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Abstract

Bayesian predictive synthesis (BPS) provides a method for combining multiple predictive
distributions based on agent/expert opinion analysis theory and encompasses a range
of existing density forecast pooling methods. The key ingredient in BPS is a “synthe-
sis” function. This is typically specified parametrically as a dynamic linear regression.
In this paper, we develop a nonparametric treatment of the synthesis function using
regression trees. We show the advantages of our tree-based approach in two macroeco-
nomic forecasting applications. The first uses density forecasts for GDP growth from the
euro area’s Survey of Professional Forecasters. The second combines density forecasts of
US inflation produced by many regression models involving different predictors. Both
applications demonstrate the benefits — in terms of improved forecast accuracy and in-

terpretability — of modeling the synthesis function nonparametrically.
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1 Introduction

It is commonplace when forecasting macroeconomic variables, such as output growth or inflation, to
consider a large number of competing predictive densities. These density forecasts might come from
different reduced-form or structural models, and/or be subjective and come from surveys. How to
combine these densities is an open question being addressed by a growing literature.! The literature
concludes that combined density forecasts tend to be more accurate and more robust than single-
model approaches that ignore model uncertainty; for a review see Aastveit et al. (2019). One issue
is that traditional forecast combination techniques are often linear and do not exploit information
besides the forecasts and the target variable. Contrast this with a policymaker who combines
forecasts nonlinearly and uses external information, such as on the current state of the economy
or financial conditions, to help determine how much weight to attach to the different forecasts.
We propose a novel technique that mimics this practice. Our approach combines density forecasts
nonparametrically while allowing the combination weights to be determined by information that
may be external to the forecasting models.

Key to our approach is Bayesian predictive synthesis (BPS). It has emerged, as extended
into a time-series context by McAlinn and West (2019), as a general method of density forecast
combination with a strong theoretical basis. BPS draws on an earlier Bayesian literature on agent
or expert opinion analysis (West and Crosse, 1992), and provides a formal and theoretically justified
method for pooling densities. It can be shown to nest many previous approaches (see, for example,
Section 2.2 of McAlinn and West, 2019) and has been used successfully in various applications in
economics, such as McAlinn et al. (2020), Chernis (2023), and Aastveit et al. (2023). In this paper
we develop density forecast combination strategies within the BPS framework.

In existing implementations of BPS, the so-called “synthesis function,” which determines the
weight attached to each density, needs to be specified parametrically. Common choices, as made in
the aforementioned papers, are to assume that the synthesis function takes the form of a dynamic
linear regression, with parameters that are allowed to change over time typically as random walk

processes. This specification of the synthesis function thus allows the weights on competing density

!See, among many others, Mitchell and Hall (2005); Wallis (2005); Hall and Mitchell (2007); Geweke and Amisano
(2011); Koop and Korobilis (2012); Billio et al. (2013); Aastveit et al. (2014); Conflitti et al. (2015); Chernis and Webley
(2022); Knotek and Zaman (2023); Aastveit et al. (2023); Capek et al. (2023); Diebold et al. (2023).



forecasts to evolve over time as linear Gaussian random walks. But such an assumption may or
may not be valid. Misspecification occurs if the weights depend on other factors or if they follow a
different law of motion than a random walk.

These considerations motivate the present paper. BPS has theoretically rigorous foundations,
but the manner in which it has been implemented in practice risks misspecification due to the
adoption of particular and untested parametric assumptions. We therefore propose to use flexible
nonparametric techniques to specify the synthesis function. Specifically, we use regression trees.
In conventional (single-model) forecasting applications, tree-based models of the conditional mean
have proven highly successful (see, for example, Clark et al., 2023; Huber and Rossini, 2022; Huber
et al., 2023). A small number of other papers have used nonparametric techniques to combine
predictive densities (for example, Jin et al., 2022; Bassetti et al., 2018, 2023). However, unlike our
proposed method, these other papers neither use regression trees nor fit explicitly within the formal
BPS framework.

While regression trees have become a popular way to estimate nonparametric regressions,
here we propose to use them differently. Similarly to Coulombe (2020), Deshpande et al. (2020),
and Hauzenberger et al. (2023), who provide a nonparametric treatment to the parameters rather
than the variables in single-equation and VAR models, we model the coefficients in the synthesis
function with regression trees (RT). Accordingly we label our version of BPS, BPS-RT. The synthesis
function remains linear in the parameters, which, as we will demonstrate, aids in interpretation.
Use of regression-tree methods requires the choice of covariates, which we call “weight modifiers.”
These weight modifiers help determine the weights attached to the competing density forecasts.
Conventional BPS does not make use of weight modifiers, given that the weights are typically
assumed to follow random walks. Thus, in popular implementations of BPS any relevant information
in the form of additional covariates is neglected.? But decision makers when combining competing
density forecasts may wish to condition their forecasts on such “outside” information. For example,

they may wish to let the weights on the different forecasting models vary with the state of the

*Notable recent exceptions are Oelrich et al. (2023), who following Li et al. (2023), let the weights in linear
density forecast combinations depend on (potentially time-varying) exogenous variables. As Oelrich et al. (2023)
explain, such linear pools are one specific instance of BPS. Letting the combination weights in linear pools change
over time according to these “pooling variables,” as in the more general (nonlinear) BPS framework that we consider,
can offer more flexibility than assuming that the combination weights follow an assumed autoregressive process; cf.
Del Negro et al. (2016).



economy or vary as a function of the features of each forecast density. Our tree-based specification
for the synthesis function is able to condition on both “global” (that is, information not associated
with a particular forecaster) and “local” (that is, information associated with a given forecaster)
variables when determining the weights. In our tree-based synthesis function, the weights on each
density forecast are dynamically determined via a sequence of decision rules. BPS-RT allows the
decision maker to combine predictive densities in a highly flexible way and to distill optimally
all relevant information contained in the predictive densities and weight modifiers. The fact that
the synthesis function remains conditionally linear in the parameters helps the decision maker
interpret the combined density and better understand the role each individual density is playing
in the combination. We will show how BPS-RT can be used to understand the role of model
incompleteness, agent clustering, and the time-varying importance of the different weight modifiers.

