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Abstract

This paper combines the variational utility representation of Geoffard (1996) and Du-
mas et al. (2000) with a variation of the Howard algorithm given in Bokanowski et al.
(2009) to obtain a globally convergent algorithm for finite-dimensional Bellman equa-
tions arising from continuous-time problems with Epstein—Zin preferences. The vari-
ational representation of recursive utility introduces an auxiliary discount rate that
makes policy evaluation linear. However, feasible discount policies can generate eval-
uation matrices that fail to be monotone. Our certification argument uses current
value iterates or barrier functions to establish monotonicity of the matrices generated
by the algorithm and provides conditions under which the value iterates converge
monotonically to the unique admissible solution. We then illustrate the method in a
consumption-savings problem with undiversifiable income risk and derive an explicit
coefficient for the square-root behavior of savings near the borrowing constraint for
agents with the lowest income. An extension to permanent income risk shows that
the choice of initialization matters: the certified initial discount rates form an explicit
interval that excludes the CRRA discount rate once permanent risk is large.
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1 Introduction

Epstein—Zin preferences are commonly used in heterogeneous-agent macroeconomic mod-
els to allow risk aversion and intertemporal substitution to play distinct roles in house-
hold decisions. However, they also complicate computation: even for a fixed consumption
function, the resulting Bellman equation is generally nonlinear in the value function. Con-
sequently, fixing consumption no longer yields the linear policy-evaluation step used in

conventional Howard iteration.

Our algorithm combines the variational representation of recursive utility (Geoffard
1996, Dumas et al. 2000) with the extension of Howard'’s algorithm to sup-inf problems
given in Bokanowski et al. (2009). The variational representation introduces an auxiliary
control, interpretable as an endogenous rate of discounting, and rewrites the recursive ag-
gregator as either a supremum or an infimum over this control, depending on whether
risk aversion exceeds the inverse elasticity of intertemporal substitution. For fixed values
of consumption and the auxiliary discount rate, policy evaluation is once again a linear
system. When the aggregator is a supremum, the problem is an ordinary control problem
in the pair (consumption, discount rate), and Howard’s algorithm applies as usual. When
it is an infimum, the algorithm becomes nested: an inner loop of Howard iterations over
the discount rate evaluates a fixed consumption policy, and an outer step then updates
consumption. In either case, Howard'’s algorithm requires that each policy-evaluation ma-
trix be monotone—invertible with a nonnegative inverse—and Bokanowski et al. (2009)
assume this for every feasible policy. Because nothing ensures that the auxiliary discount
rate is everywhere positive, this assumption is no longer automatic.

Our main contribution is to show that the monotonicity Howard’s algorithm requires
can be verified as the algorithm runs, rather than assumed for every feasible policy. Each
step of the algorithm inverts a policy-evaluation matrix, and the step is well-behaved when
that matrix has a nonnegative inverse. By a classical result on M-matrices, for the matrices
arising here (whose off-diagonal entries are nonpositive), this is the case exactly when the
matrix maps some strictly positive vector to a strictly positive vector; we call such a vector
a certificate. The key observation is that the algorithm generates its own certificates. The
policy-improvement step fixes the sign of the Bellman residual at the current value, and
this sign is precisely what is needed for the current value itself (up to the sign of 1 — 7) to
certify the matrix inverted in the next step. In two of the four parameter regions, delineated
by whether 7 exceeds one and whether y exceeds p, this self-certification establishes the
monotonicity of the next policy-evaluation matrix. In the other two regions, every feasible
discount rate is positive, and a single fixed barrier—which in our applications is simply
the utility of consuming at the highest (or lowest) feasible level forever—certifies every

policy matrix at once. In either case, provided the algorithm is started from a policy whose



evaluation matrix is monotone, every subsequent matrix is monotone, and so under the
stated barrier conditions, the value iterates increase monotonically and converge to the
unique solution of the Bellman equation in the orthant on which the aggregator is defined.
Our general framework applies to control problems with finitely many states and in which
all controls (apart from the auxiliary discount rate) are restricted to compact sets. This is a
setting that arises naturally from finite-difference discretizations of continuous-state HJB
equations for models with Markovian uncertainty.

We apply our algorithm to a consumption-savings problem in which an agent with
Epstein—Zin preferences faces fluctuating income and can save in a risk-free bond subject
to borrowing constraints. For this application, a valid initialization is obtained by eval-
uating any feasible consumption policy with the auxiliary discount rate set equal to the
subjective discount rate. This is simply the policy-evaluation step of the corresponding
CRRA problem, and does not imply (or require) that subsequent auxiliary discount rates

remain positive.

We then use the algorithm to study the savings behavior of agents near the borrowing
constraint, a topic of considerable interest in the heterogeneous-agent literature. Building
on the boundary analysis of Achdou et al. (2022) for CRRA preferences and Achdou and
Tang (2026a) for Epstein—Zin preferences with late resolution of uncertainty, we character-
ize the savings of agents with the lowest income near the borrowing constraint. Under
certain regularity assumptions, we show that such savings satisfy a “square-root” law and
derive an expression for the associated coefficient that makes explicit the roles of intertem-
poral substitution, endogenous discounting, and marginal continuation values across in-
come states. Quantitatively, the coefficient is more sensitive to changes in p than to changes
in v, and it appears to vary smoothly through the parameter boundaries vy = 1 and v = p
at which the algorithm switches between its four cases.

We then document the practical performance of the algorithm in this income-fluctuation
problem. In our experiments, each outer iteration adds roughly one and a half to two dec-
imal digits of accuracy in consumption-equivalent units, so that high accuracy obtains
within roughly ten iterations, and the discretization appears to converge at the first-order

rate expected of upwind schemes.

Finally, we show that the requirement of a certified starting policy has bite once income
has a permanent component, including large and persistent earnings losses such as those
following job displacement. With substantial permanent risk, the CRRA initialization is
no longer certified, and from natural starting values Newton’s method fails while implicit
time stepping requires small steps and thousands of iterations. Our theory characterizes
exactly which constant initial discount rates are certified and suggests a natural one, the
discount rate of an agent who consumes her permanent income. From it, the algorithm



converges monotonically in at most ten iterations, up to the point at which utility becomes
infinite. The difficulty lies in the starting value rather than in the method: from a certified
start, time stepping converges as well, while simply choosing a large initial discount rate
is no remedy, because the certified range is bounded above.

Related literature. The continuous-time theory of recursive utility begins with the
stochastic differential utility of Duffie and Epstein (1992). The variational (or Fenchel-
Legendre) representation of recursive preferences was introduced by Geoffard (1996) in a
deterministic setting and extended to uncertainty by Dumas et al. (2000).! These represen-
tations turn the original recursive problem into a sup-inf (or sup-sup) control problem in
an auxiliary discount-rate process. On the existence and uniqueness of recursive utility,
Epstein and Zin (1989) and Marinacci and Montrucchio (2010) give sufficient conditions
under bounded consumption growth, Hansen and Scheinkman (2012) connect existence
to a Perron-Frobenius eigenvalue problem, Borovicka and Stachurski (2020) obtain neces-
sary and sufficient spectral conditions together with a globally convergent computational
method, Christensen (2022) extends existence and uniqueness to unbounded state spaces
and unbounded flow utilities under a thin-tail condition on utility growth, and Pohl et al.
(2019) and Pohl et al. (2024) establish existence by comparison with a CRRA benchmark.

On the numerical side, upwind finite-difference schemes and policy iteration for continuous-
time heterogeneous-agent models with additive utility are by now standard (Achdou et al.
2022). Howard’s algorithm is Newton’s method applied to the Bellman equation (Put-
erman and Brumelle 1979), and its monotone convergence rests on the policy-evaluation
matrices having nonnegative inverses; Bokanowski et al. (2009) establish convergence in
this setting and introduce the nested iteration for sup-inf problems that we build on, under
the assumption that every feasible policy generates such a matrix.

The closest work is Achdou and Tang (2026a) and Achdou and Tang (2026b). The
first paper develops the constrained viscosity-solution theory for the consumption-savings
problem with two income states under a preference for late resolution (1 < ¢ < p in
our notation)? and characterizes savings at the borrowing constraint. The second pro-
poses upwind schemes for v > 1 and p > 1 and proves convergence of two algorithms:
for v < p, a Howard-Newton iteration whose policy-evaluation step is an inner loop
of Newton steps—the same iteration as ours in that case—and for v > p, a Howard-
Tarski-Kantorovich iteration in which a monotone fixed-point map is applied between
tull Howard solves; in the former case they also bound the distance between the discrete
and continuous solutions.

Our contribution is complementary. We work with a general finite-state residual rather

1See also El Karoui et al. (1997).
2 A preference for late resolution corresponds to y < p in our notation: relative risk aversion is smaller than
the inverse elasticity of intertemporal substitution.



than a particular scheme, allow v < 1 and p < 1, and obtain global monotone convergence
from a certified initialization without requiring every policy matrix to be monotone. For
late resolution this supplies the convergence proof for the inner Newton loop; for early
resolution our algorithm is ordinary Howard iteration in the pair (c, v) rather than a fixed-
point iteration, and the comparison argument delivers uniqueness in the admissible or-
thant, which Achdou and Tang (2026b) leave open. Our convergence results concern a
fixed discretization; Appendix C establishes convergence under grid refinement for the
bounded-asset, bounded-consumption problem by viscosity-solution methods, without a
rate. In discrete time, Ren and Stachurski (2018) prove global convergence of value func-
tion iteration for Epstein—Zin dynamic programs in the early-resolution case, using mono-
tone convex-operator methods and value functions bracketed between a lower and a strict

upper solution—the discrete-time counterpart of the barriers employed here.

The remainder of the paper is organized as follows. Section 2 considers a two-state ex-
ample in which both the difficulties alluded to above and their resolution can be verified
with pen and paper. Section 3 develops the general theory and establishes global conver-
gence. Section 4 considers a consumption-savings problem, derives an expression for the
square-root savings law and illustrates the performance of the algorithm numerically, and

extends the application to permanent income risk. Section 5 concludes the paper.

2 Motivating example

Prior to the general analysis, we consider a two-state endowment economy with recursive
preferences that is simple enough for every step to be carried out with pen and paper.
The example makes three points. First, despite the nonlinearity introduced by recursive
preferences, an auxiliary discount rate turns the Bellman equation into a standard con-
trol problem to which Howard’s algorithm (policy function iteration) applies. Second, a
naive application of Howard’s algorithm can fail: the policy-improvement step may be
undefined, and altering the control set so that every update is well-defined can produce
convergence to the wrong value. Third, these failures are avoidable: if policy evaluation
at the initial policy is a monotone linear system (the matrix to be inverted has a nonneg-
ative inverse), then the same is true at every subsequent update, and the values increase
monotonically toward the solution.

Preferences. We use the continuous-time Epstein-Zin aggregator f(c, w), where 7y gov-
erns relative risk aversion and p the inverse elasticity of intertemporal substitution; we
defer a description of its general form to Section 3. To make the example as transparent as
possible, we set v = 3/2 and p = 1/2, for which the aggregator reduces to the quadratic



form

flc,w) :5<ﬁuj+w>. (1)

Technology. The exogenous state x; € {1,2} follows a continuous-time Markov chain
in which state 1 switches to state 2 with intensity ¢ > 0 and state 2 is absorbing. The

endowment is C; = €Yt and
dyr = py(x¢)dt + oy (x4 )dB;,

for some state-dependent drift y, and diffusion oy of log output.

