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A Nonparametric Approach to Augmenting a Bayesian
VAR with Nonlinear Factors*

Todd E. Clark' Florian Huber? Gary Koop$

Abstract

This paper proposes a vector autoregression augmented with nonlinear factors that are modeled
nonparametrically using regression trees. There are four main advantages of our model. First,
modeling potential nonlinearities nonparametrically lessens the risk of misspecification. Second,
the use of factor methods ensures that departures from linearity are modeled parsimoniously. In
particular, they exhibit functional pooling where a small number of nonlinear factors are used
to model common nonlinearities across variables. Third, Bayesian computation using MCMC is
straightforward even in very high-dimensional models, allowing for efficient, equation-by-equation
estimation, thus avoiding computational bottlenecks that arise in popular alternatives such as the
time-varying parameter VAR. Fourth, existing methods for identifying structural economic shocks
in linear factor models can be adapted for the nonlinear case in a straightforward fashion using
our model. Exercises involving artificial and macroeconomic data illustrate the properties of our
model and its usefulness for forecasting and structural economic analysis.
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1 Introduction

Researchers in macroeconomics and finance routinely work with high dimensional time series data
sets involving dozens or hundreds of variables. Vector autoregressions (VARs), dynamic or static
factor models (DFMs or SFMs), and combinations of the two (e.g., factor-augmented VARs or
FAVARs) are commonly used. VARs are particularly popular since they often forecast better
than factor models (see, among many others, Baribura, Giannone, and Reichlin, 2010) and a well-
developed set of tools exists for carrying out structural economic analysis (e.g., calculating impulse
response functions). Bayesian methods are popular in these large, often over-parameterized, models
since prior shrinkage can help reduce the problem of over-fitting. Bayesian inference in these models
typically proceeds using computationally demanding Markov chain Monte Carlo (MCMC) methods.

Even in the linear homoscedastic VAR or factor model worlds, computational and over-fitting
issues can be substantial when the number of variables under study is large (see, e.g., the discussion
of VAR computation in Carriero, Clark, and Marcellino, 2019). These problems become greatly
magnified in the nonlinear world. Even when the form of nonlinearity is known, incorporating
it into a parametric nonlinear VAR can lead to a very non-parsimonious and over-parameterized
model. For instance, with VARs, it is common to allow nonlinearities in the form of time-varying
parameters (TVP), under which coefficients continuously evolve as random walks. However, carrying
out Bayesian inference in a TVP-VAR with as many as 100 variables is a huge computational
challenge.! Furthermore, in any macroeconomic or financial dataset there are so many empirically
plausible nonlinearities that might occur that the researcher who adopts any particular parametric
model (e.g., a TVP-VAR or a Markov switching DFM) runs a risk of misspecification.

These considerations motivate the high-dimensional nonlinear time series model we propose in
this paper. For reasons detailed below, we view the model and our estimation approach as effectively
balancing tradeoffs associated with over-parameterization, misspecification, and computation. One
component of the model is simply a linear VAR. Nonlinearities are modeled as deviations from this
linear model. In Clark, et al. (2023), this is done for every variable in the system using regression
trees. Since this leads to an enormous computational burden and risks over-fitting, we assume that

the number of nonlinear functions is much smaller than the number of endogenous series, leading

!Chan, Eisenstat, and Strachan (2020) propose using random walk factor structures to reduce the number of

processes driving the time-varying parameters and thus speed up estimation.



to favorable computational and statistical properties.

From an econometric perspective, our approach can be seen as featuring functional pooling,
with information pooled across variables to improve the estimation of the nonlinear functions de-
termining the factors. Our functional pooling approach extends to VARs with nonlinear functions
the pooling of information across series that Miiller and Watson (2025) achieve with hierarchical
priors in a linear AR model setting.

In light of possible misspecification, inclusion of a nonlinear component (that does not increase
the computational burden appreciably) can be interpreted as a defensive modeling strategy (see
Linero, 2025), with the nonparametric component serving to control for possible misspecification of
the linear model. As discussed in more detail below, our use of regression trees for the nonlinear
part of the model is predicated on the previously established empirical success of Bayesian additive
regression trees in common macroeconomic datasets.

For the purpose of using the model for structural analysis, we specify the innovation com-
ponent of the model to include a (linear) static factor model, which permits structural inference
through sign restrictions along the lines of Baumeister and Hamilton (2015) and Korobilis (2022).2
This piece of our specification also contributes to computational efficiency; conditional on the lin-
ear static factors (as well as the nonlinear dynamic factors), the VAR block of the model can be
estimated equation-by-equation. Together, the factor structures of our model make it scalable to
large variable sets.

We consider simulations and a real data analysis. In simulations, our approach produces
much better forecasts than linear models when the DGP is nonlinear, while nearly matching the
linear VAR benchmark when it is not. We also show that our approach successfully discriminates
linear from nonlinear equations. In the real data analysis, we apply our nonparametric nonlinear
VAR-factor model to forecast key US macroeconomic aggregates and to analyze the impacts of
financial conditions and monetary policy shocks. The forecasting application shows noticeable gains
in out-of-sample density forecast accuracy over a linear VAR. The structural application, using sign
restrictions for identification, uncovers significant asymmetries in the responses of most indicators

of economic activity and inflation: large tightenings of financial conditions and monetary policy

2This assumption is consistent with papers such as Bai and Ng (2007); Forni, et al. (2025), who postulate that

the economy is driven by a small number of fundamental shocks.



have bigger absolute impacts than easings.

The paper proceeds as follows. Section 2 presents our proposed model, discusses identification
and provides additional information on the prior setup. Section 3 provides Monte Carlo evidence
on the ability of the model to uncover various types of nonlinearity in common factors. Sections 4
and 5 provide application results on, respectively, out-of-sample forecasting and structural analysis.
Section 6 summarizes and concludes. An online appendix provides additional details on data and

estimation.

2 Econometric framework

2.1 The factor-BART VAR

Our aim is to model an M —dimensional vector y; that includes macroeconomic and financial vari-
ables with a flexible multivariate time series model. Existing nonlinear models (see Primiceri, 2005;
Cogley and Sargent, 2005; Sims and Zha, 2006; D’Agostino, Gambetti, and Giannone, 2013; Hu-
ber and Rossini, 2022; Huber, et al., 2023, among many others) have the shortcoming that they
do not scale well to large dimensions and are prone to over-fitting. There are also recent papers
that propose nonparametric Bayesian factor models (see, e.g., Velasco, 2025; Chernis, et al., 2025).
These papers assume nonparametric observation equations while restricting the state equations of
the factors to be linear. The model we propose differs since the number of unknown functions to
estimate is much smaller than M.

Prior regularization in these high-dimensional models is highly effective in lowering the like-
lihood of over-fitting, but imposing constraints can also be beneficial when they are supported by
empirical evidence or theory. This is the route we take in this paper, relying on a nonlinear factor
structure. The nonlinearities in y; may be similar within certain groups of variables. For example,
time series capturing economic output may share comparable nonlinear relationships with their
lagged fundamentals. Rather than estimating a separate nonlinear function for each variable, it can
therefore be more efficient to estimate a single unknown function and assume that, within the class
of output measures, the variable-specific functions are all proportional to this common function.
This motivates the construction of a model that introduces nonlinear features at the group level of

variables, instead of at the level of each variable individually.



The factor-BART VAR assumes that y; evolves according to the following nonparametric

model:

(1) yr = Az + A p(xy) + &4,

where A is an M x K (= Mp) matrix that linearly links y; to its p lags, stored in & = (y;_1,-- -, Y;_,)"-

Nonlinear dynamics are captured by a sequence of @), latent factors contained in the vector
p(x) = (), ..., pg, (). Each component function p; : R¥ — R takes @; as input and
returns a scalar output. The M x @, coefficient matrix A, then maps the factors back into the
observed series. A key point to note here is that the functional form of p;(x;) and pi(x) can
differ. The loadings A, are then used to weight each of the functions such that the dynamics for a
particular variable are best explained. To understand this more clearly, the s** equation of Eq. (1)

can be written out as:

(2) Yst = a;mt + )\,u,slﬂl ($t) + -+ )\M,SQ#MQM (wt) + Ests

with @, denoting the s row of A and A, s; denoting the (s, j)!* element of A,,.

