.001
https://doi.org/10.1016/j.jmoneco.2010.06.001
https://doi.org/10.1016/j.jmoneco.2005.03.002
https://doi.org/10.1016/j.jmoneco.2005.03.002
https://doi.org/10.1016/0304-3932%2883%2990051-x
https://doi.org/10.1016/0304-3932%2883%2990051-x
http://www.sciencedirect.com/science/article/pii/S0304393211000638
http://www.sciencedirect.com/science/article/pii/S0304393211000638
https://doi.org/10.1086/422559

Blinder, Alan S., Michael Ehrmann, Marcel Fratzscher, Jakob De Haan, and David-Jan Jansen.
2008. “Central Bank Communication and Monetary Policy: A Survey of Theory and Evidence.”
Journal of Economic Literature 46 (4):910-45. URL http://www.aeaweb.org/articles
71d=10.1257/jel.46.4.910.

Calvo, Guillermo A. 1983. “Staggered prices in a utility-maximizing framework.” Journal of
Monetary Economics 12 (3):383-398. URL https://doi.org/10.1016/0304-39327,28837,
2990060-0.

Campbell, Jeffrey R., Charles L. Evans, Jonas D. M. Fisher, and Alejandro Justiniano. 2012.
“Macroeconomic Effects of Federal Reserve Forward Guidance.” Brookings Papers on Eco-
nomic Activity 2012 (1):1-80. URL https://doi.org/10.1353/eca.2012.0004.

Christiano, Lawrence J., Martin Eichenbaum, and Charles L. Evans. 1999. “Chapter 2 Monetary
policy shocks: What have we learned and to what end?” In Handbook of Macroeconomics.
Elsevier, 65-148. URL https://doi.org/10.1016/s1574-0048%2899%2901005-8

Clarida, Richard, Jordi Gali, and Mark Gertler. 2000. “Monetary Policy Rules and Macroeconomic
Stability: Evidence and Some Theory.” Quarterly Journal of Economics 115 (1):147-180. URL
https://doi.org/10.1162/0033556300554692.

Eggertsson, Gauti B. and Michael Woodford. 2003. “Zero Bound on Interest Rates and Optimal
Monetary Policy.” Brookings Papers on Economic Activity 2003 (1):139-233. URL https://
doi.org/10.1353/eca.2003.0010.

Evans, George W. and Seppo Honkapohja. 2012. Learning and expectations in macroeconomics.
Princeton University Press. URL https://doi.org/10.1515/9781400824267.

Faust, Jon, Eric T. Swanson, and Jonathan H. Wright. 2004. “Do Federal Reserve Policy Surprises
Reveal Superior Information about the Economy?” Contributions in Macroeconomics 4 (1).
URL https://doi.org/10.2202/1534-6005.1246.

Gali, Jordi. 2015. Monetary policy, inflation, and the business cycle: an introduction to the new
Keynesian framework and its applications. Princeton University Press. URL https://press
.princeton.edu/titles/10495. html.

Gali, Jordi and Mark Gertler. 1999. “Inflation dynamics: A structural econometric analysis.”
Journal of Monetary Economics 44 (2):195-222. URL https://doi.org/10.1016/s0304
-39327%,2899%2900023-9.

39


http://www.aeaweb.org/articles?id=10.1257/jel.46.4.910
http://www.aeaweb.org/articles?id=10.1257/jel.46.4.910
https://doi.org/10.1016/0304-3932%2883%2990060-0
https://doi.org/10.1016/0304-3932%2883%2990060-0
https://doi.org/10.1353/eca.2012.0004
https://doi.org/10.1016/s1574-0048%2899%2901005-8
https://doi.org/10.1162/003355300554692
https://doi.org/10.1353/eca.2003.0010
https://doi.org/10.1353/eca.2003.0010
https://doi.org/10.1515/9781400824267
https://doi.org/10.2202/1534-6005.1246
https://press.princeton.edu/titles/10495.html
https://press.princeton.edu/titles/10495.html
https://doi.org/10.1016/s0304-3932%2899%2900023-9
https://doi.org/10.1016/s0304-3932%2899%2900023-9

Huo, Zhen and Naoki Takayama. 2015. “Higher order beliefs, confidence, and business cycles.”
Working paper, University of Minnesota. URL https://pdfs.semanticscholar.org/41e4/
fb25bbee8834bffab10dcbeeal81974dctb0. pdf.