The HJB equation for the value functionis 0 = f(e¥, W) + LW, where f is the quadratic
aggregator in (1) and L is the generator of (y; x;). We guess-and-verify that the value
function W satisfies W(y, x) = w(x)e~¥/? for some w and substitute into the HJB equation

to obtain 5
0= Ew%—F (8 +hy — ¢)wy + pw
()
)
0= Ew% + (0 4 ho)ws

where h; = (1 — y)uy(x;) + (1 — 7)?0y(x;)*/2 for i = 1,2. The system admits a solution

with both components strictly negative if and only if
§+hy >0 (3)

in which case wy, = —2(1 4 hy/6) and w; is the negative solution to
0 o
0= Ewl + (5 +hy — ¢)w1 - 24)(1 + hz/é).

Application of Howard. Now suppose that we are unaware of the closed-form solu-
tion and wish to solve the system of equations (2) iteratively, under the maintained as-
sumption (3). In contrast with the case of CRRA utility, the right-hand side is nonlinear
in w. However, elementary algebra shows that for w < 0, the quadratic function can be

written as a maximum over affine functions,

2 2
— 4
w 1?38( q- —2qw 4)

which implies that for D, := (=6, ), we have

)

5, B (v +6)*
Ew +5w-5réaD>:—T—vw



The value function w = (w1, wy) then solves the Bellman equation

0 =maxF(v) 4+ T(v)w, (6)

veD?

where F(v) := —(v+6)?/(26) and

—T(V): 1/1-h1+q> —(P
0 1/2—”12 .

A natural approach to solving an equation of the form (6) is the familiar policy function
iteration (PFI) algorithm of Howard (1960), which we now recall for ease of reference.

Algorithm 2.1 (PFI; Howard (1960)). Given a tolerance € > 0:

1. Choose an initial v° € D2,
2. Find w® satisfying 0 = F(v°) + T(v°)wP.

3. Update v! to maximize v — F(v) + T(v)w®, return to Step 2 with v° replaced by v*, and

repeat until convergence of successive w terms within tolerance €.

We now apply Algorithm 2.1 to the Bellman equation (6) for a given initial control v°.

First note that the value of wg as a function of v is

(v2+6)°

wg(V2) - _2(5(1/2 — ]’lz)

which, upon substitution, gives w(l) as a function of v,

(n + (5)2 +¢(v2 + 5)2/(1/2 — hy)
25(1/1 — hl + (P) )

wi(v1,12) = —

Given ( w?, wg), the optimal v! from (5) will fail to be well-defined if wg > 0, which occurs

when 1/8 < hy. For such initial conditions, Algorithm 2.1 breaks down entirely.

Now consider a candidate “fix” for this problem, in which we replace the set D, in (6)
with its closure D, = [—§, 00) and apply Algorithm 2.1. Then v} = —6 + max{—dw?,0}

i

and the updated v! can be written as a function of the previous v,

B (v2+95)°
v3(v2) + 6 = max {M,O}

)

1 _ (140 + ¢(v2+0)*/ (v2 — )
1/1(1/)+5—max{ O ,0}.



We now examine the behavior of the map (7). First note that if v < h then v = —§ for
all n > 1, while if 1/8 > hy then

(hz + 5)2 — (1/2 — ]’12)2
2(1/2 — ]’12) )

1/% (1/2) — V) =

It follows that vi(v2) > va if 21y + 6 > v and v3(v2) < vy if 2y + 6 < 1, which implies
that (v4),>0 converges to — if v < hy and converges to & + 2/, if v > hy. Similarly, if
1/5J > hy and 1/(1) > hy — ¢, then (V]'),>0 converges to the larger of the two roots of

(vi +6)?

0= >

— (1 +0)(vi =+ ¢) +2¢(6 + h2)
whileif 1) < hy — ¢ thenv! = —6 for n > 1. It follows that even if we change the constraint
set D, in (6) so that policy updating is well-defined, the associated sequence may converge

to the wrong value for some initial controls.

However, despite illustrating some problems with the naive application of Algorithm
2.1 from any initial condition, the above also hints at a resolution. To see this, note that by

n+1

the definitions of w", v"*! and w"*!, we have

F(Vn+1) + T(Vn+1)wn+1 =0 < B(w") — F(V”+1) + T(Vn+1)wn

and hence
wn+1 — 't = _T(anrl)le(wn)‘ (8)

Because 0 < B(w") for all n, equation (8) shows that a sufficient condition for w"*! > w"
is if —T(v""1)~! > 0 componentwise. Further, the above shows that —T(v!)~! > 0 if
—T(°)~! > 0, which, by (8), ensures that the sequence (w"),,> is increasing. The analysis
that follows shows that this is not a coincidence, and that under certain conditions on the
initial policy guesses, we can ensure monotonic convergence of our updates.

Doing it right. In this example, the appropriate initial conditions are transparent. Be-
cause —T(v) is upper triangular, —T(v)~! > 0 if and only if v, > hy and v; > hy — ¢: the
thresholds are precisely the growth-adjusted rates at which the failures above originate.
Suppose we initialize anywhere in this region, leaving the constraint set D, untouched.
Writing t := 18 —hy > 0and s := hy + 6 > 0, the update (7) gives
2

(t+s)®> ¢ s
== o
T, 2+s~l—2t_25,

o=

with equality if and only if t = s. A single update therefore lands at or (weakly) above the
fixed point ¢ + 2/, every subsequent iterate remains in the monotone region, and (v ),>1



decreases monotonically to J 4 2h,, the optimal discount rate associated with the correct
root wy = —2(1+ hy/J). Combined with the certification step noted above (—T(v"*1)~1 >
0 whenever —T(v")~! > 0), equation (8) then implies that the value sequence (w"),>o
increases monotonically to the solution of (2) with the correct signs. Two lessons carry over
to the general theory. Monotonicity of the initial policy matrix suffices (no modification of
the control set is required) and the natural default v° = § qualifies only when & exceeds the
growth-adjusted rates h; and hy — ¢; with growth in the environment, safe initial discount

rates must be chosen accordingly, a point we revisit in Section 3.

3 General theory

We now outline a more general theory and discuss conditions under which convergence
can be guaranteed. Throughout the section we assume 6,7, > 0,y # 1, and v # p. The
case p = 1is included using the logarithmic aggregator in (10). The case y = p reduces to
the standard CRRA problem and is covered in Achdou et al. (2022). All vector inequalities

below are componentwise, and >> denotes strict inequality in every component.

3.1 Environment

In this section we define our dynamic programming equation formally and fix notation.
Let X := {x1,...,xp} be the finite state space, where M > 1 is the number of states, and

define the space of values
W= {w € ]RM‘(l —y)w > 0}.

For scalar arguments ¢ > 0 and (1 — y)w > 0, the Epstein—Zin aggregator is

flew) = 8T Du( (1 -yl H 1) o)

fory,p #1,and forp =1,

flc,w) :5(1—7)w<lnc— 7 L ln((l—'y)w)) (10)

For p # 1 we define



and note that 6 = 1 if and only if 7 = p, the CRRA case excluded above. The quadratic
aggregator (1) of Section 2 corresponds to v = 3/2 and p = 1/2. Throughout this paper

-
u(c) :== T

denotes the CRRA felicity function, and we record the identity f(c,u(c)) = 0 for every
¢ > 0: the utility of a constant consumption stream c is #(c). For ¢ € (0,00)M and w € W,
we write f(c, w) for the vector obtained by applying the aggregator state by state. The HJB
equation is given by 0 = max, f(c, W) + LW for some controlled generator L, and so we

will consider discrete analogues of the form

0 = B(w) := max G.(w) = max f(c,w) + A(c)w (11)
ceC ceC

for some constraint set C and function A, where the maximum in (11) is interpreted compo-

nentwise. We will later consider explicit functional forms for the generator £¢ and discrete

analogue A, but for now we simply assume the following.

Assumption 3.1. The policy set is C = [],cx Cx, where each C,y C (0, 00) is nonempty and
compact. The map ¢ — A(c) is continuous, the off-diagonal entries of A(c) are nonnegative, and
row x of A(c) depends on c only through cy.

We will later see that the “upwinding” procedure from the numerical PDE literature

and Achdou et al. (2022) produces discrete Bellman equations satisfying Assumption 3.1.%

The arguments below require barriers: elements of V¥V at which the residual of every
feasible policy has a known sign. The upper barrier w caps the increasing sequence of
outer values in both cases, while the lower barrier W floors the decreasing inner values
when the optimization over v is a minimization; together they keep every iterate in W, so

no approximate value ever changes sign.
Assumption 3.2 (supersolution). There exists W € W such that G.(w) < 0 for every ¢ € C.

Assumption 3.3 (subsolution). There exists W € W such that G.(W) > 0 for every ¢ € C.

Because B is a componentwise maximum, Assumption 3.2 is equivalent to B(w) < 0,
so W is a supersolution of the Bellman equation (11). Barriers are also easy to exhibit in
practice. We call A conservative if A(c)1 = 0 for every ¢ € C, the discrete analogue of the
generator of a Markov process without killing. In the conservative case, constant barriers

can be constructed from bounds on feasible consumption.

3In particular, the requirement that off-diagonal components of A(c) are nonnegative amounts to the as-
sumption that the choice of finite differences is determined by the direction of the drift.

10



Lemma 3.1 (constant barriers). Suppose that Assumption 3.1 holds and that A is conservative.
If0 < c- < ¢y < ¢y < ooforevery c € Cand state x, then w := u(c_)1 and @ := u(c4)1
satisfy Assumptions 3.3 and 3.2, respectively.

Proof. Both vectors lie in W by inspection, and because A(c)1 = 0 for any ¢ € C, we
have G.(x1)y = f(cy, k) for every scalar x and state x. Because f is strictly increasing
in consumption and f(z,u(z)) = 0, we have G.(@)x = f(cx, u(c+)) < fcy, u(cy+)) =0
and G.(W)y = f(cx,u(c=)) > f(c—,u(c-)) = 0 for every ¢ € C and state x, which are
Assumptions 3.2 and 3.3. m

There are three parts to how the general theory builds on the motivating example. First,
Lemma 3.2 introduces an auxiliary control and shows that the HJB equation can be written
as the pointwise optimization over linear operators. Second, using a well-known result
from linear algebra (Lemma 3.3), Lemma 3.4 shows how the monotonicity of each updat-
ing matrix can be established by choosing certificates judiciously. Third, Lemma 3.5 is a
“comparison” result which will allow us to pass from orderings of the values of G, and B
to ordering of their arguments (the approximate value functions). Section 3.4 then defines
our algorithm formally and proves monotonicity and convergence under conditions stated
below.

3.2 Variational utility

In the motivating example in Section 2, we exploited the identity (4), which allowed us to
write the quadratic HJB equation as the pointwise maximization of linear operators over an
auxiliary control v. This is a special case of the following more general Fenchel-Legendre
duality, due to Geoffard (1996) and Dumas et al. (2000).

Lemma 3.2 (variational utility duality). For every w satisfying (1 — y)w > 0,

F ’ - ’ > 7
flew) = 4 MveD, (cv)—vw, y>p 12

min,ep, F(c,v) —vw, ¢ <p
where F(c,v) := éu(c)g(v) for u as defined in Section 3.1 and g given by

<U1—9> 7L

51
ev/0-1

g(v) =
p=1,

11



and the extremum is attained at a unique policy v*(c,w) € D,,, where

(66,00), p#landb <1,
Dy :=( (—0,60), p#1land6 >1,
R, p=1

Proof. See Appendix B. m

Applying Lemma 3.2 state-by-state then gives an alternative (and more convenient)
representation of the function B(w) given in (11).