Our model breaks the conditional mean for each variable into a parametric part (i.e., a
linear regression component) and a nonparametric part (i.e., the nonlinear factors) that is modeled
using BART. In macroeconomics, the most popular approach to modeling y; would be a VAR
that sets A, = 0. However, this is only optimal if the DGP is linear. If there is evidence that
this condition does not hold, we end up with a misspecified model and the estimates of A could
lead to misleading inference. As noted above, the presence of the factor can also be interpreted
as a defensive modeling strategy (see Linero, 2025), meaning that the nonparametric component
serves to control for possible misspecification of the linear model. From this perspective, the main
advantage of the factor structure is that similar types of variables might also exhibit similar forms of
misspecification of the linear model and our approach can pick this up through the factor loadings.

We assume that the shocks in &; are Gaussian with a covariance matrix X.. Specific as-
sumptions about 3. will be discussed below. Of course, this Gaussian specification constitutes a
parametric choice, which (for reasons that will become clear below) is convenient for structural

inference with the model. The specification of the model’s innovation term could be made less



parametric, such as with an additional BART specification (something considered in some of the
models of Clark, et al. (2023)) or infinite mixtures of Gaussians (see, e.g., Huber and Koop, 2024).
However, such a specification would make structural analysis more difficult. In any event, with the
considerable flexibility afforded by the nonlinear A, p(x;) component of the model, we characterize
our specification as nonparametric.3

The factor-BART VAR specification nests two special cases. First, if A, s1 =+ = A, 50, =0,
we end up with a linear regression model for equation s. This observation allows us to design a
Bayesian shrinkage prior that allows for a data-based assessment of whether nonlinear features are
necessary. Second, if we set A, = I/ (and thus set Q, = M), we end up with the mixBART speci-
fication proposed in Clark, et al. (2023). Relative to the latter model, our proposed specification is
very parsimonious because instead of having to estimate M different functions, we only need to esti-
mate Q, (< M) functions.* If M = 100 and Q. = 5, we are estimating only five unknown functions
instead of 100, reducing functional complexity by 95% (below we quantify CPU time advantages).
This assumption is motivated by the fact that if series display similar forms of nonlinearities (such
as different measures of aggregate inflation or subcomponents of GDP), it makes sense to introduce
structure on the functional relationship and we achieve this through the factor specification that
leads to function pooling.

We illustrate how function pooling works through three simple examples. All three analytical

examples assume M = 3 observed time series and @, = 2 latent nonlinear factors so that p(x;) =

(11 (@), p2(21))".

Example 1. Consider the following matriz of factor loadings:

1 0 p ()
A= 11 0 then App(x:) = w1 ()
01 p2(xt)

30ur use of that characterization is consistent with Linero’s (2025) characterization of a similar model.

“Baumeister, et al. (2025) consider a yet more restricted model in a different setting. In a dynamic panel model,
they assume that a single factor determines the nonlinearities that directly impact a set of microeconomic variables,
with loadings associated with this factor driven by observed characteristics. The moments of the microeconomic

indicators in turn impact the dynamics of macroeconomic variables.



This example implies that series 1 and 2 share the same nonlinear function pq (), while the third
series depends on a separate nonlinear function po(xy). This setup captures common nonlinear

behavior among subsets of series.

Example 2. Now assume:

L0 p ()
Ay=10 1|, then App(xr) = |pg(ay)
00 0

Series 1 and 2 each have their own nonlinear functions, while series 8 exhibits only linear dynamics.

The model flexibly allows for nonlinearities to be omitted when not supported by the data.

Example 3. Finally, suppose:

0.5 0.5 0.501 (act) + 0.5/12(3%)
Au =105 —0.5]|, then Au“(mt) = 10.5u1 (:Bt) — 0.5#2(:12,:)

0 1 pi2 ()

All three series depend on the same two latent functions, but through different linear combinations.
This introduces a complex nonlinear structure while maintaining parsimony if each i takes a simple
form.

2.2 Modeling the error variance and approximating the unknown functions

Two components of our model still require discussion. First, the error variance ¥.. For this, we

introduce a factor model so that:
(3) Y. = Aqul +Q,

with A, denoting an M x @, matrix of factor loadings, and Q = diag(w?, ...,w3,) being a diagonal
matrix of measurement error variances.

Notice that Eq. (3) means the innovation term of the model can be equivalently written as:

(4) et =A@ +m, M ~N(0,9), g ~N(0,I,),



where q; are zero mean static factors. This representation shows that the reduced-form errors of
the model can be decomposed into a common component A,q; and a sequence of idiosyncratic
measurement errors. If we wish to use the model for structural inference, restrictions can be used
on A, to identify the factors in g; as fundamental economic shocks as in Korobilis (2022). The
assumption that the factors have unit variance fixes their scaling.

Second, we need to discuss how we approximate the unknown functions p;. In principle,
we can use any nonlinear learning technique such as neural networks (see, e.g. Farrell, Liang, and
Misra, 2021; Hauzenberger, et al., 2025a), Gaussian processes (see, e.g., Williams and Rasmussen,
2006; Fox and Dunson, 2015; Tang, Mak, and Dunson, 2024; Hauzenberger, et al., 2025b; Chernis,
et al., 2025), or splines (see, e.g. Shin, Bhattacharya, and Johnson, 2020). In this paper, because
of its empirical success with many different datasets (including datasets commonly employed in
macroeconomics and finance) and the existence of a set of hyperparameters that work well in all
of these, we approximate the functions p; through Bayesian additive regression trees (Chipman,

George, and McCulloch, 2010). BART is a sum-of-trees model that approximates:

S
(5) Ztmt|mzsa zs)
s=1

where t is a tree function, m; s a vector of terminal node parameters, and 7; ; a tree structure and
S is the total number of trees. We set S = 250 in all applications. These tree structures consist of
decision rules that take the form {z < ¢} or {z > ¢} and hence split the input space defined by =
into a sequence of disjoint sets. For each of these disjoint sets, there is a terminal node parameter
that plays the role of a fitted value in a regression model. Trees are prone to over-fitting if no
regularization is introduced. Summing over many (possibly) complex trees further increases the
risk of over-fitting. As a solution, BART uses Bayesian regularization priors to force each of the
trees to take a particularly simple form and thus act as a weak learner. Summation over many such
simple trees produces a model with a great deal of representation flexibility, while regularization to
keep the trees simple limits the risk of over-fitting.

The factor-BART VAR is capable of capturing a wide range of possible nonlinear relations
through the factor structure. As noted in the preceding examples, one possible model formulation

could feature common nonlinear behavior among subsets of the data series included in the model,



with most series sharing the same nonlinear function while one or a few series depend on a separate
nonlinear function. Alternatively, the nonlinear factor structure might not be full rank, with all
series depending on the same small number of latent functions but through different linear combina-
tions. In yet other options (employed in our Monte Carlo simulations presented in the next section),
the model might feature (i) nonlinearities arising with threshold effects, so that above and below a
certain threshold, the dynamics of the common factors are governed by different sets of coefficients,
or (ii) factors that are governed by highly nonlinear functions, such as trigonometric functions. As
this discussion suggests, an advantage of using BART or other nonparametric methods is that the
range of nonlinear forms it is capable of modeling is enormous. In contrast, Guerrén-Quintana,
Khazanov, and Zhong (2023) is an example of a nonlinear dynamic factor model where the non-
linearities involve a particular quadratic form. They show how their model is closely related to a

nonlinear DSGE model. Quadratic forms such as this are easily captured using BART.

2.3 Identification

Our model has several latent components that give rise to identification issues. In this section,
we discuss how all of them can be solved. The first identification issue arises from the fact that a
nonlinear specification nests a linear one and thus it would be possible to obtain A, p(x;) = A*x;
so that the nonparametric part of the model might soak up linear effects. In such a case equation
(1) becomes:

yr = (A+ Az + &4

However, the fact that we assume that @), < M solves this identification problem. This is formalized

in Theorem 1.