Kydland, Finn E. and Edward C. Prescott. 1977. “Rules Rather than Discretion: The Inconsistency
of Optimal Plans.” Journal of Political Economy 85 (3):473—491. URL https://doi.org/
10.1086/260580.

Laubach, Thomas and John C. Williams. 2003. “Measuring the Natural Rate of Interest.” Re-
view of Economics and Statistics 85 (4):1063—-1070. URL https://doi.org/10.1162/
003465303772815934.

Lorenzoni, Guido. 2009. “Optimal Monetary Policy with Uncertain Fundamentals and Dispersed
Information.” Review of Economic Studies 77 (1):305-338. URL https://doi.org/10.1111/
j.1467-937x.2009.00566 . x.

Lucas, Robert E. 1972. “Expectations and the neutrality of money.” Journal of Economic Theory
4 (2):103-124. URL https://doi.org/10.1016/0022-0531%2872%2990142-1.

Mankiw, N. Gregory and Ricardo Reis. 2010. “Imperfect Information and Aggregate Supply.”
In Handbook of Monetary Economics. Elsevier, 183-229. URL https://doi.org/10.1016/
b978-0-444-53238-1.00005-3.

Melosi, Leonardo. 2016. “Signalling Effects of Monetary Policy.” The Review of Economic Studies
:rdwO50URL https://doi.org/10.1093/restud/rdw050.

Morris, Stephen and Hyun Song Shin. 2002. “Social Value of Public Information.” American Eco-
nomic Review 92 (5):1521-1534. URL https://doi.org/10.1257/000282802762024610.

Nakamura, Emi and J6n Steinsson. 2010. “Monetary Non-Neutrality in a Multisector Menu
Cost Model.” Quarterly Journal of Economics 125 (3):961-1013. URL https://doi.org/
10.1162/qjec.2010.125.3.961.

. 2018. “High-Frequency Identification of Monetary Non-Neutrality: The Information Ef-
fect.” The Quarterly Journal of Economics 133 (3):1283-1330. URL https://doi.org/
10.1093/qje/qjy004.

Nimark, Kristoffer P. 2017. “Dynamic higher order expectations.” 2017 Meeting Papers 1132,
Society for Economic Dynamics. URL https://ideas.repec.org/p/red/sed017/1132
.html.

40


https://pdfs.semanticscholar.org/41e4/fb25bbee8834bffa510dc6eea181974dcfb0.pdf
https://pdfs.semanticscholar.org/41e4/fb25bbee8834bffa510dc6eea181974dcfb0.pdf
https://doi.org/10.1086/260580
https://doi.org/10.1086/260580
https://doi.org/10.1162/003465303772815934
https://doi.org/10.1162/003465303772815934
https://doi.org/10.1111/j.1467-937x.2009.00566.x
https://doi.org/10.1111/j.1467-937x.2009.00566.x
https://doi.org/10.1016/0022-0531%2872%2990142-1
https://doi.org/10.1016/b978-0-444-53238-1.00005-3
https://doi.org/10.1016/b978-0-444-53238-1.00005-3
https://doi.org/10.1093/restud/rdw050
https://doi.org/10.1257/000282802762024610
https://doi.org/10.1162/qjec.2010.125.3.961
https://doi.org/10.1162/qjec.2010.125.3.961
https://doi.org/10.1093/qje/qjy004
https://doi.org/10.1093/qje/qjy004
https://ideas.repec.org/p/red/sed017/1132.html
https://ideas.repec.org/p/red/sed017/1132.html

Paciello, Luigi and Mirko Wiederholt. 2013. “Exogenous Information, Endogenous Informa-
tion, and Optimal Monetary Policy.” The Review of Economic Studies 81 (1):356-388. URL
https://doi.org/10.1093/restud/rdt024.

Phelps, Edmund S. 1970. Microeconomic foundations of employment and inflation theory. Norton.