Definition 1 (nested Bellman formulation). For ¢ € C, v € Dy, and w € W, we define
Q(c,v) :=diag(v) — A(c), T(c,v) := —Q(c, v), and the residual of policy (c,v) at w by

R(c,v;w) := F(c,v) + T(c,v)w.
In this notation the Bellman equation can be written B(w*) = 0, where

macx max R(c,v;w), ify>p,
B(w) = { “ Ve (13)
max min R(c,v;w), ify <p.

ceC veDM
Our analysis will use the formulation of the Bellman equation in (13) and proceed case
by case. Two binary distinctions organize the argument. The first is the sign of ¥ — p,
which by Lemma 3.2 determines whether the auxiliary discount rate is a maximizing or a

minimizing control:

1. if v > p, the optimization over v in (13) is a maximization, and the algorithm below
is ordinary Howard iteration in the pair (¢, v);

2. if v < p, it is a minimization, and the algorithm acquires an inner loop over v for

each fixed consumption policy.

The second is the sign of 1 — 7y, which fixes the sign of the flow payoff and hence the
orthant in which values lie: under high risk aversion (y > 1) we have F < 0 and w < 0
for w € W, while under low risk aversion (y < 1) both are positive. The four combinations
call for different arguments, and are summarized in Section 3.5.

12



3.3 Certificates and comparison

Recall that a matrix is a Z-matrix if its off-diagonal entries are nonpositive. A matrix Q is
monotone if Qx < Qy implies x < y. For c € C, let

N(c) := {1/ € DM

Q(c,v) is monotone}.

The following is the standard positive-vector criterion for nonsingular M-matrices. See
Plemmons (1977) or Theorem 6.2.3 of Berman and Plemmons (1994).

Lemma 3.3 (certificate criterion). For any Z-matrix Q, the following are equivalent: (i) Q is
monotone; (ii) Q is nonsingular and Q=1 > 0; and (iii) there exists z > 0 such that Qz > 0.
When these conditions hold, the diagonal entries of Q=1 are strictly positive.

Given a Z-matrix Q, a vector z > 0 satistying Qz > 0 is referred to as a certificate for Q.
We now characterize the certificates that will be used to establish monotonic convergence.
These are of three types: initial certificates, self-certificates generated by previous value

iterates, and barrier-generated certificates.

Lemma 3.4 (certificates). Under Assumption 3.1, we have the following certificates.

1. Initial certificates: if v > A(c)1 then Q(c,v) is monotone with certificate 1.

2. Self-certificates: for every c € C,v € DM, and w € W, if (1 — )R(c,v;w) < 0, then
Q(c,v) is monotone with certificate (1 — y)w.

3. Barrier-generated certificates:

(a) In Case 1 with vy < 1, if Assumption 3.2 holds then Q(c,v) is monotone for all (c,v) €
C x DM with certificate (1 — y)w.

(b) In Case 2 with v > 1, if Assumption 3.3 holds then Q(c, v) is monotone for all (c,v) €
C x DM with certificate (1 — v)w.

Proof. By the definition of Q we have Q(c,v)1 = v — A(c)1, and so part 1 follows from
Lemma 3.3. For part 2, multiplying the definition of R by 1 — o and rearranging gives

Qe [T =y)w] = (1 =7)F(c,v) = (1 = 7)R(c,v;w).

The first term on the right is strictly positive by Lemma 3.2. The desired residual inequality
therefore implies Q(c, v)[(1 — v)w] > 0 and so (1 — 7y)w is a certificate for Q. For part 3a,
we have R(c,v;w) < G.(w) < 0 and w is a certificate for Q, while in part 3b, we have
R(c,v; W) > G.(W) > 0and (1 — )W is a certificate for Q. m

13



The certificates in Lemma 3.4 concern one policy matrix at a time. To turn the mono-
tonicity of individual matrices into an ordering of candidate value functions—and, ulti-
mately, of the iterates generated by the algorithm—we need a comparison principle: when-
ever one candidate value receives a nonnegative residual and another a nonpositive one,
the two are ordered. The key step in the proof is to evaluate the auxiliary discount rate
at whichever of the two candidates makes a self-certification argument available, so that

comparison holds even though some feasible policy matrices fail to be monotone.

Lemma 3.5 (discrete comparison). Let Assumption 3.1 hold and fix c € C and u,w € W. Then
Ge(u) > 0> Ge(w) = u <wandB(u) >0 > B(w) = u < w, and so (11) has at most
one solution in W.

Proof. In Case 1, if v = v*(c,u) then R(c,v;u) = G.(u) > 0 and R(c,v;w) < Ge(w) <0
while in Case 2, if v = v*(c, w) then R(c,v;w) = G.(w) < 0and R(c,v;u) > G.(u) > 0.
either case, we have

In

Qc,v)u < F(c,v) < Q(c,v)w. (14)

If v > 1, the residual at u satisfies the self-certification part of Lemma 3.4; if v < 1, the
residual at w does. Thus Q(c,v) is monotone. Applying its nonnegative inverse to (14)
gives u < w. For the second claim, choose ¢, € C attaining B(u) and note that G, (1) =
B(u) > 0and G, (w) < B(w) < 0. The first part of the lemma then gives the result. m

3.4 Certified Howard iteration

We now state the algorithm analyzed below. In Case 1, it is ordinary Howard iteration in
the control (c,v), and in Case 2, it is the Ho-3 Algorithm of Bokanowski et al. (2009): an
inner Howard loop solves the minimization over v for a fixed consumption policy, and the

outer step improves consumption.
Algorithm 3.6 (certified Howard iteration). Choose an initial consumption policy c® € C.

Case 1. Choose v° € N'(c°). Forn =0,1,...

1. Evaluate the current policy by solving Q(c", v")w" = F(c",v").

2. Choose ¢! € argmaxccc G (w"), v" 1 := v*(c" 1, w"), and return to Step 1.
Case 2. Forn=0,1,...:

1. Choose v'"° € N'(c"), and for m = 0,1,. .., solve Q(c",v™™)w™™ = F(c",v™™) and set

nm+1 .

v = v*(c", w™™). Denote the limit of this inner loop by w" := lim,, w™"™.
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2. Choose c"*! € argmax.cc G.(w") and return to Step 1.

Remark 1. We emphasize that in Step 2 of Case 2, we are maximizing the objective G.(w") over c,
and not the objective R (c, v*(c",w™); w"), and hence are varying v to satisfy the interior optimum.
This is an important distinction, because the proof below only uses the fact that Q(c",v*(c",w™))

is monotone, and makes no claims on Q(c" 1, v* ("1, w™)).

Remark 2. As noted in Puterman and Brumelle (1979), Howard’s algorithm can be viewed as
Newton's method applied to the function B.* As emphasized by Remark 5.3 of Bokanowski et al.
(2009), this is no longer true in the nested case.

3.5 Monotonicity and convergence

In this section we state and prove the main results of the paper: under conditions specified
below, Algorithm 3.6 converges to the unique solution to the discrete Bellman equation.

For clarity, we separate the monotonicity claim from the convergence claim.

The following table summarizes the case-by-case analysis. The two cases that use the
current value are the parameter regions in which D, contains negative discount rates. In
the other two cases, 8 € (0,1), every feasible discount rate is positive, and a fixed barrier

certifies every policy matrix.

v>1 ¥<1
v > p (sup) Current w certifies each update. Supersolution certifies each update.
7 < p (inf)  Subsolution certifies each update. Current w certifies each update.

Proposition 3.7 (monotonicity of iterates). Let Assumptions 3.1 and 3.2 hold. In Case 1, sup-
pose 11 € N (c). In Case 2, also let Assumption 3.3 hold, suppose N (c) is nonempty for every
¢ € C, and that v € N (c") for all n. Then:

(i) in Case 2, for every n, W < WMl < gt the inner loop converges to the limit w" that is
the unique solution in VW of G (w) = 0;

(ii) in both cases, the outer values satisfy w" < w"*! < w.

Proof. We first note that if Q(c,v)w = F(c,v) and Q(c,v)~! > 0, then

(1—7)w=Q(c,v) '[(1—7)F(c,v)] > 0. (15)

4To see why, note that when the problem is of “sup-sup” type, given w; € W, the envelope theorem implies
that if (c;41, Vs41) uniquely attains the maximum in B then the Jacobian is VB(w;) = T(cs11, V44+1), and so the
updating step can be written w; 1 = —VB(w;) " (B(wt) — T(cty1, Vir1)wr) = wy — VB(w;) " B(wy).
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The strict inequality follows from Lemma 3.2 and the strictly positive diagonal of Q(c,v) !,

and so every monotone evaluation produces a value in W.

Consider Case 1. The initial Q matrix is monotone by construction. If the nth Q matrix
is monotone then equation (15) gives w" € W, and policy improvement gives

R(Cn+1,Vn+1; wn) = Gcn+1 (wl’l = B(wn)

(16)
> Gen(w") > R(c",v";w") = 0.

If v > 1, part 2 of Lemma 3.4 shows that (1 — v)w" is a certificate for Q(c"*1,v"*1), while if
v < 1, the same matrix is monotone by part 3 of Lemma 3.4. Thus every policy-evaluation

matrix in Case 1 is monotone, by induction. Further,
wn+1 — " = Q(Cn+1/ 1/11+1)71R(Cn+1, 1/nJrl; wn) > 0.

Because the current policy is feasible, we have B(w"*!) > R(c"*!,v"*1;w"*1) = 0 and so
Lemma 3.5 gives w" ! < @.

Now consider Case 2 and fix an integer n. The first matrix of the inner loop is monotone
by construction, and if the mth matrix is monotone, then w"™ € WV by (15), and

R(c", v ™) = Gan (w™™) < R(c", v™™; w™™) = 0. (17)

If v <1, (1—)w"™ is a certificate by Lemma 3.4, while if 7 > 1, Lemma 3.4 certifies it.

Thus every inner matrix is monotone and
wn,m+l — " — Q(Cn, 1/n,mH ) flR(Cn’ 1/11,m+1,, wn,m) S 0.

Also, (17) and Ge»(W) > 0 imply W < w™" by Lemma 3.5. The inner sequence therefore
has a limit w" € W. To identify this limit, note that w™" lie in the compact order inter-
val [W,w"®] ¢ W. We have vl = v*(c",w"™), and continuity of v* implies that the

n,m+1)

associated matrices Q(c",v are bounded. Since

Gcn (wn,rn) — Q(Cn, 1/n,m+1) (wn,m+1 o wn,m),

the right-hand side converges to zero. Continuity gives G+ (w") = 0, and Lemma 3.5 gives
uniqueness in W. Finally,

Gens1 (w") = B(w") > Gen(w") = 0 = Guusr (w™H1).

Fixed-policy comparison gives w" < w"t1 while Bellman comparison with w gives wtl <

w, which completes the proof. m
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We can now state the convergence result.

Theorem 3.8 (global convergence and uniqueness). Under the assumptions and initialization
of Proposition 3.7, the exact iterates of Algorithm 3.6 converge componentwise to a limit w* € W.
The limit is the unique solution in YV of (11).

Proof. Proposition 3.7 gives w" < W't < 7w, and so w" converges to some w* in the order
interval K = [w®,w] C W. It remains to show that B(w*) = 0. In Case 1, (16) and policy
evaluation imply

B(wn> — Q(Cn+1lvn+1>(wn+l _ wn)‘

The sequence of matrices on the right is bounded: ¢"*! lies in the compact set C, w" lies in
K,and v"*1 = v*(c"*1, w") is continuous. Since w" ! — w" — 0, it follows that B(w") — 0.