Theorem 1 (Absorption of Ax;). Let Z = (A*xy,...,A*xr) be an M x T matriz with A* being
an M x K matriz of VAR coefficients with full rank. If rank(Z) > Q, then there is no function
w(xy) such that A*xy = A p(xe) for all t. Hence, as long as rank(Z) > Q,,, the nonlinear factor

term Ayp(xe) cannot absorb the linear VAR component A*x;.

Proof. Ayp(x) is in the column space of A,, denoted by C(A,), which has a dimension of at
most @, : dim C(A,) < Q. If we assume that A*xy = A, pu(xy) then A*x;, € C(A,). Hence,

rank(Z) = dim(span{A*x;}) < Q,. But this is a contradiction since rank(Z) > @Q,. Hence, no



such p(x;) can exist. O

The condition rank(Z) > @, depends on the rank of A* and the rank of the regressor

!/

matrix X = (x1,...,2p)". This condition will hold generically if X has sufficient variation and

rank(A*) > @Q,. The following example illustrates this.

Example 4. Consider Example 1 and let a; (j = 1,2,3) denote the 3" row of A. Suppose that

A,p(xy) can mimic the linear part of the model. In this case, we have that:

a) 10

pi1 ()
ab| Te= |1 0

pia(y)
a’, 01

A unique solution for A only exists if a1 and as are proportional to each other, and hence rank(A) =

2.

The non-identified @, = M case is considered in Linero (2025), who derives theoretical results
indicating its attractive properties. For instance, it has excellent contraction properties. And it
is worth noting that Linero (2025) shows that these properties hold even if you do not impose
orthogonality of the parametric and nonparametric parts of the model. We take these theoretical
results as additional justification for this specification choice, even if @), approaches M.

So far we have shown that the model defined above can discriminate between linear and
nonlinear effects. However, the factor loadings A, and factors p(x;) are not separately identified.
This is the standard identification issue that also occurs with linear factor models and arises since
Ap(x) = AyRR p(x,) for any R that satisfies RR’ = I. This lack of identification gives rise to
non-identification of the scale and sign of factors and factor loadings. It also implies that one can
permute the columns of A, and p(x;) without changing the likelihood.

For some purposes this lack of identification poses no problems. That is, identification of this
sort, is not required for forecasting or impulse response analyses, both of which are functions of the
product A, p(x). Nor is separate identification of factor and factor loadings required to produce
partial dependence plots as we do in our empirical work. However, if one is interested in A, or p(x¢)
separately, identification restrictions are necessary. These can be implemented in various ways. For

instance, similarly to Bernanke, Boivin, and Eliasz (2005), we could restrict the upper Q, x Q,



part of A, to an identity matrix. This restriction implies that p1(x;) is the nonlinear component
of series 1, po(x;) the nonlinear part of series 2, and so on. For series j > @), we then again allow
for linear combinations of all the functions. This identification scheme has the shortcoming that it
leads to order-dependence in terms of how the elements in y; are ordered. To fix the ordering, one
can use economic intuition. For instance, in the case that @), = 1, if one plans to model GDP and
its subcomponents, a natural ordering puts GDP on top so that the corresponding value of p1(x;)
would imply a nonlinear relationship between GDP and x;, whereas the subcomponents of GDP
have nonlinear relations that are proportional to ().

Another approach (which we recommend) is to carry out posterior simulation in the uniden-
tified model (with no restrictions on either A, or pu(x;)) and then identify the sign and scale of
loadings and nonlinear factors a posteriori while using a non-exchangeable prior on the factor load-
ings to fix column switching (see Section 2.4). Fixing the scale can be achieved by computing the
standard deviation of p; = (p;(x1),...,uj(xr))’, labeled o, ;, for all j and then computing (for

each MCMC draw):
A, = Ay diag(oy,...,000,) and M*=M diag(olﬁ, e a;’lQM),

where M = (p1,...,pg,) is a T' x Q, matrix. This implies that the columns of M* have variance
1 and thus the variance of the nonlinear factors is absorbed by the factor loadings and it preserves
the product A,p(x;) and hence leaves the likelihood unchanged.

Given A}, and M™, we follow Kastner, Friuhwirth-Schnatter, and Lopes (2017) and Kastner
(2019) and search for the series that has a posterior distribution of the loadings that is bounded
away from zero. Then, for each p;(x;) we search through each series and identify the series whose
smallest absolute posterior draw is largest and fix the corresponding sign to be positive. This rule
selects a pivot series whose loading has posterior support away from zero, thereby anchoring the

sign of each factor across MCMC draws. Formally, if s =1,...,5 are the post burn-in draws from

*

the posterior, we assign a positive sign to |)\Z]-#| as:

arg max min _|A}; ])
ie{l,..,.M} <S€{1~--’S} ok

The final identification issues are related to A, and g; and its interaction with A, pu(x;).

10



These are sorted out by fixing the variance of g; to I, using sign restrictions on the loadings (see
sub-section 5.2) and noting that p(x;) is a deterministic function of lagged observables while g; is a
sequence of white noise shocks. Hence, nonlinear factors cannot absorb the shock factors (and vice

versa).

2.4 Priors

Our model involves different blocks of parameters or latent states (e.g., the VAR block, the factor
loadings, and the BART factors). For each of these blocks, earlier work in the literature has proposed
a range of different priors and any combination of these can be used with our factor-BART VAR. We
make particular choices from this set of standard priors. On the VAR parameters we use a horseshoe
prior (Carvalho, Polson, and Scott, 2009) with row-specific global shrinkage terms; on the BART
factors we use precisely the same prior setup proposed in Chipman, George, and McCulloch (2010);
on the w]2- we use inverse Gamma priors; and on A, we use either truncated Gaussian priors (as
discussed in Section 5) or weakly informative Gaussian priors.

The only departure from standard choices is the prior we use on A,,. In this case, we consider
a row- and column-wise shrinkage prior (see, e.g., Huber and Feldkircher, 2019; Kastner, 2019).
Particularly, we consider a shrinkage prior that has row- and column-specific shrinkage terms:

)\,u,ij ~ N(0,¢2 T2 ?Dj), d),u,ij ~ C+(O¢ 1)a Tu,i ™~ C+(07 1))

1135 T i
w -1
Wi = —3 (PNg (a‘Wabw)a

S

for i = 1,...,M and j = 1,...,Q, where C*(0,1) denotes the half-Cauchy distribution and
G Y(aw, bw) the inverse Gamma distribution with hyperparameters a.,b,. We set these equal
to a = 3 and by = 0.03. Conditional on w;, this is a standard horseshoe prior with row-specific
global shrinkage terms. The row-wise scaling parameters 7, ; shrink a particular row toward zero.

Setting 7,; ~ 0 would therefore imply that the resulting ith equation is linear. The presence of

the local shrinkage parameters @DZM effectively allows for selecting a particular nonlinear form, if
warranted by the data.
This prior also serves as a device for selecting the effective number of nonlinear factors by

increasingly forcing the columns in A, to zero. The presence of the local scaling terms then allows

11



for deviations from this shrinkage pattern, if necessary. This approach automatically removes un-
necessary factors from the model by shrinking factor loadings associated with irrelevant factors to
Zero.

Our model can be estimated using a sophisticated Markov chain Monte Carlo algorithm that
involves sampling from (mostly) well-known full conditional posterior distributions. The detailed

algorithm and all full conditional distributions are provided in the online appendix.

2.5 Computational efficiency

To flesh out the discussion above of the computational efficiency that comes with the factor specifi-
cation of the factor-BART model, we have run some simulations to quantify computational runtimes
for models differing in the number of variables M and of common nonlinear factors @,. Figure 1
reports the number of seconds necessary to generate 1,000 draws from our MCMC algorithm for a
dataset (generated randomly) with 7" = 500 observations and for different values of M € {20, 30, 40}.
The lines give the log times, with the left side of the vertical axis providing times and the right side
of the axis indicating how computation times multiply relative to the baseline, the smallest model
having M = 20 and (), = 2. The slope in the legend refers to the percentage increases in runtimes

from including additional factors.