Svensson, Lars E.O. and Michael Woodford. 2003. “Indicator variables for optimal policy.” Jour-
nal of Monetary Economics 50 (3):691-720. URL https://doi.org/10.1016/s0304-3932}
2803%2900030-8.

Swanson, Eric T. 2006. “Have Increases in Federal Reserve Transparency Improved Private Sec-
tor Interest Rate Forecasts?” Journal of Money, Credit, and Banking 38 (3):791-819. URL
https://doi.org/10.1353/mcb.2006.0046.

Tang, Jenny. 2015. “Uncertainty and the signaling channel of monetary policy.” Working Paper
15-8, Federal Reserve Bank of Boston. URL https://ideas.repec.org/p/fip/fedbwp/
15-8.html.

Walsh, Carl E. 2017. Monetary theory and policy. MIT press, fourth ed.

Woodford, Michael. 2001. “Imperfect common knowledge and the effects of monetary policy.”
Working Paper 8673, National Bureau of Economic Research. URL https://doi.org/10
.3386/w8673.

. 2011. Interest and Prices: Foundations of a Theory of Monetary Policy. Princeton Uni-
versity Press. URL https://press.princeton.edu/titles/7603.html.

Yellen, Janet L. 2016. “Macroeconomic Research After the Crisis.” In 60th annual economic
conference sponsored by the Federal Reserve Bank of Boston, vol. 14. Federal Reserve Bank of

Boston.

41


https://doi.org/10.1093/restud/rdt024
https://doi.org/10.1016/s0304-3932%2803%2900030-8
https://doi.org/10.1016/s0304-3932%2803%2900030-8
https://doi.org/10.1353/mcb.2006.0046
https://ideas.repec.org/p/fip/fedbwp/15-8.html
https://ideas.repec.org/p/fip/fedbwp/15-8.html
https://doi.org/10.3386/w8673
https://doi.org/10.3386/w8673
https://press.princeton.edu/titles/7603.html

Appendices

A Log-Linearization and Aggregation

From the household’s first order conditions, we first do a log-linear approximation to the Euler

equation in (A.6) by
1.
Vi =Eyre1 — p= (it —Emiq1) (A.1)

The log-linear approximation to the labor supply of equation (A.7) is ¢n,(j) + oy; = wy(j) where
w; denotes the log approximated real wage, log(W;/P,). Recall that the resource constraint implies

that ¢/ = y',i Vv j, which further implies ¢; = y;. We can then write the labor supply as follows:

on(j)+ oy =wi(j) (A.2)

Next, we want to relate the individual firm’s real marginal cost of production to aggregate

output. To to this, first integrate equation (A.13):

[t =0 [niidj+o (A3)

Then, substitute the log-linear approximation of the individual good demand, i.e., y;(j) —y; =

—&(pi(j) — pr), which results in:
[midi=yi+ [(e)p)=p) = [a() =y —a (A%
Substitute this into ['w;(j), and then deduct g, from both sides:
[ =alh) =@+ - (1+9)a (AS)

Define the natural level of output as the equilibrium output level without price rigidity and under
perfect information, which makes y}' a linear function of the aggregate technology. Then, write the

above equation in terms of output gap:

[ =a(i) = (@+0)0=57) (A6)

We now move on to the firm’s side. Taking the log-linear approximation of the individual firm’s

optimal resetting prices:

pi(J) = (1= BOYE {Z(BO) [prss+ 4 () + Wik () —ark()]} (A7)
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The Calvo assumption implies that the aggregate price index is an average of the price charged
by the fraction of 1 — 0 of firms that reset their prices at ¢, and the fraction of 6 of firms whose prices
remain the same as the last period prices. Thus, the log-linear approximation of the aggregate price

in period ¢ becomes:
pi=0p1+(1-6) [ p(j)dj (A8)

Subtract p;_1 from both sides to express in terms of inflation:

m=-0)( [ (A9)

As explained in Section 2.3, assume homogeneous subjective beliefs in order to abstract from
the higher-order beliefs problem in aggregating prices. This assumption allows me to write the

individual resetting prices as:

pi ()= (1= BO) (E'p +ur(j) +wi(j) —ar (7)) + (1= BOZ (BO)E} (prox+ ursx(j) + ek — ars)
(A.10)