In Case 2 the definitions of ¢"*! and w" imply B(w") = Guus1(w") and Guus1 (w" 1) = 0.
The family {G. : ¢ € C} is uniformly Lipschitz on K: the aggregator is continuously

differentiable on the compact set C x K, and A(c) is bounded. Therefore, for some L < oo,
IB(@")|] < Lljw"" — w"|| — o.

The map B is continuous because C is compact, so B(w*) = 0, and uniqueness follows

from Lemma 3.5. m

When A is conservative, Lemma 3.1 supplies the barriers, and the algorithm can more-
over be initialized at the constant discount rate 4.

Corollary 3.9 (canonical initialization). Let Assumption 3.1 hold and suppose A(c)1 = 0 for
every ¢ € C. In Case 1, for any initial consumption policy c®, Algorithm 3.6 can be initialized at
V0 = 1. In Case 2, every inner loop can be initialized at v = 51.

Proof. Assumption 3.1 and the finiteness of M give constants 0 < c_ < ¢y < oo thatbound
every feasible consumption component. Lemma 3.1 therefore supplies the supersolution
and uniform policy subsolution. Further, Q(c,61)1 = 61 > 0, and so Lemma 3.4 gives
01 € N(c) foreveryc. m

4 Consumption-savings problem
We now consider a consumption-savings problem of the kind considered in Achdou and

Tang (2026b). We first describe the continuous-state HJB equation before specifying how
to construct a finite system of equations using finite differences.

17



4.1 Environment

Income risk and market structure. We assume that log income y; evolves according to
a finite-state income Markov process supported on Xy, := {yo,y1,--.,yn,} where N, > 1
andyp < -+ < YN, and for 0 < j,k < N, with j # k, the rate of transition from yj to yk
is denoted by Ajx > 0. The agent may save in a risk-free bond with return r € (0,J) and
so the law of motion of wealth is given by da; = s;dt where s; = (ra; + e¥* — ¢;). Finally,
the agent faces a borrowing constraint of the form a; > a that is strictly tighter than the
natural borrowing limit,
a> —elo/r.

Definition 2. For j =0, ..., N, we define the operator

Ny
L(c,v)W(a,y;) = —vW(a,y;) + (ra+ e —c)a,W(a,y;) + k;))\jk(W(a,yk) - Wi(a,y;)).

The HJB equation for the value function in Case 1 is

0 = maxmaxF(c,v) + L(c,v)W,
ceC veD,

with the max over v replaced by a min in Case 2.

4.2 Discretization

We now wish to define a discrete Bellman equation of the form given in (11) for some con-
trol set C and matrix-valued function A. Appendix C relates the solution of such discrete
problems to an appropriately defined (constrained viscosity) solution to the HJB equation

in Definition 2.

The discretization of the asset space follows the standard “upwinding” procedure widely
used in the finite-difference literature. Given N, > 1 and asset bounds a4 < @, we define
Yo:={a,a+A,,...,a} where A, := (@ — a)/N,. We use i to enumerate points in the asset
grid and j and k to enumerate points in the income grid, and we write X := ¥; x X, for
the state space and M := (N, + 1)(N; 4 1). We now define our sets of controls {Cy }rex
and the function A.

Definition 3. Given c_,c > 0 satisfying c— < ra+ e¥ and c, > ra+ e/, for any state
x = (a,y) € X, we define our control sets as follows:

1. ifa #a,a, then Cy = [c_,c4];

2. ifa=a,Cx=[c_,min{cy,ra+eV}|;
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3. ifa=1a,Cy = [max{c_,ra+e’}, cy].

Forany c € C := [],ex Cx, define

Ny
[A(c)W]ij = (ra; + e — cij) "W — (ra; + eV — cip) " WE + Y A (Wi — W)
=0

where the finite differences are given by

1 1
Wi = —(Wip1j— W) Wi =

A, i = E(Wij — W)

The following verifies that the framework of Section 3 applies to this problem.

Lemma 4.1. The control set C and function A given in Definition 3 satisfy Assumption 3.1, and
the vectors w and w in Lemma 3.1 satisfy Assumptions 3.2 and 3.3, respectively.

Proof. The function A satisfies Assumption 3.1 by inspection, because the definitions of Cy
ensure that A(c) never places a nonzero coefficient on points outside of the grid. This also

implies that A(c) is conservative, and so the remaining claims follow from Lemma 3.1. =

Policy update. For W € W and ¢ € C, the optimal v is
v* (e, W) = 5(9 +(1-0)cP[(1— 7)W]*1/9)

regardless of whether or not the optimization over v is a maximum or a minimum. The
consumption update must incorporate the dependence of the optimal v on c and W. Omit-
ting terms that do not depend on c gives

sct=p

Ofc) = 7= ; (L= )Wy)' ™+ (ra; + e — )" WE — (ra; + % — )" WE.

To maximize this objective over the set C given in Definition 3, we consider five candidate

maxima: the three points c_, ra + e¥ and c, and the solutions to the first-order conditions

-1/
cia = (11— n)Wy VO wiss)

for each direction d € {F, B}.

Tolerance. Given v > 0 and W € W, we define consumption-equivalent utility by

1

CE(W) = u (W) = [(1 - 7)W] ™
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and in our implementation of Algorithm 3.6 we will use the metric
d(W, V) = [[u= (W) = (V)]]eo-

The consumption-equivalent transformation serves three purposes. First, it expresses val-
ues in units of consumption: by the identity f(z,u(z)) = 0, we have u~1(W) = z exactly
when W is the utility of the constant stream z, so tolerances on CE bound errors in units of
permanent consumption. Second, CE is a strictly increasing transformation on W, so the
monotonicity of the iterates established in Proposition 3.7 is preserved. Third, utility is nei-
ther comparable across preference parameters nor even of common sign on the two sides
of v = 1, whereas consumption equivalents are directly comparable, permitting common

tolerances and error metrics across all of the experiments below.

4.3 Numerical illustration

We now illustrate the results above numerically. For the following exercises, we fix param-

eters governing income and the interest rate and vary preferences.

Income process. We assume that y follows a finite-state approximation to an Ornstein-
Uhlenbeck process. Given lower and upper bounds y < 0 < y, we define an increment
Ay = (y —y)/ Ny for log income and consider an equispaced grid £, := {y,y + Ay, ..., ¥}
For constants 71,0 > 0, we then define the income transition rates as follows. For non-
boundary points j # 0, Ny,

1 (o _
Ajjr = A (2 + Ay[_.”]/j]i>

while for the boundary points we keep only inward transitions (which amounts to setting
volatility to zero on the boundary)

1. _ 1. _ _
Aot = Ky[—ﬂyo]+ AN, N,~1 = Ky[-WNy]

with all other transitions zero. We follow the appendix of Achdou et al. (2022) and choose
# = —Inp,p, =095 and 7 = 0y \/ﬁ, ox = 0.2, where p, corresponds to the annual
autocorrelation and 0 is the standard deviation of the resulting stationary distribution.

Initial policies. In the following numerical experiments, the initial consumption policy
is zero net saving, ¥ := ra + ¢¥, and the initial discount policy is the CRRA value, W =0.

Example. We first plot several examples before turning to a more systematic explo-
ration. Because the arguments employed in this paper differ depending on the signs of
v —p and 1 — v, we will consider four examples for illustration. We fix the grid at the
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moderate size N = (200,20) and focus on the savings functions. Elementary calculations
reviewed in Lemma B.1 show that in the case of deterministic income and no borrowing
constraints, for all y we have

s(a,y)

1 _:ﬂ,
a—0c0 a 0

Motivated by this, we choose r = 0.036 < § = 0.04 and check ex post that dissaving occurs
at sufficiently large assets. For our examples we choose v = 0.75,1.5 and p = 0.5,2.0, so
that all four of the cases considered in Section 3.2 are represented. Figure 1 depicts the

associated savings functions.

Saving for (p, ¥) =(0.50,0.75) Saving for (p, y) =(2.00,0.75)

y=-04 y=-04
0.2 —_—y=04
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Figure 1: Savings policies in the four preference configurations. Notes: Each panel plots the savings
function s(a,y) = ra+¢¥ — c(a,y) against assets for one (p,7) pair, with one line per depicted
income state (light to dark fromy = —0.4toy = 0.4). Parameters: r = 0.036, 6 = 0.04, 2 = 0, income
process as described in the text, grid N = (200, 20); the upper bound 7 is chosen so that dissaving
occurs there, and is an order of magnitude larger for p = 2 than for p = 0.5. Flat segments occur
where savings change sign and the scheme switches between forward and backward differences.
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Note that in Figure 1 we observe a “kink” at the points in which savings are zero. This
feature is not specific to Epstein-Zin preferences, but instead occurs because these are the
asset levels where we switch from forward to backward differences. The size of this kink
appears to be increasing in -y, which is intuitive because 7y governs the curvature of the
value function and hence the discrepancy between candidate first derivatives. Further, as
expected, when p is higher (so that EIS is lower), the savings lines are flatter and we must
increase @ in order to ensure dissaving. Finally, for all four examples in Figure 1, it appears
that for the lower income level, the slope in the savings function diverges to —co as we

approach the lowest asset level; we return to this behavior in Section 4.4.

Monotonicity and speed. Proposition 3.7 shows that any sequence (w"),>o produced
by Algorithm 3.6 is monotonically increasing. Figure 2 illustrates both this property and
the speed of convergence: for each outer iteration n it plots — log;, (1 — u~H(w") /u~1 (w*))
against assets at a fixed income state, where w* denotes the converged solution. Because
CE is increasing and w" 1 w*, the argument of the logarithm is a positive and shrinking
relative shortfall, and the plotted quantity can be read as the number of accurate decimal
digits of the consumption-equivalent value at each state. Monotonicity appears as the
strict vertical ordering of the curves: successive iterates shift upward and never cross.
Convergence is also fast. The first iterate—the CRRA evaluation of the initial policy—is
already accurate to roughly two digits; each subsequent outer iteration adds roughly one
and a half to two digits, nearly uniformly across the state space; and fewer than ten outer
iterations drive the relative error below 10710 in all four preference configurations (the
algorithm terminates once successive consumption-equivalent values agree to within the
solver tolerance of 10~8). Accuracy is lowest near the borrowing constraint, where policies

vary most rapidly.
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Figure 2: Monotone convergence of the outer iterates. Notes: Each panel plots —log;,(1 —
ul(w") /u~!(w*)) against assets for successive outer iterations n (light to dark) at a fixed income
state, where w* is the converged solution; the plotted value can be read as the number of accurate
decimal digits of the consumption-equivalent value. Curves shift upward and never cross, illus-
trating Proposition 3.7; the topmost flat line is the converged solution itself, shown at the 10~
display floor. Curves correspond to the middle income state y = 0; grid N = (400, 20), remaining
parameters as in Figure 1.

Accuracy. We now explore the accuracy of our algorithm. As discussed in Achdou
et al. (2022), for continuous-time problems the “Euler equation errors” familiar from the
discrete-time literature are uninformative, because the first-order condition for consump-
tion holds by construction up to solver tolerance. We therefore fix the income grid, com-
pute policy and value functions on a fine asset grid with Ng,. = 20,480 nodes, and com-
pare solutions computed on coarser grids N, = 40,80, ...,5,120 against this reference.
Figure 3 plots the sup-norm gaps of the consumption policy (left panel) and of the value
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function in consumption-equivalent units (right panel) on a log-log scale. Three points
stand out. First, the value error declines linearly in the logarithm of the grid size with
slope close to —1 for all four preference configurations: halving the grid spacing halves
the error, the first-order rate expected of an upwind scheme. Second, values converge
more quickly and far more smoothly than policies: the policy error decays at a slower
and noisier rate, reflecting the kinks at zero-savings points visible in Figure 1. Third, ac-
curacy is respectable already on coarse grids: at N, ~ 200, the grid used in Figure 1, the
consumption-equivalent value error lies between roughly 3 x 10~* and 4 x 1073.