350 1—e— M =20 (slope = 0.034)
300 |—*— M =230 (slope = 0.025)
—e— M =40 (slope = 0.019)
250 —

200 — ~ x4

150

100 — - x2

Computation time (seconds)

50

- x1

Qu

Figure 1: Runtimes to produce 1,000 draws across factor-BART VAR sizes

For a given M, the CPU time to estimate the model rises sharply with the number of BART



terms. For example, with M = 30, the CPU time roughly doubles as the number of factors
increases from @, =2 to @, = 30 (i.e., as the model moves from our proposed specification to the
mixBART model). However, as the number of model variables (M) rises, for a given set of variables
the rate of increase in CPU time with additional factors diminishes somewhat (i.e., the reported
slopes of the lines decline with A). This pattern is driven by the fixed costs of the estimation
algorithm. Returning to our statement above about scaling advantages that come with the factor-
BART specification, the results in Figure 1 indicate that a model with 30 variables and 2 factors
can be estimated in little more than the time required to estimate a model with 20 variables and

20 factors.

3 Artificial data exercises

3.1 Design of the Monte Carlo study

In this section, we carry out an empirical exercise involving artificial data. We generate artificial
datasets of M = 16 time series of length 7" € {250,500}. The choice of M is moderately large and
typical of what is used in the VAR literature. The choices for T" are the sort that often occur with
quarterly and monthly macroeconomic datasets.®

Our first four DGPs use the following general specification:

Yr = A1yi—1 + Agyro + Ay + Aoge + e,

with 1y ~ N(0,0.012 x Ig),q; ~ N(0,I5),y0 = y_1 = 0, and the elements of A; being drawn
from AN(0.5,0.25%) and then sparsified by randomly setting to zero 50% of its rows. Note that
this specification implies that half of the equations in our DGPs are linear and do not contain
the nonlinear factor. The coefficient matrices A; and As are sparse. Their non-zero elements are
drawn from N(0,0.1?) and A(0,0.052), respectively, with 90% of the entries set to zero at random.

The diagonal elements are fixed at diag(A;) = 0.25 and diag(Az) = 0.10 to ensure stability. The

5In results omitted in the interest of brevity, we also conducted experiments with 7 = 10,000, a sample large
enough to effectively make priors irrelevant and ensure that the data determine the posteriors. Qualitatively, results
on the MSEs of coefficients for the very large sample are very similar to those reported for 7" = 500, with our model

yielding coefficient accuracy gains with nonlinear DGPs and largely matching the accuracy of the linear VAR.
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elements of Ag are drawn from standard Gaussian distributions, with two diagonal elements set to
1 for scale normalization. We assume (), = 2. Our fifth DGP departs from the general specification
by making 7, t-distributed with 4 degrees of freedom, rather than Gaussian.

With this general setup, we consider five specific DGPs. DGP 1 and DGP 5 set A; = 0 and,
thus, are linear. Accordingly, there is no need to specify the factors. For the remaining DGPs, we
assume (), = 3 factors and introduce different laws of motion for their conditional means. They all
assume that the factor evolves according to the nonlinear functions of lagged observables.

In particular, the nonlinear factor depends on g1 = %(yt—l + y¢—2) in three different ways.
DGP 2 sets p(xy) = By cos(Ye—1 - Ge—1,1 - Gi—1,3 - ™) + Ba |g:—1 — 0.5| + Bg sin(g;—1), with operations
inside trigonometric functions and the absolute value being element-wise. This DGP is inspired
by the statistics literature (see, e.g., Chipman, George, and McCulloch, 2010). In terms of the
properties of the simulated time series this DGP implies cyclical movements of the factors (consistent
with business cycle fluctuations), with the length and intensity of the waves being driven by lagged
endogenous series.

DGP 3 is an endogenous regime-switching specification, with the switching process depending
on the sign of the first component of the smoothed lag vector. Specifically, this DGP sets u(x;) =
[B19:—1] X I(71,4-1 < 0) + [B2g¢—1] x 1(g14—1 > 0). Similar processes have been considered in, e.g.,
Kolesar and Plagborg-Mgller (2025).

DGP 4 resembles the one studied in, e.g., Gongalves, et al. (2024) and Hauzenberger, et al.
(2025a) and implies size and sign asymmetries in how y; reacts to lagged values. This DGP sets
p(xy) = %Blgf’_ 1 + Bary, where th_l = Y1 ©Yi—1 © Ys—1 (multiplication is applied element-wise)
and the j* element of r; is given by it = max(0,gj¢—1) for j =1,...,16.

In all of the nonlinear DGPs, the elements of the matrices Bj in the factor equations are sam-
pled from Gaussian distributions with mean zero and variances for By, By, B3 equal to 0.152,0.0752
and 0.12, respectively.

In what follows, with each artificial dataset we estimate two models: the factor-BART VAR
and a linear VAR that serves as a benchmark. For the factor-BART VAR we set ), = 8 nonlinear
factors, which is a much larger value than that used in the DGPs. Thus our estimating model is
over-parameterized. We do this so as to investigate the ability of our prior to shrink and choose

the correct more parsimonious specification. In both of the models we set (), = 3, which is larger
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than the value used in the DGPs. The linear VAR is identical to the factor-BART VAR except that
@, = 0 (in lieu of adding terminology to reflect the linear factor structure that we retain in the
model’s innovation term, we simply refer to this as the linear VAR). Hence, accuracy differences

solely reflect performance gains from adding nonlinear factors.

3.2 Monte Carlo findings

We begin the results of the simulation exercise with out-of-sample forecast accuracy, specifically,
the joint log predictive likelihoods (LPLs) reported in Table 1. The table shows the different DGP
configurations in the columns. The rows include the joint LPLs across forecast horizons and for
different values of T'. All numbers are relative to the linear VAR benchmark and are averaged across

500 replications from the DGP.

DGP
1 2 3 4 5

T=250 h=1 016 494 519 6.13 0.02
h=4 -0.01 375 243 3.08 0.13
h=8 0.07 340 239 446 -0.03
T=500 h=1 -0.03 4.46 4.27 6.68 -0.24
h=4 0.08 389 289 281 -0.14
h=8 -0.18 387 235 394 -0.33

Notes: The table shows joint log score differences across 500 replications from each of the DGPs to the linear VAR (which sets Q, = 0). Numbers
greater than zero imply a better performance in terms of LPLs.

Table 1: Forecast performance based on synthetic data for 500 replications from the DGP.

Our main finding is that, for the nonlinear DGPs, our factor-BART VAR forecasts better than
the linear benchmark. This is unsurprising, but also illustrates how BART methods can uncover a
diverse range of nonlinear forms, including oscillatory, threshold, and asymmetric dynamics. Since
BART is a method for classifying observations into groups (as opposed to methods such as Gaussian
processes that smooth across local observations), we had expected it to work relatively better for
DGPs involving abrupt breaks (such as DGP 3) and relatively worse in smooth DGPs (such as DGP
2). We do not find this to be the case, with BART performing roughly as well for our three very
different nonlinear DGPs. It is also reassuring that even for the linear DGP, DGP 1, we find that
our factor-BART VAR performs roughly the same (albeit not quite as well, as expected) as the true

linear model. Thus, we find that our nonparametric model can approximate linearity without over-
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fitting. For the DGP with fat tailed errors, DGP 5, both of the estimating models are misspecified
with respect to density forecasting. There is very little difference in forecast performance between
the two models. But with T' = 500, the linear VAR forecasts slightly better than our factor-BART
VAR. The latter model does not do too well at picking up the fat tails in the errors in the DGP
that are missing in both the estimating and the forecasting models.

Next, we consider how well our specification shrinks various equations toward linearity. To this
end, we compute the posterior distribution of the area under the receiver operating characteristic
curve (AUC) based on the shrinkage parameters of the prior on A,. To this end, we define a

shrinkage score S; that is given by:

2% log Yt log g

S; = Q. ,

where ¢;; = @, qu ¥ “ ;; denotes the actual prior variance associated with the (i,7)t" element in
A,,. Notice that larger values of S; imply stronger shrinkage toward linearity of the 4% equation.