Integrate over j:

/ F()dj = (1—PBO) (E}pr+u+wi —ar) + (1~ BOYZL (BO)ES (Prvs + Werk — 1)
(A.11)

To write in the difference equation, first calculate:

Be/Esz—l )dj=(1—=BO)EE] (Prok+ Uik +Werk — k) = BOE iy (A.12)

The second equation holds due to homogeneous beliefs.
Subtract equation (A. 23) from equation (A. 22):

[ PN~ BOEpi1 = (1 = BOIESpi+ (1~ BOYu + (1~ B6) (9 + 07 A13)
/ F()dj—pio1=PBO(Epfi1 —E'p) +Elpi—pi1+(1—BO)u+(1—-BO) (90 +0)5
T =PBOE M1+ (1-0)Eim +(1-6)(1—-B6)u: + (1 -B6)(1-6)(¢+0)J
In the last equation, I assume that the aggregate price is observable after one period, i.e., p;—1 =
Efpi—

Write inflation as:
ﬂt:ﬁeEtsn}+1—|—(l—G)E,sﬂ,—l—l('eﬁt—i—ut (A14)

where K = (17B9)(1;9)(<p+o)’ andu, = (1—0)(1—0)u,
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B Solution to the Markov Perfect Equilibrium under Discretionary Mone-

tary Policy

In this section, I first solve the model with serially uncorrelated shocks and then solve the model
with serially correlated shocks. For both cases, I solve for the fixed point where the beliefs by peo-
ple in the private sector about the best response of the interest rate in any state match the optimizing

discretionary interest rate. This means that, in equilibrium, people have rational expectations.
B.1 Equilibrium Optimizing Discretionary Policy with Serially Uncorrelated Shocks
Summary of the iteration process:

1. T conjecture that the interest rate reacts linearly to both shocks, i.e., iy = F0r" + Flu,.

2. With this interest rate, I solve for the beliefs formed about natural-rate shock and cost-push

shock in the private sector as functions of i;.

3. With beliefs formed in the private sector, E;r’ and E}u,, the actual shocks, r}' and u;, I solve

for y; and m; as a function of i;, r} and u;.

4. Solve for i; that minimizes the loss function, L, = 71?,2 + ®y;, and express the interest rate as

actual shocks, i; = F.r!' + F,u;.

5. Check if F, = F? and F, = F?. If not, go back to step 1 and update the values of F and F,

in the conjectured function. Iterate the process until convergence.

Details are given as follows:
Instep 1, iy = FOr! + FOu,.
In step 2, beliefs about underlying shocks follow:

E!r! = Kyi; (B.1)
Efut = Kuit (BZ)
02 ~2 02 ~2
WheI‘e KrFr - _Frozcrg_"é)zcuz ) and KuFu - EQZC;;_‘_FL‘:E)ZO-% .

In step 3, write out the expression of the output gap and inflation as functions of the interest

rate:
N 1. "
Ve = —E(lz—r,) (B.3)
PN K s nge n 1-6 s .
= K)’H‘(l—e)g(Eﬂ} (lt)—rt)-l-—e Elu; (i) + wy (B.4)
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In step 4, 1 first write out the first-order conditions of the interest rate:

aﬂ ayt
T 055 =0 (B.5)

Substitute 7; and y; by equation (B.3) and (B.4):
1-6 an, a9 o, 1.
{(1 — 9) (Elr —17) +TEtSu,—|-uz} 8_i,[+ < az: + K‘a—;> {_E (i —r;l)} =0 (B.6)
Substituting Er}' and E}u; as i; leads to:
M I’;l + Aous + A3, =0 (B.7)

where

B o v\ 1 oJm K

an,
2 Ef
M= 88—7;:(1 — 9)£K11 + 8a7r: ;91(21 - ( 887;, +o ?Z) é
and partial derivatives are given by:
W __1
i, c
é—f=—§+(1—9) K, +%K