Consumption Consumption equivalent utility
=8~ (p.¥) = (0.5, 0.75) —~ (p,¥) = (0.5,0.75)
| m -8~ (p.y) = (2.0, 0.75) 10 L ~&- (p.y) = (2.0,0.75)
el =i~ (p.y) = {05, 1.5) \‘\ —4— (p.y) = (0.5, 1.5)
{o.¥) = (2,0, 15) (o.v) = (2.0, 1.5)
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Figure 3: Grid refinement. Notes: Sup-norm distance between solutions computed on an asset grid
with N; nodes and a reference solution with N, = 20,480 nodes, for the four preference config-
urations of Figure 1. Left panel: consumption policy. Right panel: value function in consumption-
equivalent units. Log-log scale; a slope of —1 corresponds to first-order convergence.

4.4 Savings near the borrowing constraint

We next study the savings behavior of low-income agents near the borrowing constraint.
For the CRRA case with two income types, Achdou et al. (2022) show that the savings
function obeys a square-root law: savings vanish like /a — a as assets approach the con-
straint, with a coefficient available in closed form. We now show that this law extends to

Epstein—Zin preferences, derive the coefficient, and verify the prediction numerically.

It is convenient to work with one income state at a time. For j = 0,..., N, we write
Wi(a) := W(a,y;) and cj(a) := c(a,y;) for the value and consumption functions in state j,
and sj(a) := ra + ¥l — cj(a) for the savings function. Using Lemma 3.2, the HJB equation
in Definition 2 simplifies to

N,

0 = sup f(c,Wi(a)) + (ra+ el — )W!(a) + ¥ Aje (Wela) — Wi(a), (18)
k=0

c>0
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forj=0,...,N,, and using (9), the first-order condition for consumption becomes

Wi(a) = dcj(a) " [(1 = 1)Wj(a)] 7. (19)

=
<

We now state the following regularity assumption that will allow us to sharply characterize
the savings behavior near the borrowing constraint.

Assumption 4.1. On (a, o), the value functions are C? and the policies cj are CY and the limits
¢j:= limg ), cj(a) and W, := lim,, Wj(a) exist and satisfy c;, (1 — v)W; € (0, 0).

Proposition 4.2 (square-root law). Under Assumption 4.1, lim,|, —so(a)/+/a —a = K, where
2¢ W/ (a)
2=y —r— : 2
= [ D“"( Wia) ~ )] 20)

Proof. The idea of the proof is to use (18) to derive two expressions for so(a)W{/(a) /W (a),

equate these to one another, and use this to obtain an expression for lim,, so(a)s((a). Dif-
ferentiating (18) for j = 0 with respect to a and applying the envelope theorem gives

Ny
0 = Wo(a) fu(co(a), Wo(a)) + rWo(a) + so(a) Wy (a) + kZ Aok (Wi (a) — Wo(a)).
=0
Writing fi,(co(a), Wo(a)) = —v§(a) and dividing by W((a) gives

so(@)Wy/(a) _ o (Wia)
Wy =@ "‘E)A(’k(vv'é(a) 1)

Taking the log of both sides of (19) and differentiating with respect to assets gives

so(@)Wp'(a) _ so(a)cp(a) p— 7\ Wela)
O A +S(’(”<1—v)wo<a>'

Combining the two expressions and using c((a) = r — s((a) gives

-G ()2 () 8)

The term in parentheses on the right is bounded as a | a while sp(a) — 0, so taking limits

and applying 'Hopital’s rule gives lim,|,s3/(a — a) = lim,|, 2s0s) and hence (20), where
we take the negative root because the constrained agent dissaves toward a. m

Formula (20) has a transparent economic interpretation. The bracketed term is the ef-
fective impatience wedge of the constrained agent: the endogenous discount rate v, net
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of the return r on wealth and net of the effect of income transitions, which is captured by
the marginal-value ratios W} (a)/W/(a). Because wealth is less valuable in better income
states, these ratios lie below one for upward transitions, so the possibility of an income im-
provement acts like additional impatience and speeds decumulation. The prefactor 2¢,/p
scales the wedge by the level of consumption and by the elasticity of intertemporal substi-
tution: the more willing the agent is to substitute consumption over time (the lower is p),
the faster assets are run down. Notably, risk aversion appears nowhere directly: v matters
only through the continuation objects v; and W, /W.

The square-root law has a mechanical interpretation that we find useful. Consider a
car traveling at speed V that brakes at a constant rate C. Its average speed before stopping
is V /2 and it takes V/C units of time to stop, so it travels a distance D = V2/2C; equiv-
alently, at distance D from its stopping point its speed is v/2CD. Whenever deceleration
is constant—or, as here, tends to a constant at the stopping point—speed is proportional
to the square root of the remaining distance. Now let the distance be the agent’s assets
above the borrowing constraint, the speed the rate of dissaving, and the braking rate the
rate at which dissaving slows as the constraint approaches. The proof of Proposition 4.2

establishes that this braking rate has a finite, strictly positive limit at the constraint,

2

A~ Ny !
C :=limsg(a)sy(a) = % _ % [VS —r— Z A0k< 'f(ﬂ) — 1)] , (21)
P k=0

ala Wo(a)

where sgs(, is, by the chain rule, the “deceleration” $; of assets along the optimal path.
Further, near the borrowing constraint we have s; = rs; — ¢; =~ —¢;, and so the fact that
this rate tends to a finite nonzero limit is intuitively a consequence of the Euler equation
governing ¢;. This rate is governed by the elasticity of intertemporal substitution, which
determines how quickly the agent is willing to let consumption fall as assets run out, and
by the impatience wedge, which in our calibration is dominated by the prospect of an
income improvement—the force that makes a constrained agent willing to run assets down
in the first place.” Because the braking rate is bounded below, the constraint is reached
in finite time, T = 2x~!\/4p — 4 from initial assets a9, whereas linear decay would only
approach it asymptotically. Appendix A strips the problem down to a deterministic control
problem with a linear flow cost and a convex cost of adjustment, and shows that the same
braking argument yields the square-root law there, with the impatience wedge in the role

of the flow cost and ¢/ p in the role of the inverse curvature of the adjustment cost.

Figure 4 asks how well the law describes the computed policy. For each of the four

preference configurations it overlays the savings function in the lowest income state on

5Tn the calibration of Figure 5, the transition term in the bracket of (21) is larger than the term vy —rinevery
example we computed—by an order of magnitude at low p—and the latter is negative at high risk aversion.
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—¥+/a — a, with ¥ taken from (20). The coefficient is built from consumption, the endoge-
nous discount rate and marginal-value ratios at the constraint. The two agree closely:
within 1-2 percent for assets up to 5 percent of average income, and within 8-13 per-
cent out to half of average income, beyond which the higher-order terms neglected in the

proposition begin to matter.

Figure 5 provides comparative statics, reporting the value of ¥ for ¢y € [0.25,3.25] and
p € {04,0.8,1.2,1.6,2}. Three features stand out. First, the coefficients are positive and
vary smoothly across the entire parameter range, confirming that the square-root law ex-
tends beyond the CRRA case. Second, and consistent with the interpretation of (20), the
coefficient is governed almost entirely by intertemporal substitution: moving p from 0.4 to
2 lowers & by about 14 percent, whereas moving < across the whole plotted range lowers
it by under 3 percent. Third, the estimates pass smoothly through v = 1 and = p, the
boundaries at which the algorithm switches among the four cases of Section 3.
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Figure 4: The square-root law near the borrowing constraint 4 = 0. Notes: Solid lines are the
computed savings function in the lowest income state; dashed lines are —k+/a — g, with ¥ given by
the right-hand side of (20). The coefficient is computed independently of the interior savings policy.
The horizontal range shown is roughly the lowest three quarters of one year’s income. Asset grid
N, = 16,000 on [0,200]; remaining parameters as in Figure 1.
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Dissaving at the borrowing constraint

0.200 -

0.195 -
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—fr— p=1.2
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0.170 1
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Risk aversion y

Figure 5: Dissaving at the borrowing constraint. Nofes: The square-root coefficient ¥ of Proposition
4.2 in the lowest income state, plotted against risk aversion 7y for five values of the inverse elasticity
of intertemporal substitution p. Because ¥ is a limit at a point where the savings function has
infinite slope, it is estimated on asset grids of N, = 4,000, 8,000 and 16,000 nodes and Richardson-
extrapolated; the two estimators of (20) extrapolate to the same value to within 1073 at every point
shown. Borrowing constraint a = 0, asset domain [0,200]; income process and (7, ) as in Figure 1.

4.5 Permanent income risk

In the experiments of Section 4.3, the matrix A(c) was conservative (zero row sums) and
so Corollary 3.9 guaranteed that Algorithm 3.6 converged from the initial guess 1° = §. To
illustrate how the algorithm and certificate argument apply to non-conservative settings,
we now add a permanent component to income. Despite the additional state variable, the
homogeneity of our aggregator ensures that the resulting discretized system reduces to a
two-dimensional problem of the form given in Section 3. However, in contrast with Section
4.3, now A(c)1is a nonzero constant that depends on the growth of permanent income, and
the choice of initialization becomes more subtle: once that constant exceeds J, the natural
starting values are no longer certified and a naive application of Newton’s method may
fail. The theory of Section 3 identifies exactly which constant initializations are certified,

and supplies a natural one.

Environment. Income is Y; = Pie*, where z; is the finite-state process of Section 4.3
and P; is a permanent component, whose logarithm is a pure-jump process with drift y,,

symmetric jumps of size 7 at rate A = 0';%/ (21?), and negative jumps of size —my at
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rate A, for some integer m > 1.° The latter represent idiosyncratic disasters: infrequent,
large, negative shocks such as job displacement, disability, or health events that perma-
nently lower earnings.7 Wealth evolves as da; = (ra; + Yy — c¢)dt subject to a; > ab;.®
Because the aggregator is homogeneous of degree 1 — -y in (¢, W), the value function sat-
isfies W(a,z, P) = P'~"w(4,z), where @ = a/P denotes normalized wealth and w(a,z) :=
W (a,z,1). The HJB equation for w coincides with that in Definition 2 with three modifica-
tions: 1) the drift of normalized wealth is (r — p)@ + ¢* — ¢ where ¢ = ¢/P; 2) a jump of
In P by ¥ moves 4 to 4e”* and multiplies continuation utility by e(1=1)x ; and 3) the drift of

In P contributes the additional term (1 — ) u,w. It is instructive to write
hi= (1= ), + /\<e(1*7)17 _ 1) + /\<e*(1*7)17 _ 1) Y (e*(lf“r)mv _ 1)

for the expected growth rate of Pt1 7 thatis, lEt[dPtl 77] = hPt1 ~7dt. Since 1 — v < 0in our
calibration, permanent risk and disasters raise i and growth lowers it.

Discretization. We use the upwind scheme of Definition 3 on the grid with ith element
4; = ae', and we declare that any jumps that would leave the grid are absorbed at its ends.
The resulting A(c) satisfies Assumption 3.1 and has constant row sums, A(c)1 = h1 for
every ¢ € C: the upwind drift terms and the transitions of z have zero row sums, and each
jump & of In P contributes its rate times e(!~7)* — 1. However, for & # 0, Lemma 3.1 and
Corollary 3.9 do not apply. The following two results replace them.