Define Z to be the set of indices for zero rows in A, and S the set of non-zero rows in A,. Given

S;, the AUC is defined as:

AUC—|Z|| ’ZZHS > S,)

1€Z sS
which approximates the probability that a randomly selected zero row is more strongly shrunk than
a randomly selected non-zero row. The AUC is defined as the posterior probability that an equation
that is truly linear (A; = 0) receives stronger shrinkage than an equation that is truly nonlinear
(Aj # 0), and therefore measures the ordering (separation) ability of the shrinkage mechanism
without requiring a threshold.

We compute the AUC value for every MCMC draw, compute the posterior median of the
AUC, and then report boxplots that show the 25th, 50th, and 75th percentiles of posterior medians
for the 500 replications from the DGP in Figure 2. Notice that the linear DGPs, DGP 1 and DGP
5, are absent from the figure since the set Z is empty and the AUC is not defined in this case.
This figure clearly shows that the factor-BART VAR classifies the linear equations well and shrinks
strongly toward linearity. This holds for all the different types of nonlinearity in our DGPs. For
example, with T" = 250, the AUC is about 0.95 for DGP 2 and 0.85 for DGPs 3 and 4; these are

very high posterior probabilities that estimates of linear equations are shrunk more strongly than
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DGP2 DGP3 DGP4

AUC
0.70 0.75 0.80 0.85 0.90 0.95 1.00
| | | | | | |
0.70 0.75 0.80 0.85 0.90 0.95 1.00
|
0.70 0.75 0.80 0.85 0.90 0.95 1.00
|

T=250 T=500 T=250 T=500 T=250 T=500

Figure 2: Posterior percentiles of the AUC score

estimates of truly nonlinear equations. Unsurprisingly, larger sample sizes lead to modestly higher
AUCs and implied probabilities.

In many applications, the key parameters of interest in our model are the linear VAR, coeffi-
cients A. Estimating a linear VAR if the DGP is nonlinear leads to misspecification and we expect
that the accuracy of the posterior estimates of A from the linear model will deteriorate in this case.
By contrast, estimating a nonlinear model if the DGP is linear might also have negative effects
on the estimates of A due to over-fitting. Given that the AUC results indicate that our model
successfully discriminates linear from nonlinear equations, we now ask whether this also leads to
improved parameter estimates. To analyze this, we compare (across artificial datasets) the mean
squared error (MSE) between the true values of A; and As and the posterior median of A of the
factor-BART VAR to the linear VAR. Table 2 reports the mean MSEs for the factor-BART VAR

relative to the linear VAR across 500 replications from each DGP.

DGP1 DGP2 DGP3 DGP4 DGP5

T =250 0.99 0.98 0.94 0.89 0.98
T =500 1.00 0.97 0.94 0.86 0.99

Notes: The table shows MSE ratios across 500 replications from each of the DGPs from factor-BART VAR estimates relative to the linear VAR
(which sets Q, = 0). Numbers below one imply that the factor-BART VAR provides more accurate estimates than the VAR.

Table 2: MSE between the posterior median of A and the true value of A across 500 replications
from the DGP

This confirms that for the nonlinear DGPs, the factor-BART VAR is doing a better job of
estimating the coefficients of the linear part of the model. In the case of the nonlinear DGPs 2,
3, and 4, the MSE ratios for the estimates of the coefficients of A are consistently below 1, with

improvements ranging from 2% to 14%. Even for the linear DGP, the factor-BART VAR does

17



0.017

0.019

DGP1

DGP2

(a) T = 250

DGP3

DGP4

DGP5

0.019
L

0.015
L

| . =

0.015 0.017 0.019
L L

| =

0.016 0.018 0.020 0.022
L L

| g B

0.016 0.020 0.024
L L

—

0.018

0.016
L

ﬁ-E

T T
factor-BART linear VAR

DGP1

T T
factor-BART linear VAR

DGP2

T T
factor-BART linear VAR

(b) T = 500

DGP3

T T
factor-BART linear VAR

DGP4

T T
factor-BART linear VAR

DGP5

0.021
L

0.017
L

| I =

0.017 0.019 0.021
L L

| o B2

0.020 0.023
L

0.017
L

| =

0.018 0.022 0.026
L T

—

0.019

0.017
L

| . =

T T
factor-BART linear VAR

T T
factor-BART linear VAR

T T
factor-BART linear VAR

T T
factor-BART linear VAR

T T
factor-BART linear VAR

Figure 3: Posterior percentiles of the mean squared errors between the true VAR coefficients and
the posterior median of A.

roughly as well estimating the linear part of the model as the (true) linear VAR, with MSE ratios
very near or at unity. The comparability of the linear VAR and factor-BART VAR estimates with
a linear DGP may be connected to priors in estimation and BART. When the DGP is linear, the
use of Bayesian shrinkage in estimation induces some bias in the linear VAR’s coefficient estimates
(specifically in the case of the coefficient on the own first lag in each equation, for which the prior
means of 0 differ from the DGP coefficients). In that context, the accuracy of the factor-BART
VAR’s estimates of the VAR coefficients may be helped by the inclusion of BART terms in the
model. Together, on net these forces may contribute to the comparability of coefficient MSEs in
DGPs 1 and 5.

To get a sense of the uncertainty surrounding the values in Table 2 that average across all
replications, we provide boxplots of the MSEs in Figure 3. In these plots, the black lines and boxes
display the 25th, 50th, and 75th percentiles of the factor-BART VAR (blue boxes) and linear VAR
(yellow boxes) squared coefficient errors across the 500 simulations. It can be seen that our finding
that the factor-BART VAR does a better job of estimating the linear part of the model when the
true DGP is nonlinear and does nearly as well when the true DGP is linear holds up robustly across
draws from the DGPs. Having demonstrated that our approach performs well in simulations, we

now apply it to real-world data.
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4 Application: Forecasting the US economy

4.1 Data, design of the forecasting exercise and model specification

In our applications, we use M = 22 major quarterly macroeconomic and financial time series.
With two exceptions, we take the data from the FRED-QD database developed in McCracken and
Ng (2021) and maintained at the Federal Reserve Bank of St. Louis. As detailed in the variable
list provided in Table A.1 of the online appendix, the selected series include growth of real GDP
and many of its main components, various measures of aggregate inflation, other indicators of the
labor market and economic activity such as payroll employment and industrial production, the
federal funds rate and various other interest rates covering longer maturities. One exception to
the data source is that we also include in the model the excess bond premium (EBP) of Gilchrist
and Zakrajsek (2012) (using the current updated series available from Favara, et al., 2016). In the
second exception, we include in the model the utilization-adjusted measure of growth in total factor
productivity developed in Fernald (2014) (and downloaded from the author’s website). Our set of
selected variables is very similar to that used in the large Bayesian VAR of Crump, et al. (2025).
We transform all variables to be stationary following recommendations from McCracken and Ng
(2021); see appendix Table A.1 for details. With transformations implemented, our data sample
runs from 1976:Q3 to 2023:Q4.

The forecast design is as follows. We start with an initial estimation sample that ends in
2001:Q4. After estimating the model we iteratively compute predictive distributions from h = 1 up
to h = 8 quarters ahead. We then add one more observation to the model estimation sample (i.e.,
use a recursive scheme) and repeat this procedure until we reach the end of the sample. Finally,
after obtaining the predictive distributions for all observations in the holdout, we compute energy
scores to evaluate density accuracy for the full set of variables and continuous ranked probability
scores (CRPSs) to evaluate density accuracy on a variable-by-variable basis.%

We consider models that set p = 2 and @, = 3 and focus on two values of (),. One sets

SThe energy score is a generalization of the CRPS, to which it collapses in the univariate case: ES;(y:) =
E;||9+ — y¢|| — 0.5E5||9: — 91||, where g: and g; are independent random vectors with distribution f. The energy score
and the CRPS are less sensitive to outliers (like the extremes experienced during the COVID pandemic) than the

LPL.
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@, = 8 and is thus relatively large. In this case, we let our shrinkage prior detect the effective
number of nonlinear factors. Another model sets @, = 3. This model serves as a benchmark on
how much predictive accuracy we lose if we focus on models that are parsimonious in terms of
actual nonlinear functions to estimate. As additional competing models, we include the mixBART
specification of Clark, et al. (2023), a Gaussian process (GP) VAR (Hauzenberger, et al., 2025b),
as well as a time-varying parameter VAR with a horseshoe shrinkage prior on the time-invariant
parameters and the state innovation variances.” As a benchmark, we consider a linear Bayesian
VAR that sets @, = 0 (while keeping @, = 3, i.e., keeping a linear factor structure in the model’s

innovation term).