Rearranging the above equation to get:

it:Flr;l+F3l/lt (B8)

where F; = —%%, and F3 = %

In step 5, update the initial conjectured policy function and iterate the above process until
F,=F’and F,=F).
B.2 Equilibrium Optimizing Discretionary Policy with Serially Correlated Shocks

In this section, I solve for the general version of the model where I have serially correlated shocks,

external signals that capture central bank direct communication and implementation errors.
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Due to the dynamic learning process, expectations about the future equilibrium play a role in
current decisions. I use the method of undetermined coefficients to solve the subjective expecta-
tions formed by private agents. I am then able to express current inflation and the output gap in
terms of actual shocks and beliefs in the current period. The solution of the equilibrium interest
rate under discretion follows a process similar to that for the static case, in which I first conjecture
the policy function for the interest rate, and then find the fixed point between the initial guess and
the interest rate found in the central bank’s optimization problem. The summary of the iteration

process is given as follows:

1. I conjecture that the interest rate reacts linearly to predetermined state variables, which in-
clude current actual shocks and beliefs in the last period, i.e., iy = F'r! + FES (77 | +
Fou, + F)ES ju,_y.

2. With this interest rate, I solve for the beliefs about the natural-rate shock and the cost-push
shock in this period, E/r}' and Efu;.

3. (Undetermined Coefficient) I conjecture that the output gap and inflation are linear functions
of current state variables, which include actual shocks and past beliefs. Due to the serial cor-
relation in shocks and the conjectured linear relationship, I am able to express the expected

future output gap and inflation as functions of [E;r}!, Ejuy].
4. I solve for y; and m; as a function of i; and other predetermined state variables.

5. Solve for i; that minimizes the loss function, L; = 717,2 + @y;, and express the interest rate as

actual shocks, i; = F.r{' + F,u;.

6. Check if F = Fy. If not, go back to step 1 and update the initial guess of the coefficients in

the policy function. Iterate the process until convergence.

Specifically, in step 1, I conjecture that i, = Fyr! + F,E}_ 1) | + F3u, + F4E7 ju;y.
In step 2, to solve the beliefs formed in the private sector, I first specify the evolution of actual

shocks:
State:
r 0 %
=1? +7 (B.9)
Uy 0 o"u, vy
. ¢ 0 . . .
which I denote as z; = ®z;_| + v;, where & = ; and v, = [v,v¥] with the white noise of
variance Q.
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Signals
As private agents have perfect memory of beliefs they have had in the past, they are able to

back out the part of the interest rate that reacts to current shocks, which I denote as

ft = il —FzEf_lrf_l —F4Ef_1l/lt_1 (BIO)
All signals are summarized as
It hoB|r, 1 0 0| [e
mi|l=1 of|"|+|0 1 0f|&], (B.11)
u
m o 1]t oo 1] |e

which I denote as s; = Dz, + R;

Beliefs

People in the private sector are Bayesian, and update their beliefs through the Kalman filter-
ing process, in which they optimally weigh between all current signals and past beliefs by their

precision. The beliefs follow:

S A ll Fl F3 S n
Et ’,.;1 _ (p 0 Et—lr;l—l Kll K12 K13 m |l =11 0 (p 0 Et—lrt—l
Eju 0 o"| |E}_jur— K> Ky K | 0 o"| |E}_ju—
m; 0 1
(B.12)
Write out the expression for i; and collect terms:
Efrf = (K11F1 +K12) rf +¢ (1 — K1l —Klz)Ef_ll”;l_l (B.13)
+ (K11 F3 +Ki3) w + 0" (=K F3 — Ki3) E;_ju 1 + K& + Ki3&" + K1

Etsut = (K21F1 —|—K22) rtn + ¢ (—K21F1 —Kzz)E[Sflrffl (B.14)

+ (K21F3 +K23) u; + (])u (1 — K21F3 — K23) Ef,lu;q —|—K228tr +K238tu +K21€t

Denote the above equations as E/r}' =¥(1)r} +W(2)E’_ 1! +¥Y(3)u; + WY (4)E;_ju—1 +¥(5)ef +
Y(6)e +¥(7)e;, and Efuy = ¥(8)r} +W(9)E! (1! | +¥P(10)u; + Y(11)ES ju,—1 +P(12)g] +
W(13)g! +W(14)e;. T will use this notation in solving the equilibrium in the private sector by the

method of undetermined coefficients.
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In step 3, I first write out the the forward-looking output gap and inflation as:

. . L. 1 ¢
Y =E Y11 5 [lt_ (1_¢V{’— 1_¢E;Sr?) —Ets7751+1} (B.15)
T :ﬁGEtsit,+1+(1—Q)E,SE,+K9)7,+M, (B16)

Following the method of undetermined coefficients, I first need to conjecture that equilib-
rium variables are linear functions to current state variables, which include current actual shocks

(r}, u), past beliefs (Ets_lr;’_17 Ef_lut,l), and noise in current signals (g, &, e;).

" ,
8l
A ES '
| _ n 2 B Y —171—1 i 5 Yo Vi gt (B.17)
% B Y Yo " Uy Y12 Y13 N4
E} -1 t

Next, substitute this conjecture into the forward-looking variables, E;;11 and E; 7, 1. Notice

that the noise in all signals is temporary, so is expected to be zero in the future period.

ESi1| _ |no+n »Bo"+n | | BN (B.18)
Elm O+ V9" + Y| |Eu
First substitute this into the output gap expression:
i = (Y<1>+7)+l(1/¢>+7>—ll E/rf (B.19)
t 1 2 p 3 9 ol—9¢ tt )
(60" 1)+ (00" + 1) | Bfy — i+ (B.20)
73 n)+ 5o Vi) | Byt =l cl—g'! :

Next work on 7, as the actual inflation also includes the expected current inflation, and ex-

pected current inflation includes the expected current output gap, I first need to calculate:

. . 1.
E'y = EYiq1 — ° lir —Er{ —E M1 (B.21)
1 1
Efﬂ:t = BEISTL-H-I +K {EigyAt+1 — E [lt —Etsl";l — E}Yﬂt+1]} + EE;MI (B22)
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Substitute E}m; into 7;:
1
ﬂl = ﬁGEf”H-I —|— (1 - 9) {ﬁE;ﬂt+1 + KE;yAt + EE[SMI} + KGyAt + l/t[ (B23)

{0 et + 15 (B (1-0) %) (roo" + ) B (1) S+ K05+

The values of y can be solved in the following matrix:
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Y
—|o—|o—|o—(b—|b
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o

S o oo oo ococoocococCoco
S oo o oo CococoocococCoco

BB
~lo— e,

®

“WAISAS JeauI] dA0qe A} Aq umop pauuld Aonbrun 2q ued 4

r m@w:wi‘r?_ +Lhge—1) ]
:.:\_ +9h5(6—1)
Ughglt +5m5g(0-1)

g (0—1)—hglr +aT(0—1)
1+85(0-1)—hgly +ER5F (0 1)
Yg(0—1)—Shglr +iRT (6 1)
Ew@w:\f_%t‘rmewc

A

m\h_\r‘\\ =2
1 o 1
o&e{u_%l
Sp050 0
Q%\v%%%\
m«%\@r%%\
@%lmiﬁwl
Leu e
VIR (n0d+ 05 (6 1) h\rmmim@\: La(dg+95(0—1) @3+ 0 0 PLp(e—1) PLhu93(0 —1) Lad(e—1) Lpgi(e—1) ]
SR (a0 +a05(0—-1)  OR(d+5(6-1) % sn;mslz 0 et 0 ELpi(e—1) Elh,03(0 — 1) On(6—1) Snda(0—1)
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R (0 + 005 A D) 'm(g+x6-1) Th(ed+ege—-1) o 0 0 ex+!pa(g—1) h,03(0—1) Pai(e—1) Yho(—1)
TR (n0g+,05(0—1) ESh(d+5(6—1) misugm:w\_: 0 0 0 OLpi(6—1) 03 + 01,03 (6 — 1) Eqi(0—1) ERON(0—1)
SR (n0g+ 05 A VW Gh(g+y(6-1) Th(ed+ox(e—1) o 0 0 843 (60— 1) 8hn93(6—1) 03+ Tp(0—1) o0 —1)
w\r?sufema\: Ih(gd+5(0-1) 'h(eg+9oy S\_: 0 0 0 8 (0 —1) 8hn 93 (0 — 1) Iax(e—1) 03+ Laod(o—1)
:?em iw ism 0 0 0 Yig L4F LR Lh¢
z?ew &rw ,s,sm 0 0 0 £Ih g 9%k Shé
N_?ew m‘rw m\rew 0 0 0 [r a9 Sh Sh¢
:?ew S,w RO T 0 0 0 A ko i3 i
OLj, 07 m_rw m&sm 0 0 0 4P Ol ¢ €h ERo
p?sm g oy 0 0 0 (29 Ohn® 23 ho
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In step 5, in order to solve for the optimizing interest rate, I first need to specify the central
bank’s objective function.