Lemma 4.3 (barriers with constant row sums). Suppose that Assumption 3.1 holds, that for
some h € R we have A(c)1 = h1 for every ¢ € C, and that 0 < c_ < ¢y < ¢4 < oo for every
c € Candstatex. Ifp # 1and 1 —h/(50) > 0, then

w:=u(c_) (1 - ;;) _91 and W :=u(cy) <1 - :0) _91

satisfy Assumptions 3.3 and 3.2, respectively. If p = 1, the same holds with the factor e"/? in place
of (1—h/(50))7°.

Proof. Let p # 1. For any m > 0, the vector u(m)1 lies in W, A(c)u(m)1 = hu(m)1, and

®The size of the jump is chosen so that in the below discretization, all transitions remain on the grid. Note
that for the above specification, as # — 0 the process In P; approaches a diffusion process with variance ‘7112)’

7Long—run earnings losses of 20-30 percent after job displacement are documented by Jacobson et al. (1993)
and Davis and von Wachter (2011), with annual displacement rates of 2-4 percent for established workers;
Guvenen et al. (2021) show that infrequent large shocks are a dominant feature of individual earnings risk;
Low et al. (2010) treat disability. The range 0}, € [0.10,0.15] is that of Storesletten et al. (2004).

8In our numerical examples we take 2 = 0.01 so that the logarithmic grid below has a finite lower bound.
This is a slight tightening of the constraint a; > 0 and is immaterial for the comparison of algorithms.
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substituting (1 — «y)u(m) = m'~7 into (9) gives

= -1 h
=0 + .
1—-p 11—

Ge(u(m)1)y = f(cx,u(m)) +hu(m) = m' = p(cx/m), (&)

The function ¢ is strictly increasing on (0,00) and vanishes at & := (1 —h/(36))Y/(1-¢).
Taking m = cy /& gives ¢y /m < ¢ and hence G.(w), < 0 for every ¢ € C and x, while tak-
ing m = c_ /& gives G.(w), > 0. Finally, u(cy /&) = u(c+)& =7 = u(cs)(1—h/(66))7°.
The case p = 1 is identical with ¢(&) = dIn¢+h/(1—)and & = e /00-7), u

The barriers are the values of consuming ¢ P; and c_P; forever, and h = 0 recovers
Lemma 3.1. The condition 1 — /(86) > 0 is the condition for these values to be finite.’

Lemma 4.4 (constant initializations). Suppose that A(c)1 = h1 for every c € C. Then for every
c € Candv € D,, the matrix Q(c,v1) is monotone if and only if v > h.

Proof. If v > I, then Q(c,v1)1 = (v — h)1 > 0 and 1 is a certificate. Conversely, A(c) has
nonnegative off-diagonal entries and the strictly positive eigenvector 1 with eigenvalue
h, so by the Perron-Frobenius theorem # is its largest real eigenvalue and admits a left
eigenvector y > 0, y # 0, with yTA(c) = hyT. If v < hand z > 0 satisfied Q(c,v1)z > 0,
then 0 < y'Q(c,v1)z = (v —h)y 'z <0, a contradiction. By Lemma 3.3, this implies that
Q(c,v1) is not monotone. m

For constant initializations, part 1 of Lemma 3.4 is therefore not only sufficient but
necessary, and whether a constant 1° is certified does not depend on the consumption
policy. We set ¥ = 5and p = 2, so that 0 = 4 and D, = (—o0, ). The certified constant
initializations are then exactly the “window” (h, 66), which is nonempty precisely when
the barriers of Lemma 4.3 exist, and Theorem 3.8 applies from any of them. A natural
choice is the discount rate associated with consuming permanent income forever, which
we denote by vg (for “endowment”),

00 —h

vg :=v*(Lwg) =h+ — (22)

where wg is the value of consuming permanent income forever, given in the preceding
footnote. Since 0 > 1, vg lies strictly inside the window whenever utility is finite, and it
reduces to 6 when i = 0. Two features of the window are worth stressing. First, the CRRA
initialization 10 = ¢ is certified if and only if h < 4, and no choice of consumption policy

changes this. Second, because D, is bounded above when 6 > 1, the window is bounded

o1f consumption equals permanent income, ¢; = P;—an endowment economy in the terminology of asset
pricing—the normalized Bellman equation 0 = f(1,w) + hw has the solution (1 — y)w = (1 —h/(36))~9,
which exists if and only if 1 — 1/ (66) > 0.
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and shrinks to a point as /1 1 66, and so starting from a large discount rate is not a safe rule.

Starting values. All experiments use the initial consumption policy of zero net saving,

0

¢’ = (r — up)@ + €*, and one of three starting values:

(C) the certified value w, which solves Q(c?, ve1)w = F(c°,vg1). By Lemma 4.4, Vg1 €
N (%), sowd € Wand B(w?) > 0;

(R) the CRRA value w3, which solves Q(c°,61)w = F(c° 61) = 6u(c®). By Lemma 4.4,
the matrix is monotone if and only if & < J; otherwise w% need not lie in W;

(U) the value wY; = u(c?), which lies in W but is not the value of any policy when & # 0,
and B(wY;) has no definite sign.

Only (C) uses the theory of Section 3. Value (R) is what a user of the CRRA code would
do, and (U) is an obvious choice for a user who starts from a value rather than a policy.

Iterations. From each starting value we run two iterations. Each step of either one
takes the current value w*, updates the policy to (ck“, ka) with ¢ft1 e arg max, Gc(wk )
and vF 1 = ¢* (ck“, wk ), and then solves one sparse linear system:

Newtonon B:  Q(cF1,vf1) i+l = F(fH1, 41, (23)

implicit, step A : (%I + Q(ck’Ll,vk’Ll)>wk+1 = F(F1, 01y 4 1ok, (24)

Iteration (23) is Algorithm 3.6 in Case 1; started from (C) it is exactly our algorithm, and
started from (R) or (U) it is the same iteration without the certificate. Iteration (24) is an
extension of the implicit scheme of Achdou et al. (2022) to the setting with non-CRRA
utility.!” Rearranged, it reads w**! = w* 4+ (11 + Q) "' B(w), a damped Newton step that
reduces to (23) as A — o0.!! We stop when successive values differ by less than 1078 in
consumption-equivalent units, and we record a failure when a starting value or an iterate
lies outside W, at which point the next policy update is undefined.

Results. Table 1 reports the number of iterations after the starting value as 0}, increases,
with p, = 0.02, 7 = 0.06, A; = 0.02 and m = 6—a 30 percent permanent earnings loss at a
rate of 2 percent per year—and the remaining parameters as in Section 4.3.

10Tt is one backward-Euler step of length A of the time-dependent equation dsw = F + Tw, with the policy
frozen at its value at the start of the step.

HNear the solution the error contracts by a factor of approximately 1/(1 + AAmin) per step, where Ay is
the smallest eigenvalue of Q(c*,v*), so convergence is linear for every finite A.
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Panel A: Newton on B, iteration (23)

starting value

oy h Ve Amin V¥ <h (C)certified (R)CRRA (U)u(c?)
0.00 —0.016 0.028 0.045 0% 10 12 20*
0.05 0.005 0.044 0.042 0% 7 6 19*
0.08 0.036 0.067  0.034 80% 6 7 12*
0.10 0.065 0.089  0.026 90% 6 invalid fails
0.12 0.100 0.115 0.016 92% 7 invalid fails
014  0.142 0.147 0.0046 93% 7 invalid fails

0.145 0.153 0.155 0.0017 93% 7 invalid fails
Panel B: implicit time stepping, iteration (24)
from (U) u(c?) from (C) certified
op A=1 A=10 A=100 largestA A=1 A=10 A=100

0.00  357* 50* 19*  20* (10%) 327 46 12

0.05  389* 53* 16*  18* (10%) 377 52 13

0.08  456* 61* 15*  13* (10%) 468 62 15

0.10  545* 72* fails ~ 42* (20) 604 78 17

012 816" 101* fails  101* (10) 940 118 22

0.14 2,601* fails fails ~ 594* (5) 2,756 334 47

0.145 6,127* fails fails 1,422* (5) 6445 791 102

Table 1: Permanent income risk: iterations to convergence by starting value. Notes: Entries are
iterations after the starting value, each consisting of one policy update and one sparse linear solve.
*: values do not increase monotonically. “Fails”: the first iterate lies outside J/. “Invalid”: the
starting value itself lies outside WV. In Panel B, the largest step that converges is searched over
A € {1,2,5,10,20,50,100,200,500,1000} and reported in parentheses. The certified window for
constant initializations is (h,66) = (h,0.16), and v is given by (22). Apn is the smallest eigenvalue
of Q(c*,v*) and the column v* < h is the share of grid points at which the discount rate at the
solution lies below h. At o, = 0.15, h > 46 and utility is infinite. Parameters: v = 5, p = 2,
pp = 0.02,7 = 0.06, Ay = 0.02, m = 6; grid @ € [0.01,50] with 143 logarithmically spaced nodes
and N, = 10; remaining parameters as in Figure 1.

Five features stand out. First, our algorithm—Newton on B from the certified value—
converges in six to ten iterations, with values increasing monotonically, at every ¢, up to
the finiteness boundary, as Theorem 3.8 guarantees given Lemmas 4.3 and 4.4. Second,
the CRRA starting value becomes invalid exactly when 1 > §, as Lemma 4.4 predicts:
Q(c? 61) is not monotone, and the first policy evaluation returns a value of the wrong
sign. The cause is the constant discount rate, not the consumption policy: by Lemma 4.4,
no consumption policy would make v = § admissible. Newton on B from u(c?) fails at
its first step in the same region, and where it does converge its values are not monotone.

Third, time stepping from u(c®) converges only for small steps: the largest step that works
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falls from 103 to 5 as 0y rises, the number of steps rises to 1,422 at that step and to 6,127 at
a unit step, and the values are never monotone. Fourth, time stepping from the certified
value converges at every step size, with monotone values, and approaches our algorithm
as A grows; a finite step only slows it down. The difficulties in the other columns are
therefore difficulties of the starting value, not of Newton’s method or of time stepping as
such, and the certificate is what supplies a starting value from which both work.

Fifth, there is no tension between Lemma 4.4, which says that a constant discount rate
must exceed h, and the fact that at the solution v* lies below / in 80-93 percent of states once
0p > 0.08. The solution’s discount rates are not constant, and the certificate for Q(c*,v*)
is not 1 but instead z = (1 — y)w*, because Q(c*,v*)z = (1 — ¢)F(c*,v*) > 0, that is,
vi > (A(c*)z)x/zy in every state. The relevant comparison is therefore with a value-
weighted growth rate that varies across states, not with /1; numerically the margin is posi-
tive everywhere, though as small as 0.0006 near the boundary. This is the self-certification
of part 2 of Lemma 3.4 at work, and it is what carries the algorithm from a constant ini-
tialization above / to a solution whose discount rates are mostly below it. Finally, Amin is
within 10 percent of (660 — 1) /6, its value when consumption equals permanent income,
so the linear rate of time stepping, and its collapse near the boundary, can be read off from
the primitives.

For practitioners, the lesson from the theory is simple: start from a constant discount
rate in the certified window (h, 66), for instance vg. The CRRA default v° = § is certified
only when i < J, which in our calibration fails once the volatility of permanent shocks
exceeds about 8 percent (the finiteness boundary is at about 15 percent), within the range
estimated in the literature. A large discount rate is not a safe alternative when 6 > 1,
because the window is bounded above and narrows to zero as utility approaches infinity;
at 0, = 0.145 it has width 0.007. Our experiments cover one parameter cell (Case 1 with
6 > 1) and a specification with constant row sums; when A(c)1 varies with the state, the
same reasoning applies with & replaced by the largest eigenvalue of A(c?), and a constant
10 above the largest row sum of A(c?) is always certified.