4.2 Predictive evidence

Table 3 provides average energy scores for our factor-BART VAR specification and the alterna-
tives described above, all relative to average scores for the linear VAR. The factor-BART VAR
model consistently improves on the accuracy of the linear model, by small margins (1 to 2%) at the
one-step horizon but more sizable margins (10 to 13%) at multi-step horizons. Results are largely
the same with 3 nonlinear factors as with 8 nonlinear factors. The mixBART specification yields
accuracy similar to that of the factor-BART VAR. From the perspective of overall density forecast
accuracy, it follows that our introduction of a factor structure to capture nonlinearities rather than
allowing a nonlinear component for each variable provides computational gains facilitating large
models without reducing forecast accuracy. Of the other specifications considered, the nonpara-
metric alternative of the GP-VAR slightly improves on the linear VAR’s accuracy for multi-step
horizons but falls short of the accuracy of the BART-based specifications. Finally, the TVP-VAR
falls short of the accuracy of all the other models. This may stem from the rich parameterization
that comes with using TVPs in a large model.

Of course, while the factor-BART VAR model improves forecast accuracy on average over the
2002-2023 period, performance of the model and the alternatives may vary over the sample. To
assess how accuracy changes over the hold-out sample, Figure 4 reports recursive average score ratios

(for each model relative to the linear VAR) over time.® These results show that the specifications

"Our GP VAR model differs from the original implementation of Hauzenberger, et al. (2025b) by featuring a factor

structure in the shocks.

8 At a given date ¢ in the chart, a given line shows the ratio of the energy score for that model from the beginning
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fBART
hl  Q.=8 Q,=3 mixBART GP-VAR TVP-VAR

1 0.98 0.99 1.02 1.02 1.11
4 0.89 0.90 0.90 0.94 1.15
8 0.89 0.90 0.90 0.95 1.36
12 0.87 0.88 0.89 0.94 0.99

Table 3: Energy scores relative to the linear BVAR over the hold-out sample: 2002:Q1 to 2023:Q4

that include a nonlinear component capturing nonlinearities achieve forecast accuracy gains over
the linear VAR over time, and not just on average. At the one-step horizon, the (recursive average)
gains are more than 10% from 2002 through about 2015, and then decline in the remainder of
the sample. At longer horizons, the gains to including BART in the model tend to increase from
the Great Recession up until the pandemic. Among the BART specifications, over good parts of
the sample, our factor-BART VAR with Q, = 8 factors is slightly more accurate than the same
model with 3 factors or mixBART, but as indicated above, on average performance is similar. The
alternative GP-VAR and TVP-VAR specifications are clearly less accurate for most of the sample.

To provide a sense of forecast performance across variables, Figure 5 reports relative CRPS
results for a selection of key variables, including growth in GDP and industrial production, the
unemployment rate, the federal funds rate, and headline CPI and core PCE inflation. For each
variable-horizon combination considered, the figure provides the median (black bar) and interquar-
tile range (box) of the time series of the CRPS for each nonlinear model relative to the CRPS of the
linear VAR baseline. Broadly, these results confirm the patterns seen in the energy scores for the
full set of model variables. Except for the inflation variables, the specifications including a nonlinear
BART component improve on the accuracy of the linear VAR (and in most cases do so across all
horizons). Our factor-BART VAR once again achieves accuracy gains similar to those achieved with
the mixBART model, but with reduced computation requirements. For these variables, forecasts
from the GP-VAR and TVP-VAR models are modestly to substantially less accurate than forecasts
from the BART models and the linear VAR. In the case of the inflation measures, the factor-BART
VARs yield forecasts more accurate than those from all the other nonlinear specifications, including
mixBART. However, for these variables, the factor-BART VAR is not quite as accurate as a linear

VAR.

of the sample through ¢ relative to the score for the linear VAR over the same period.
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Figure 4: Evolution of the average energy score over the hold-out period.

5 Structural analysis using a large nonlinear model of the US econ-
omy

Having established some benefits of our proposed model for out-of-sample forecasting, this section’s
application shows its ability to capture nonlinearities in responses to structural shocks. In this
application, we use precisely the same set of M = 22 variables and factor-BART VAR specification
as in the forecasting application (with @, = 8). We use sign restrictions (detailed below) as
in studies such as Korobilis (2022) to identify shocks to demand, supply, monetary policy, and

financial conditions. Accordingly, we set the number of common shocks to @, = 4.
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Figure 5: Boxplots of relative CRPSs to the Bayesian VAR across variables and forecast horizons.

The first subsection below starts with some reduced-form results on the importance of the
factors and how the observed variables vary nonlinearly with the covariates. The second subsection
provides further information on how we identify the structural shocks and presents the impulse

response functions for shocks to financial conditions and monetary policy.

5.1 Reduced-form results

To provide a sense of the magnitudes of nonlinearities, Figure 6 reports the shares of variance in
each series attributable to the nonlinear factor components of the model, with black lines denoting
the posterior median and the upper/lower bounds being the 25th and 75th posterior percentiles.
Overall, these estimates indicate the nonlinear components to be important, to a degree that varies
across variables. Averaged across all series, the nonlinear factor components account for about
37% of variation. Based on posterior medians, the share is relatively high (above 50%) for series
including the unemployment rate, federal tax receipts, CPI inflation, compensation growth, job

growth, and housing starts. The share is relatively low for growth in GDP, productivity, TFP,
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Notes: The figure shows how the observed series change with the EBP relative to a benchmark scenario where all variables are fixed at the median.
Red areas refer to the 16t" and 84t" percentiles of the posterior distribution while the solid dark red line is the posterior median.

Figure 7: Sensitivity of the observed series to changes in the EBP

To shed some light on the role of financial conditions in macroeconomic developments, Figure 7
shows posterior distributions of how the variables of the model change with movements in the
lagged EBP (keeping the remaining elements in x; at the sample median) while subtracting the
mean prediction arising from fixing all elements of x; at the sample median. Movements in the
EBP impact other variables through both the linear VAR component and the nonlinear function

component A,p(x;). The relationships of other variables to the EBP seem largely linear across
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much of the distribution, but show nonlinearities with high values of the bond premium. The
linear relationship detected for values below the 80% quantile of the EBP differ in strength. The
nonlinearity that emerges with right tail values of the EBP is quite sharp for variables such as
business investment, the unemployment rate, payroll employment, and long-term bond yields. Most
other variables, such as GDP growth, also show some nonlinearity, while the impacts are relatively

muted for a few variables, such as consumer sentiment.

5.2 Nonlinear responses to identified monetary policy shocks

Turning to impulse response estimates for monetary policy shocks, as noted above we use sign
restrictions to identify shocks to demand, supply, and monetary policy, and a financial shock. Sign
restrictions are implemented in the tradition of Baumeister and Hamilton (2015) and Korobilis
(2022) through priors truncated to the respective set implied by the sign restrictions. In our
framework, this implies changing the Gaussian prior on A, to a truncated Gaussian prior to attach
an economic meaning to the elements in q; (and thus avoid identification issues related to column

switching). We achieve this by setting:

No,(0,10%), if shock j is restricted to have a positive impact effect on variable i,
N N o0,0(0,10%), if shock j is restricted to have a negative impact effect on variable i,
" de(ANq,i5)s if shock j is restricted to have a fixed impact effect ¢ on variable i,
N(0,10%), if shock j exerts an unrestricted impact effect on variable 1.

Here, we let d.();j) denote the Dirac delta function, which puts point mass on c. If we use a
truncated prior, the posterior simulation step for A, changes slightly. Instead of simulating the
rows of A, from unrestricted Gaussian distributions, the truncated prior implies that the posterior
is truncated to the set implied by the prior.