Central Bank Objective Function

As the current interest rate has persistent effect through the dynamic learning process, the cen-
tral bank also considers how the current interest rate affects the future equilibrium. Consequently,

the loss function includes the output gap and inflation in the current and all future periods.
E/L(t) = [} + 0] + BE(L(t + 1)) (B.24)

where

0 o] [Jr+j

Et(L<t+1)):2;f’1Bf'Et{[m+1 $rv] [1 0] [n’“” (B.25)

1 0
0 o

Emyj

EtyAt-i-j

= Z;.":][}j { [Eﬂftﬂ Etfztﬂ} [ +indept. terms }

The central bank’s expectation is objective, denoted by E;, in the sense that it observes all past
shocks, and expects all future shocks to be zero. The information set of the central bank at period
tis:

It = {}'J;*, ur, VT = Ot}

Let z; = [}, EX_ riy,uy, Ef_lu,_l], denote the persistent state variables. So the central bank’s

objective expectation of the future period output gap and inflation becomes a linear function of

EtZt+j3
Eimyy B % Yo Y
T = Ezyj=TEzy (B.26)
Eidiyj nr B n
E;z; j follows:

Eiryy; ¢ 0 0 0 Er i
EEr ;i1 _ |KuFi+Kn ¢(1—KnFi—Kp) KuF+Kis —¢"(KuF3+Ki3) | |EE] ;o
Etut+j 0 0 (Pu 0 Etuthfl
EE} ; juryj KoFi+K»n  —¢(KnFi+Kp) KnFs+Kxs) ¢"(1-KaF—Kos| |EE]; juryjo

(B.27)
Em. :
T —TAT Bz (B.28)
EiYi+j
Substitute into E;(L(t+1)):
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Take the first-order condition on i; of E;L(t +1):

JE; T, JE, 1
{ S Em+ [ytEtyt}‘l‘ XL BIAG—1)=0

i} dif 2
where
Aj_1 = (07, +0)))¢r ag—lt (07, +07 )q)”,a];ltrf (042, +0% )Ew,
+(0%, +0% B ,‘3’; 2B tagf:t”f

=Aj (' + 41 (2us +Aj 1 ) Eu +Aj 1 (4)E[ T/
+ A1 (5)r + A1 (0)ur +Aj 1 (T)E i + A1 (8) Euy

(B.30)

8E5

To solve for the first-order condition on the interest rate, first write the equilibrium variables in

terms of i;:
Beliefs:

Elr =(0(1 =K1 F1 —Kpp) —Kib) Ef 1 — (KiFy+ ¢ (K11 F3 + K13)) E}_up

+K12rf + Ki3us + Kq11;
Efuy = (0"(1 — Ko1 F3 — Ko3) — Ko1 Fa ) Ef_yuy 1 — (9(Ko1 Fi + Koo) + Ko1 ) Ef 17y
+K22r;’ + Kyzuy + Ko iy
Output gap:
1 1 1
p =Z()E'F +ZQ)E u — —iy + — - ry
Inflation:

K
m=Kk0%+EB)Er +E(4)Eu, — (1 — G)Eit + uy
Substitute the above endogenous variables into the first order condition on i;:

llEs +A,2E u,+7L3rt + Aguty + Asiy =
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(B.32)
(B.33)

(B.34)

(B.35)