5 Conclusion

This paper combines the variational representation of recursive utility of Geoffard (1996)
with a “nested” extension of Howard iteration of Bokanowski et al. (2009) to solve finite-
dimensional Bellman equations with continuous-time Epstein—Zin preferences. Our main
contribution is a certification argument that establishes convergence without requiring ev-
ery feasible policy to generate a monotone policy-evaluation matrix. Under our stated
conditions, current values and barrier functions certify the matrices generated by the algo-
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rithm, and the value iterates increase monotonically toward the unique admissible solution
regardless of the sign of the subsequent auxiliary discount rates.

The numerical experiments illustrate the practical performance of the method across
the four preference configurations considered in the analysis, with high accuracy relative
to the discrete solution attained within roughly ten outer iterations. The consumption-
savings application also characterizes the square-root behavior of dissaving near the bor-
rowing constraint. The expression for its coefficient relates intertemporal substitution to
endogenous discounting and marginal continuation values, and provides a check on the
computed policies. Over the parameter ranges examined, the coefficient varies substan-

tially more with intertemporal substitution than with risk aversion.

The extension to permanent income risk shows where the certificate argument matters
in practice. When income has a permanent component, the policy-evaluation matrices are
no longer conservative and the choice of starting policy is no longer innocuous. The theory
delivers the interval of certified constant initial discount rates, barriers whenever utility is
finite, and a natural starting value, and from that value the cost of the algorithm does not
rise as the problem approaches the point at which utility becomes infinite. At the solution,
the auxiliary discount rate lies below the lower end of that interval in most states, so that
it is the current value (up to a sign change), rather than any uniform bound on discount
rates, that certifies each step.
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Appendix

A A toy model of the square-root law

The square-root law of Proposition 4.2 does not depend on recursive preferences, on income risk,
or on discounting. This appendix isolates the mechanism in a deterministic control problem with
two ingredients: a linear flow cost of remaining above a boundary, and a strictly convex cost of
moving toward it. Let a; > 0 denote the state and s; < 0 its drift, 4; = s;, with a(0) = ap > 0, and
consider -

U(ap) := stslp/o [~ Ba; —n(s)dt, B >0,

where the supremum is over admissible controls: measurable, locally integrable s; < 0 such that
ar = ap+ fot s¢dT > 0 for all t. The parameter B is the flow cost of being away from the boundary
and 7 is the cost of adjustment.

Assumption A.1. The cost function satisfies § € C?((—00,0]), 1(0) = 0, and "' (s) > m > 0 for every
s < 0 and some constant m.
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Proposition A.1. Under Assumption A.1, U(ag) is finite for every ag > 0. The optimal policy satisfies
s(0) = 0and, for a > 0, s(a) is the unique negative solution of G(s(a)) = Ba, where G(s) := sy'(s) —
1(s). The value function is U(a) = [i n'(s(z))dz, which is C'([0,00)) N C?((0, 00)) and strictly concave,
and, with x 1= \/W,

laifg s(\/aa) = —K. (25)
Proof. Because G(0) = 0 and G'(s) = sy’(s) < 0 fors < 0, with G(s) = [ z17"(z)dz > ms?/2,
the function G maps (—oo,0] continuously and one-to-one onto [0,0), so G(s(a)) = Ba defines
a negative control at every positive state. The implied s(a) is continuous at zero and C! for a >
0. Implicit differentiation gives s(a)n’(s(a))s’(a) = B, so s’'(a) < 0. Continuity of 1" at zero
gives limg2G(s)/s*> = 1" (0), and combining this with G(s(a)) = Ba proves (25). A standard
verification argument then shows that U solves the original problem. m

The braking argument. The proposition can be read as a statement about acceleration. Along
the optimal path a; = s(a;), so by the chain rule

iy = %s(ut) =s(a)s'(ar) = %%s({z)z a:at
Differentiating the HJB equation 0 = maxs<g{—Ba — #(s) + U’(a)s} with respect to a and using the
envelope theorem gives 0 = —B + sU" (a), while differentiating the first-order condition #(s) =

U'(a) gives U" (a) = 1" (s)s' (a). Combining the two,
i = s(ap)s' (ar) = —; B __,_B asa; | 0. (26)

n"(s(a))  1"(0)

The state decelerates toward the boundary at a rate that stays bounded away from both zero and

infinity: away from zero because B > 0 gives the agent a strict reason to keep moving, and away
from infinity because moving is strictly convexly costly.

A bounded, nonzero deceleration forces the square root. If s(a) ~ —xa? near the boundary
for some p > 0, then s(a)s’(a) = x*pa?’~!, which has a finite nonzero limit only when p = 1/2,
in which case the limit is x? /2. Matching to (26) gives x> = 2B/#5"(0), which is (25). The policy
function itself has infinite slope at the boundary, s'(a) — —oo, but s(a) — 0 at exactly the rate
that keeps the product ss’ finite; the square root is the unique shape with this property. In the time
domain this is the elementary braking problem: a state decelerating at constant rate C and coming
to rest at zero at time T satisfies a(t) = C(t — T) and a(t) = 3C(t — T)?, so eliminating t gives

4@ = —+/2Ca. In particular the boundary is reached in finite time, T = 2,/ap/x, in contrast with
linear decay 4 = —Aa, under which it is only approached asymptotically.

The consumption-savings problem of Section 4.4 has the same structure. Equation (21), which
is established in the course of proving Proposition 4.2, is (26) with the impatience wedge in the role
of the flow cost B and ¢/p in the role of the inverse curvature 1/7"(0): the wedge is what makes
the constrained agent willing to run assets down, and the elasticity of intertemporal substitution
governs how costly it is to do so quickly. Formula (20) is (25) under these substitutions.
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B Miscellaneous
Proof of Lemma 3.2. Suppose first that p # 1 and putz(v) = (v/6 —0)/(1—6). On D,, z > 0 and

z\v —0
g0 =2, ) = - )

The second derivative of F(c,v) — vw has the sign of —1/(y — p). The objective is therefore strictly
concave when v > p and strictly convex when y < p. Its first-order condition is

7

o _ (1=7w
200 = E 1
which gives the uniqueness of v*; the implied z(v*) is strictly positive, so v* € D,. When p = 1, the
second derivative has the sign of 1 — 1, and the first-order condition is ¢"/*~1 = (1 — y)w/c!~7.
Strict curvature makes these stationary points the unique global extrema and substitution gives the
representation (12). m

We now note that the solution to the income fluctuation problem may be obtained in closed
form when there are no income shocks or ad hoc borrowing constraints (so that the assets are only
restricted to lie above the negative of the present discounted value of income). If we write y for the
constant value of log income and suppose that the borrowing constraint is set at the natural level

a = —e¥/r, then the HJB equation becomes
0= max J0W (a) (clfp((l —)W(a)) VO - 1) +W'(a)(ra+¢¥ —c). (27)
c>

We denote the solution to (27) for a fixed y by WY.

Lemma B.1. If§ > r(1 — p) then the solution WY to (27) is

w Y /)=y
WY (a) = W(a+e¥/r)
L—n
where W = 6°(6/p — r(1/p — 1)) *° while the drift in total wealth is r —¢ = (r — 8) /p.

Proof. We guess-and-verify that this HJB has a solution of the above form for some scalar W > 0
and that c(a) = ¢(a + e¥ /r) for some constant ¢ > 0. Substituting into the HJB gives

0 = max w (g + ey/r)l—'y (Cl—P(a + ey/r)l—P (W(LI + ey/r)l_,y)fl/e B 1)

>0 1—p

+(r—c)W(a+e'/r)t

which simplifies to

0 = max
>0 1—p

(El—PW’” o_ 1) fr—z (28)
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1/0

The first-order condition gives ¢ = OW "7 and substitution into (28) gives

1/p-1

0= li (‘51/9_1W(1P)1{p71 W 1) L SVeW T T

1/p-1 1/p-1

(1—p)dVPW T7 =VPW 7 —54+r(1—p)

1/p-1
1

__V —
and hence (6 — (1 — p))W 7 = §1/fp, which rearranges to W. The constant € is then given by

-1
_1/p-1 51/p
= sV T — sl/p p —5/0— _
c=0"fW ) <§—r(1—p)> 5/p—r(l/p—1)

which rearranges as claimed. m

C Comparison principle and convergence

In this appendix we establish a comparison principle for the bounded-asset, bounded-consumption
problem with finitely many income states and prove convergence of the upwind discretization
in Section 4. The proof uses standard viscosity-solution techniques, which we present in a self-
contained form tailored to our finite-state income process and state constraints.'? Definition 4 intro-
duces the solution notion. Proposition C.1 establishes the subsolution and supersolution properties
of the upper and lower half-relaxed limits. Proposition C.2 establishes comparison, and Corollary
C.3 combines these results to obtain uniform convergence.

Continuous-state problem. We first define the continuous-state problem formally and relate it
to the problems considered in the main text. We write I := [a,a] for the asset space and I° := (a,7)
for its interior. We again assume r € (0, ) and that income takes the valuese’/, j =0, ..., Ny, where
Yo <--- <YN, with transition intensities /\jk > 0, and we choose c_ and c such that

0<c_ <ra+e¥, ra+eN < o < oo, (29)
and the control sets
[c—, c4], a<a<a,
Ci(a)=q[c_,ra+e¥], a=a,

S
I
Il

[T’E + eyj/ C—Q—]/

The assumption (29) motivates the definition
1 :=min{ra+e" —c_,c; —ra—e™Nv} > 0.

Given the Epstein-Zin aggregator f and the savings function s;(a,c) = ra + ¢’/ — ¢, for any vector

12 Achdou and Tang (2026a) study an asset domain that is unbounded above, and their main analysis as-
sumes, in our notation, vy > 1 and p > 7. We instead consider a bounded asset interval and a compact
consumption set bounded away from zero. In this setting, the transformed comparison argument below ap-
plies to both 7y > p and p > v, subject to the parameter assumptions maintained throughout the paper.
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w = (wy, ..., wn,) we define

Bj(a,w,p) = max f(c,w;)+sj(a,c)p+ Y Ap(we — wj).
ceCj(a) X

The HJB equation is then

B]-(a,w(a),w;(a)) =0, acgal,je{0,...,Ny}. (30)

Viscosity solutions. Before stating and proving any claims regarding the convergence of the
discrete solutions characterized in the main text, we must define a precise solution notion for the
HJB equation (30). Our setting differs from the environment in Barles and Souganidis (1991) be-
cause of the presence of discrete income values, which makes it an example of what Briani et al.
(2012) call a weakly coupled system.'> We then have the following notion, adapted from Achdou and
Tang (2026a) and Briani et al. (2012).

Definition 4. An upper semicontinuous (u.s.c.) function U : I — RNv*1 is a viscosity subsolution to (30)
on Q) C I'if for all j, if U; — ¢ has a local maximum (relative to 1) at a € Qwith ¢ € Cl, then

Bj(a,U(a), ¢'(a)) > 0.

A lower semicontinuous (L.s.c.) function V' is a viscosity supersolution to (30) on Q0 C L'if for all j, if V; — ¢
has a local minimum (relative to I) at a € Q with ¢ € C, then

Bj(a,V(a), ¢'(a)) <0.

A continuous function on I is a constrained viscosity solution if it is a viscosity subsolution on I and a
viscosity supersolution on 1°.