Table 4 lists the sign restrictions. For example, following typical practice, a one standard
deviation monetary policy shock (tightening) is identified as a shock that raises the federal funds
rate and reduces GDP growth, increases the unemployment rate, and reduces core PCE inflation.
A shock to financial conditions is identified as a shock that raises the EBP and reduces GDP
growth, consumption, investment, consumer sentiment, and core PCE inflation, and raises the
unemployment rate, leading to a reduction of the federal funds rate. These identifying restrictions
are similar to those used in studies such as Chan, Matthes, and Yu (2025).

In the interest of brevity, we focus on financial and monetary policy shocks. To assess possible
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Table 4: Sign restrictions used to identify the structural factors in the model

nonlinearities, we consider the impacts of shocks differing in sign and size. Specifically, we estimate
impulse response functions (IRFs) to positive and negative shocks, with the responses to the negative
shock multiplied by —1 to facilitate comparing responses to positive and negative shocks. We
consider both small and large shocks. The shocks are scaled so that the monetary policy shock
(in the tightening case) triggers a median increase in FEDFUNDS of about 20 basis points in the
small shock case and about 55 basis points in the large shock case. The financial shock causes an
on-impact increase in the EBP of about 0.35 in the small case and 1.0 in the large case. In all cases,
we compute the impulse response functions (IRFs) using the generalized IRF approach of Koop,
Pesaran, and Potter (1996).

Starting with financial shocks, Figure 8 reports the posterior median responses for positive
and negative shocks, along with 68% credible sets. The left- and right-side panels provide re-
sponses to small and large shocks, respectively. The estimates in panel (a) show that, with a small
shock, responses to positive (tightening) and negative (easing) shocks to financial conditions are
typically symmetric. More restrictive financial conditions slow economic activity (e.g., reducing
GDP, consumption, investment, industrial production, housing starts, and employment, while rais-
ing unemployment), whereas an easing has the reverse impact (with sign flipped) and very similar
magnitudes. The same applies to interest rates, including the 3-month T-bill rate and longer-term
yields. Shocks to financial conditions also lead to small reductions in the price level, with symmetry
for responses to positive and negative shocks. Broadly, our estimated impacts of shocks to financial
conditions align with those obtained by Korobilis (2022).

As indicated in panel (b), large shocks have more clearly asymmetric effects in tightenings

versus easings of financial conditions. With a large shock, a significant tightening of financial
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Notes: The figure shows the 16th and 84th posterior percentiles and median impulse responses to positive (contractionary, dashed and solid black
lines) and negative (expansionary, red shaded areas) financial shocks. To facilitate comparability we multiply the IRFs to negative shocks by —1.
The numbers on top of the IRFs correspond to the posterior probability that the reactions to a positive shock are stronger than the median reactions
to a negative shock.

Figure 8: Impulse responses to positive and negative financial shocks of different sizes
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lines) and negative (expansionary, red shaded areas) monetary policy shocks. To facilitate comparability we multiply the IRFs to negative shocks
by —1. The numbers on top of the IRFs correspond to the posterior probability that the reactions to a positive shock are stronger than the median
reactions to a negative shock.

Figure 9: Impulse responses to positive and negative monetary policy shocks of different sizes
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conditions has bigger impacts on economic activity and inflation than does a corresponding easing
of policy. By roughly six to eight quarters after the shock, compared to the small shock the large
shock induces notably larger declines in economic activity measures including GDP, consumption,
investment, industrial production, payroll employment, and federal tax receipts, along with a larger
rise in unemployment. The large shock also induces a decline in the price level, with modestly more
change following a tightening than an easing. The responses of consumer sentiment and interest
rates appear to be largely symmetric for negative and positive shocks.

Figure 9 provides estimated responses to monetary policy shocks. As indicated in panel
(a), with a small shock, there appears to be little asymmetry in responses to tightenings versus
easings of monetary policy; results are very similar in absolute value. A policy tightening slows
economic activity (e.g., reducing GDP growth, consumption, investment, industrial production,
housing starts, and employment, while raising unemployment), whereas an easing has the reverse
impact (with sign flipped) and essentially the same magnitudes. The policy tightening also induces
declines in prices as measured with the headline CPI and core PCE price index, with symmetric
effects from policy easings.

As indicated in panel (b), a large shock yields more evidence of asymmetries in responses to
tightenings versus easings of monetary policy. With a large shock, a significant tightening of mone-
tary policy has bigger impacts on economic activity and inflation than does a corresponding easing
of policy. By roughly six to eight quarters after the shock, compared to the small shock the large
shock induces notably larger declines in economic activity measures including GDP, investment,
industrial production, and payroll employment. The large shock also induces a decline in the price
level, with modestly more change following a tightening than an easing. On the other hand, the
responses of a handful of variables, including consumer sentiment and interest rates, appear to be

largely symmetric for negative and positive shocks.

6 Concluding remarks

We have proposed an extension to the standard VAR where departures from linearity are modeled
using a nonlinear factor structure. The nonlinear factor is modeled using Bayesian regression tree
methods. The use of a factor structure ensures parsimony and is motivated by the empirical

findings that macroeconomic time series are typically found to be driven by a small number of
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factors. The fact that these factors are nonlinear and estimated nonparametrically reduces the
risk of misspecification. These features are of particular use for the researcher who expects their
dataset to exhibit nonlinearities but has little guidance as to the precise form these nonlinearities
will take. In an artificial data exercise and an empirical study involving US macroeconomic data,
we demonstrate the effectiveness of our methods and their ability to pick out patterns in the data
that cannot be found using linear methods.

It would be straightforward to extend our model to allow for other features of the VAR to
be modeled more flexibly. For instance, the assumption of Gaussian errors could be easily relaxed
through a mixture of Gaussians. Or the error variances could be allowed to be time varying using
BART methods as in Pratola, et al. (2020). But our factor-BART VAR already exhibits a high

degree of flexibility.
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Online Appendix

A Data Appendix

Table A.1: Overview of the dataset

Variable Description Transformation
GDPC1 Real Gross Domestic Product 5
PCECC96 Real Personal Consumption Expenditures 5
EBP Excess Bond Premium 1
PRFIx Residential fixed investment )
PNFIx Non-residential fixed investment 5
UNRATE Unemployment rate 2
GCEC1 Government consumption expenditures 5
FGRECPTx  Federal tax receipts )
PCEPILFE Core PCE price index 6
CPIAUCSL Consumer Price Index 6
HRLYCOMP Hourly compensation 6
OPHNFB Labor productivity (nonfarm business) 5
dtfp_util Utilization-adjusted total factor productivity 1
PAYEMS Payroll employment 5
UMCSENTx  Consumer sentiment index 1
INDPRO Industrial production 5)
HOUST Housing starts 5
FEDFUNDS  Federal funds rate 2
TB3MS 3-month Treasury bill rate 2
GS5H 5-year Treasury yield 2
GS10 10-year Treasury yield 2
BAA BAA corporate bond yield 2

Notes: The time series are sourced from the McCracken & Ng database (except EBP). The transformation codes
mean: 1 = raw series, 2 = first differences, 3 = second differences, 4 = logarithm, 5 = log first differences, 6 = second
differences of logs.
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B Technical Appendix

B.1 Specific prior choices

We use a horseshoe prior on the VAR coefficients:?

Qqj ~ N(Qij7 wg,ij7-2)7 %,z‘j ~ C+(07 1)) Ta ™~ C+(07 1)

a

Here, a;; is a prior mean that can be set such that the elements in y; are forced toward a random
walk (if they are non-stationary) or toward a white noise process (if they are stationary). Note that
this prior hyperparameter choice is centered over coefficient values that imply that each element of
y; is a persistent AR processes. Hence the nonlinear factor part of the model has a strong tendency
to soak up deviations from the persistent part of y;.

In contrast to the prior on the factor loadings A, the prior on the linear VAR part of the
model features a single global shrinkage parameter and hence small values of 7, force all elements
in A to zero. The idiosyncratic scaling parameters then allow for non-zero effects by leading to a
heavy-tailed marginal (of 9,,;) prior on a;;.