(B.36)



where

B om a9\ <97rtT 1oniia
A= <K98_it+wa_i,) =(1) 30 E(3)+ 22[3 (Aj_1(4)+A(7))
B om a9\ 871[T 1o nina
A = <;<9 3 +wai1)u(2)+ P _(4)+22[3 (Aj—1(3)+A(8))
B am ay,\ 1 1 [
ha=2" 1 Legiia) £ ae6)
alt 2
B ony a9 1 o K1
5= (w05 +05h) (-5) <55 (-0-955)

and partial derivatives are derived as:

%—f - Keg—ft’+z(3)a§—i’?+z(4) a‘;i”f ~(1-0)%

Further substitute Er}' and E}u,:

0= {(¢(1 — K1 Fi —Klz) —Klle)Ets_lr?_l — (K11F4 + (])M(K11F3 +K13))E,s_1ut_1 —|—K12r;’ + K31y —l—KUit}

+ 2 {(¢"(1 — K21 F3 — K23) — K21 F3 ) E}_jus—1 — (9 (Kot Fy + K22) + Ko o) B 1 + Koorf! + Kozuy + Ko }

+ A3 + Aquy + Asiy

(B.37)

(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

The above equation solves the optimal nominal interest rate. Comparing it with the guessed

form yields the solution of [F|, F>, F3, Fy].
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MEKi2+MK»n+ A3

h= MK+ K1 + As (B.40)
B M (91 =Kk —Ki2) —KioF) — X (9 (Ka1 Fi + Kn) + Koi ) (BA7)
MK+ 1K1 + As
MKi3+ Koz 4 g
B= MKyt + Ko + A5 (B.48)
Fi— —A (K11 Fa+ 0" (K11 F3 4 K13)) + A2 (0"(1 — K21 F3 — Kp3) — K21 Fy)
W= — (B.49)

MK+ MKy +As

I iterate the process until the conjectured interest rate function matches the above solution.
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C Proofs

C.1 Second-Order Approximation of the Household’s Utility Function

Follow Woodford (2011), Gali (2015), Walsh (2017) to prove that maximizing the utility of the

household is equivalent, up to a second-order approximation, to

1

W =—2EZp' (7' +@)evar;(pi()) + (0 + )57) (C.1)

The next step is to prove the relationship between var;(p;(j)) with var(m;). Denote A; = var;[logp j:].
Since var;P,_; = 0, we have
As =varjllogpj — B_1] (C.2)
=Ejllogpji — Fi-1]” — [Ejlogpj — Fi1)?
= Ejllogpji-1 = 1P+ (1= 0)( [ ply=Br) = (R =Po1)?

As noted in Appendix A, B = (1 — 0) | pf; + OF,_1, we have (1— 0) [ logpy; + 6 pr—1, which
implies that (1 —0) [logp}; — (1 —0)pi—1 = p— p;—1. So, we have:

1
/logp;kj = (ﬁ) (Pr — Pr—1) (C.3)

Substitute this into (D.2) and get A, = 0| + (%) (p— pr—1)>. Applying the definition of

inflation results in:

EXBA = EXB'm?+t.ip. (C.4)

0
(1-6)(1—6p)
C.2 Proposition 1

To show that the gains from commitment are strictly positive, one needs to show that (F,, F,)
chosen under commitment is different from the solution to the discretionary optimization problem.
(If they are equal, then the size of the gains from commitment is zero.)
To show this, write out the first-order condition on F; after the r’ shock as:
K oK+ QK 00K Ky @S
-z . JOF, oF, o

P
direct informational change of informational ef fect

(C.5)

where Q, = (1—0) g, and Q, — %Ku. Similarly, the first-order condition on F;, after the u, shock
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is
oK, 0K, 0%

K

——+ QK +Q,K,+ Q—F,+Q,—F, =—=— (C.6)
o J0F, J0F, o

~  —— -— _

direct informational change of informational ef fect

In comparison, rewriting the first-order condition for the discretionary central bank in the same
form yields:
@
o

K
~ ———

direct informational

(C.7)

The differences between equations (C.5) and (C.6) and equation (C.7) show that the central
bank with commitment internalizes the change in the informational effect of the interest rate,

whereas the discretionary central bank takes the informational effect as exogenous.
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