We write W/ for the solution to the discrete Bellman equation in Definition 1 for the A operator
and control sets C given in Definition 3, where h := (@ — a) /N, indicates the fineness of the grid,
now denoted by X}, to illustrate the dependence on /. Similarly, in this appendix, we illustrate the
dependence of the discrete Bellman function on 1 with a superscript, so that W is the solution to

BE(W") =0, i=0,...,Ns j=0,...,Ny.

Further, we know that Wi’} € [u(c-),u(cy)] fori =0,...,Nsand j =0,... , Ny, which ensures that
the following upper and lower half-relaxed limits are well-defined and [u(c— ), u(c4 )]-valued,

Wij(a) = limsup Wi};-, Wi(a) = liirl}(?f Wg (31)
aie)}f,jgﬁu ;€ X}y, a;—a

The following applies the argument of Theorem 2.1 of Barles and Souganidis (1991) componentwise
as in Proposition 3.3 of Briani et al. (2012).

Proposition C.1 (half-relaxed limits). The half-relaxed limits in (31) have the following properties:

13Gee their Example 2.4. Also note the different convention: our B is their —F.
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1. W is an upper semicontinuous viscosity subsolution on I.
2. W is a lower semicontinuous viscosity supersolution on I°.

3. For every jand ay € {a,a},
W;(ao) = liminf Wy(a). (32)

acl®

Proof. We first establish the subsolution and supersolution inequalities for interior points. Suppose

that for some ¢ € C'(I) and index j, Wj — ¢ attains a maximum at some a € I°. Because there is

no loss in assuming that this maximum is strict in a neighborhood of 4, we may choose sequences
e he oo h h,

hy | 0and a;, € X, satisfying a; — a, Wi — W;(a), and Wy < Wi+ ¢(a;) — ¢(a;,) forn > 1

and indices [ adjacent to i, on the grid X, . We therefore define

Wi+ p(a)) — p(a;,) k=],

i = 3 Vi
hy .
Wink k#j

and note that because WI’; > Wf]’f’ for i adjacent to i,, with equality at i,, we have BZ"](W”) >
B?n "].(Wh") = 0, because the B]}.z” operator places nonnegative weights on off-diagonal asset points
and the above construction leaves the values at the other income points at i, unchanged. By con-
sidering a subsequence if necessary, we may assume that WZ‘T converges to a vector w satisfying
wj = Wj(a) and wy < Wy(a), k # j, so that

: hu (1A
Bi(a, W(a),¢/ () > Bj(a,w, ¢/ (a)) = lim Bl (") >0
which proves the subsolution property for interior points. The supersolution property at interior
points follows from a symmetric argument.

For the subsolution property on the boundary points, we fix ¢ as in the definition for ag € {a,a}
and first note we have

B ]f(Cer(ﬂo)) + (a0, 9" (a0) + ) Ajx(Wi(ag) — W;(ap)) > 0. (33)
ot p

After passing to a subsequence, the points at which the maximization occurs are either interior
nodes, which use the full control interval, or endpoints, whose control set is a subset of that interval.
The off-component passage is the same as above (i.e. W(ag) weakly dominates any limit w in the
components k # j). To establish (33) for the true control set C;(ag) (instead of [c—,c]), define

w = W(ag), m = rag+e¥i € (c—,cy), p=¢'(a0), pc = fe(m, w;), and

max{p,pc}, ao=a,

/p\ pr—
min{p, p.}, ap=a.

The Epstein-Zin aggregator is concave in consumption, and so

max f(c,wj)+ (m—c)p= max f(c,wj)+ (m—c)p. (34)
c€Cj(ap) c€le—,c4]
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To see (34), note that at ay = a the maximizer over [c_, c] lies in Cj(ao) if p > p, while if p < pe,
(34) holds because both sides reduce to f(m,w;). The justification for (34) at ag = @ is analogous.
The function ¢(a) = ¢(a) + (p — p)(a — ap) remains an upper test relative to I and so (33) is also
satisfied with ¢ in place of ¢, which together with (34) gives B;(ao, W(ag), ¢ (ag)) > 0.

To prove (32), we use the fact that W/ solves 0 = max.cc f(c, W") + A(c)W" (for A(c) given
in Definition 3) to place bounds on the finite differences of W". To make this precise, note that
the compactness of the value and control sets implies the existence of a constant Cy bounding
|f(c, Wl’;) + Y% /\]-k(Wf}( - Wi’})| uniformly in k, i, j, c, while the bounds (29) ensure that s;(a,c) > 7
and s;j(a,c4+) < —7 on I. For each adjacent pair of indices 7,i + 1, we evaluate the right-hand side
of the discrete Bellman equation at c_ at grid point i, and at ¢4 at grid point i + 1. Because both
controls must give nonpositive residuals (by the definition of W"), we can rearrange and obtain

wh . _Wwh
—QSMSQ, i=0,...,N,—1,
U h 1

which is independent of 1 and shows that W is continuous at the endpoints and satisfies (32).

Finally, both W and W have the stated semicontinuity properties and satisfy W < W simply by
the definitions of liminf and limsup. m

The following is the continuous-state analogue of the discrete comparison principle in Lemma 3.5.

Proposition C.2 (comparison). Suppose that U is a viscosity subsolution of (30) on I and V is a viscos-
ity supersolution of (30) on 1° that satisfies (32) (with V in place of W), and that both assume values in
[u(c—),u(c+)]. Then Uj(a) < Vj(a) for every a € I and j and so there is at most one [u(c—),u(c4)]-
valued, constrained viscosity solution.

Proof. We first define Z(W) := Inu~'(W) and ¥,(d) = (e~ —1)/(1 — 7) and consider the
transformed Bellman residual

Bj(a,z,p) = max I(c,zj) + (ra+e¥i —c)p+ Y ¥ (z — zj)
CGC]‘(LI) k#]

where

I(c,z) =

% [(66*2)1*9 —1], p#1,
(Inc—z), o=1

We define zi;(a) := Z(U(a)) and zy (a) := Z(V(a)) and note that if H(z) := u(e?) then
Bj(a, H(z), H'(z))p) = H'(z})B;(a,2,p)

which together with H'(z) > 0 implies that z;; and zy satisfy the subsolution and supersolution
inequalities on I and I°, respectively, for the transformed Bellman residual. The benefit of working
with the transformed Bellman residual B instead of the original B is that for all ¢ > 0 we have
I;(c,z) = —6(ce %)~ and so there exists x > 0 such that

l.(c,z) < —x  forall (¢,z) € [c—,c4] X [Inc_,Incy]. (35)
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That is, the function I(c, z) is strictly decreasing on the relevant domain, even though the original
function f(c, w) is not. We now let (j*,a*) be a pair attaining the maximum in

M* = max zyi(a) —zyi(a), (36)
je{O,..Al,Ny} / /
ac

which exists by the semicontinuity properties of U and V and the compactness of I. We will assume
that M* > 0 and derive a contradiction. First note that if U and V (and hence z;; and zy) are smooth
and a* € I°, then z’u].*(a*) = z@j*(a*) and

zyk(a®) — zyj-(a*) < zyg(a*) — zyj<(a*) foreveryk =0,...,Ny. (37)

Maximizing over the controls then yields

0< E] (u*,zu(a*),z’uj* (a*)) (zy is a subsolution)
< E]* (a*,zv(a*),z@j* (a*)) — xkM* (35) and (37) (38)
< —xkM* (zy is a supersolution)

which is a contradiction and establishes the comparison principle for smooth functions when the
maximum in (36) is attained at an inferior point. To deal with non-smooth functions and boundaries,
we consider the following “doubling the variables” technique: instead of maximizing zy;;(a) —
sz(a), we fix € > 0 and let (je, a¢, be) denote the values attaining the maximum in

M(Pe) := max zyj(a) —zyj(b) — Pe(a,b)

for convenient choices of “penalty functions” P, with the following properties:

1. lime\LO Pe(ae, be) == llme\LO(Pea + Pé'b) (ae, be) = 0;
2. be € I° for sufficiently small € > 0;

3. Pgp(ae, be) is bounded in e > 0.

For each choice of P satisfying these three properties, we define the C!(I) functions

Pu(a)
¢v (D)

zu;j. (ae) + Pe(a, be) — Pe(ae, be)
ZVje (be) - Pe(ae/ b) + Pe(ue/ be)

and note that because b, € 1°, the definitions of subsolutions and supersolutions imply

B;, (ae, zu(ae), 91y (ae)) >0, @e(be/ZV(be)r‘P{/(be)) <0. (39)
For interior points, a* € I°, we define

_ b)Z

Pe(ab) = (a -

+ (b —a*)2.
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For boundary points, if a* € {a,a}, we consider two separate penalty functions that force one of
the maximizing points into the interior: let o = 1if a* = gand ¢ = —1if a* = 7 and define

(22

We now verify that these penalty functions P satisfy the above three properties. For Property 1,
note that if a* € I°, evaluating the objective in M(P) at (j*,a*,a*) gives M(P.) > M*, while
if a* € {a,a}, the condition (32) implies a sequence €, | 0 such that bg = a* 4+ o€, € I° and
zZyjs (B0) — zyj-(a*), which gives M(Pe,) > M* — o(1). In either case, if dc := zy;j, (ac) — zvj. (be)
thend. — Pe(ae,be) > M* —0(1) and hence ac — be — 0. Semicontinuity then gives limsup,_,;de <
M* and hence Pe(ae, be) — 0 and de — M*, while the (b — a*)? term gives b, — a* and ac — a*.
Finally, (Peq + Pep) (e, be) = 2(be — a*) — 0. For Property 2, if a* € I° this follows from be — a¥,
while if a* € {a,a}, the middle term in (40) gives 0 (be —ac) > €(1 —o(1)) > 0, and hence b > a
when a* = g and b. < @ when a* = 4. For Property 3, if C is a constant such that gj(a, z,p) >
n|p| —Cforalla € I° and z € [Inc_,Inc; |Nr*1, then | Py (ac, be)| < C/7.

2
+ (b —a*)2. (40)

Poab) = & _eb)z +

To produce a contradiction to M* > 0 and complete the proof, we mimic the reasoning in the
chain of inequalities (38) and combine with bounds on changes in 3. For any a € I, b € I° and
zy,zy € [Inc_,In c+}Ny+1 with

d:=zyj—zy;= max zyg—zyk >0,
/ L k{0, Ny}

the monotonicity of ¥, and the bound (35) together imply that for any p, g € R, we have

Bj(a, zu, p) = Bj(b,zv,q) < —xd + rla—bllq| + S|p — g (41)
where S :=sup; c; clc_ ] 15j(4 ¢)|. Combining (39) with the inequality (41) then implies

0 < —xde + r|ae — be||Pep(ae, be )| + S| Pea(ae, be) + Pep(ae, be)|
and the right-hand side tends to —xM* as € | 0, a contradiction which completes the proof. m

The following is the completion of the Barles-Souganidis argument, tailored to our setting.'*

Corollary C.3 (uniform convergence). The grid solutions converge uniformly to the unique, continuous,
[u(c—), u(c+)]-valued, constrained viscosity solution W: limy,_,o max; ; \Wf]‘ — W;(a;)| = 0.

Proof. Proposition C.1 verifies that the functions in (31) satisfy the assumptions of Proposition C.2,
and so W < W < W and their common value W is continuous and inherits the required viscosity
inequalities. Equality of the half-relaxed limits, compactness of I, and finiteness of the income set
give uniform grid convergence. m

l4gee, e.g., Theorem 2.1 of Barles and Souganidis (1991) and Proposition 3.3 of Briani et al. (2012).
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