On the elements of Ay, Ag;j, we use Gaussian priors with zero mean and variance 102. This
noninformative choice implies little shrinkage on the elements of A,. In our structural analysis in
Section 5 where we use sign restrictions, we modify this prior to be a truncated Gaussian distribution.
For the diagonal elements in €2 we consider conjugate inverse Gamma priors with hyperparameters
a, = b, = 0.01 to render the prior weakly informative.

For the regression trees, we adopt the standard prior specification proposed in Chipman,
George, and McCulloch (2010) with S = 250 trees. We use these standard settings because they
have been shown to perform well across a wide variety of applications, particularly when modeling
US macroeconomic data. In addition, in Huber, et al. (2023) we conduct robustness checks and find
that deviations from this baseline specification have only a minor impact on predictive accuracy.

This prior involves three aspects. First, the probability that a given node is non-terminal

decreases in the depth d of the node: a(1 + d)~° with a = 0.95 and b = 2. Second, the splitting

9The prior on the VAR’s coefficients could alternatively take a Minnesota form. For VAR forecast accuracy,
global-local priors such as the horseshoe often perform comparably to slightly better than the Minnesota prior (e.g.,

Huber and Feldkircher (2019)).
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variable assignments are uniformly distributed so that, a priori, each splitting variable is equally
likely. Third, conditional on the chosen splitting variable, we use a uniform prior on the discrete
set of available splitting values.

On the terminal node parameters p;; s we use a Gaussian prior. We follow Chipman, George,

and McCulloch (2010) and normalize each factor to lie between —0.5 and 0.5. Then:

0.5
Hij,s NN(Ou m) )

where m = 2 is a variance hyperparameter. Larger values of S reduce the prior variance, so that

each tree acts as a weak learner and the risk of over-fitting is controlled.

B.2 Details on the full conditional posterior distributions

The following section provides the full conditional posterior distributions required for posterior
simulation of the factor-BART VAR. The joint posterior is intractable but, given that the priors
are conditionally conjugate, we can implement a Gibbs sampler that cycles through the following

steps.

e Step I — VAR coefficients A: Let a’, denote the s row of A. Conditional on all other
parameters, define the partially adjusted dependent variable Y® =Y, - M Aus — QAgs,
where Y; is the T' x 1 vector stacking ys and Q = (qi,...,qr) is the T x Qg matrix of

structural factors. Then:

ag ‘ L4 NN((LS, Va,s)7
_ X'X -1 [ X'Y®
Vas =( —+ D;;) . as=V,, —+D,la, |,
w3 w

where X is the T' x K regressor matrix stacking x;, D, s is diagonal with entries 1/1(217 szf, and

a, is the horseshoe prior mean.

e Step II — Factor loadings A,: Each row A, (for s =1,..., M) is drawn equation-by-
equation from
Ay | o~ ./\/'(5\%3, Vu,s)v

M/

S 2
Ws

_ M'M A\t _ _
V/J‘7S = < 2 + D 1> ) A,u':s = VLL,

S

(}fs - XaS - QAQ,S) )

s
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where D, ; is diagonal with entries ¢y, .. =), 7, ;@;.

e Step IIT — Nonlinear factors p(x;) via weighted Bayesian backfitting: Each factor
function p; is updated in turn using BART (Chipman, George, and McCulloch, 2010). For

factor j, define the residual excluding the contribution of factor j:

Rj =Y - XA- Z“’k}‘:;,k’
k#j

where py is the T' x 1 vector (ug(x1),..., uk(zr)) and XA,k is the & column of A,. The
factor p; enters each equation through the scalar loading A, ;;. To reduce this M-dimensional

regression to a univariate target, we project R; onto A, j:

2
)

Fit = N B (1) [ A
where R;(t) denotes the ¢/ row of R;. This scalar response satisfies
it = pj(xe) + Eje,

with time-varying variances ¢j; = ()\ijHt)\mj) /AL 11, where Hy = diag(hat,- . ., hast).
The BART sampler for j; is then run as a standard weighted BART regression of ;; on
x; with weights w;;. Within this step, the sum-of-trees representation of y; is updated via
Bayesian backfitting, cycling through each tree and sampling the tree structure 7;, and its
terminal node parameters m;  from their full conditionals using the BART MCMC steps of
Chipman, George, and McCulloch (2010).

e Step IV — Factor loadings A,: Each row A, is drawn from

Ag,s | o~ N(S‘q,Sa ‘21,8)7

w2 100" @ 02

S S

3 Q/Q 1 —1 B _ Q/
V;],s_<+ I, ’ Aq,s:v:] (Y'S_XG’S_MA/%S)'

When sign restrictions are used (Section 5.2), we replace the Gaussian prior with a truncated

Gaussian, so that the posterior is also truncated to the set implied by the sign restrictions.
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e Step V — Static factors g;: The innovation factors are drawn independently for each ¢:

qt ‘ L4 NN(Qt: ‘Z])a
— _ -1 _ — _
Ve=(A QA+ Ig,) @ = Ve Ay — Az — Ayp(ay)).

e Step VI — Error variances Q: For each s =1,..., M, let s = a.x; +)‘u () +)\;,sqt.
Then:

T
wzr-~gl(aw+g, b 1S - ) )
t=1

e Step VII — Horseshoe hyperparameters for A: The global and local shrinkage pa-
rameters Tq, Va, {Vaij}, {Vasj} are sampled using the efficient auxiliary variable sampler of

Makalic and Schmidt (2015).

e Step VIII — Horseshoe hyperparameters for A,: The shrinkage parameters for A,
are updated row-by-row. For row i (looping over i = 1,..., M), let X, ;. denote the relevant
elements of the ¥ row. We apply the Makalic and Schmidt (2015) sampler to the scaled
loadings A, ;;/,/@;, obtaining updated local parameters ¢,,; (j = 1,..., Qu) and the row-

specific global parameter 7, ;. The combined prior variance is then set to u ij % ij # Moy

e Step IX — Column-shrinkage hyperparameter w: The global column-shrinkage level
w controls the overall strength of shrinkage on later factors. Its full conditional is derived by
noting that X, | Ypuijs Tui, @ ~ N(0, MJ Mw/j ). Collecting all elements of A, across

rows and columns and combining with the G~ (ay, by) prior gives

Q MQ,u
oo o Mg LSS )
11] 1‘7 8%} HZ

with aw = 3, by = 0.03, and k = 2. After drawing w, the column-specific penalties are

updated as w; = w/j", and the combined prior variances ¥?2 . are recomputed accordingly.

IEY]

B.3 Mixing properties of MCMC algorithm

We find that, despite its complexity, this algorithm mixes well. We back our claim by showing

two MCMC convergence diagnostics: inefficiency factors and the Raftery & Lewis diagnostic of
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the total number of runs required to achieve a certain level of precision for the large US macro
dataset we consider in our empirical work.!® The quantiles are computed across equations and
covariates/factors (for A and A, respectively) and across factors and time (for p(x;)). These
results are based on the structural application and we run eight chains (with 10,000 draws, out of
which we drop the first 5,000 as burn-in, each) in parallel. For each of these parallel runs we take
every 10th draw from the 5,000 retained draws. This gives, per chain, 500 draws. Combining these
draws yields 4,000 draws from which we compute our functions of interest. In all cases, inefficiency
factors are well below 30 in terms of the median. Only for p(x:) we find a 90% quantile of the IF
of around 53. But we view this as still acceptable given the size and complexity of the model. In
terms of the Raftery & Lewis diagnostic we find that the required number of runs is often below

the total number of iterations.

Quantiles 10% 25% 50% 75% 90%

Inefficiency factors

A 1.00 1.02 1.13 1.40 1.98
Aq 3.04 4.22 6.99 10.90 14.83
() 6.09 7.96  12.97 30.02 53.14

Raftery & Lewis diagnostic

A 148.00 151.00 157.00 165.00  182.00
A, 198.00 243.75 527.00 807.50 1070.00
() 349.80 460.00 660.00 1158.00 1711.20

10We specify the parameters of this statistic along the lines suggested in Primiceri (2005): quantile=0.025, desired

accuracy=0.025 and the required probability of obtaining the required accuracy p=0.95.
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