The next section of the paper introduces and motivates BPS in theory and then discusses
how it has been implemented in the existing literature. It then proposes our generalization, BPS-
RT, and explores its properties. Section 3 demonstrates the utility of BPS-RT by undertaking
two forecasting applications. The first application takes the individual forecaster density forecasts
from the European Central Bank Survey of Professional Forecasters (ECB SPF) and combines
them. The second application forecasts US inflation using a commonly used large set of indicators.
The predictive densities that are synthesized are produced by regression models using the different
indicators. We find that BPS-RT produces well-calibrated and accurate forecasts. Notably, we
find that single-tree models perform best, in contrast to standard recommendations when using
regression trees. This suggests that a relatively parsimonious weight scheme with few changes in
weights is supported by the data. The superior performance of BPS-RT stems from its better
ability to explain periods of volatility, such as the global financial crisis that affected euro area
GDP growth and the post-COVID inflation period in the US. Zooming in on the best performing
BPS-RT specification in the US inflation application, we show how the combination forecasts from
BPS-RT can be interpreted. BPS-RT can be used to understand the role of model incompleteness,
agent (forecast) clustering, and the time-varying importance of the different weight modifiers. We
find little model set incompleteness during the post-COVID inflation period, suggesting that BPS-

RT’s success comes from its ability to successfully forecast inflation using the underlying models



with changes in the combination weights driven by a time trend. This contrasts with the earlier
period of lower inflation, when business cycle indicators are shown to be more important. Section
4 concludes. Online Appendix A provides details on Bayesian inference of BPS-RT and Appendix

B provides additional empirical results, as referenced in the main paper.

2 Bayesian Predictive Synthesis with Regression Trees

In Section 2.1, we provide some background on BPS, distinguishing between BPS in theory and its
use in practice in extant empirical applications. Then in Section 2.2 we explain how regression trees

can be used to provide a more flexible way of operationalizing BPS.

2.1 Bayesian Predictive Synthesis
2.1.1 BPS in Theory

BPS is a foundational theoretically coherent Bayesian method for combining predictive densities.?
The theory of BPS provides a pooled predictive distribution for the variable being forecast (say,
GDP growth) given a set of individual density forecasts. Operationally, this pooled predictive
distribution is produced using Markov chain Monte Carlo (MCMC) methods involving two steps.
In the first step, draws are taken from the individual predictive densities for GDP growth. These
draws are then, in effect, treated in a second step as explanatory variables in a time-series model
where the dependent variable is the outcomes for GDP growth. This time-series model amounts
to the synthesis function. Standard choices for this function are typically based on linearity, either
simply a constant linear relationship or a dynamic relationship where the linear coefficients evolve
over time according to a random walk. As pointed out by Aastveit et al. (2023), this means that
BPS can be thought of as a multivariate regression relating the target variable (GDP growth) to the
forecasts for GDP growth, which are treated as generated regressors. We make use of this generated
regressor interpretation below.

More formally, at time ¢ a decision maker D is confronted with h-step-ahead forecast densities

for variable y,p produced by J different agents, experts, or models, where 7 ranges from 1 to t. At

3For a general description of BPS, see McAlinn and West (2019); specific implementation details related to our
applications are discussed below and in Appendix A.



each forecast origin, 7, we label these predictive densities {7Tj~,—(y7—+h)}3]:1. These densities, available
from time 1 through ¢, form the information set #; of D and can, in principle, be of any distributional
form. D then forms an incomplete joint prior p(yiin, Hi) = p(yeen) X E (H] th(xjt+h|t)) with
Tipnie = (Trgnjer - T Jt+n|t) denoting latent agent states (that is, draws from the agent-specific
predictive densities). These agents’ forecasts target ¢t + h but, under the prior, are made using
information through time ¢. The prior is incomplete, in the sense that D only forms an expectation
of the product of the agent densities. Agent opinion analysis theory (West, 1992; West and Crosse,
1992), extended to a time-series context by McAlinn and West (2019), shows that the posterior

conditional density for y;; under this incomplete prior takes the form:

J

(1) PYirn|Pirn, He) = /a(yt+h|wt+h|t,‘1’t+h)Hﬂjt(l’jt+h|t)d$jt+h|t7
=1

where a(yiin|Tiine, Piqn) denotes the synthesis function that reflects how D combines her prior
information with the set of expert-based forecasts; W, denotes a matrix of parameters and latent

states that control the properties of the synthesis function, «f(.).

2.1.2 BPS in Practice

Theory offers no guide as to the specific choice of the synthesis function, a(yirn|®iine, Cirn)-
But a common choice in empirical applications, used, for example, in McAlinn and West (2019),
McAlinn et al. (2020), and Aastveit et al. (2023), is to assume a dynamic linear regression model
treating the draws from the J competing densities as generated regressors, @; ;. Our synthesis
functions will have a dynamic regression form, but we will use a non-centered parameterization (see

Frithwirth-Schnatter and Wagner, 2010):

J
2
(2) a(ernlTeine Ceyn) = N | Yernleern + Y (3 + Biten)Tjernie: O | -
j=1
where ¢, is a time-varying intercept assumed to follow a random walk, v = (y1,...,7s) are time-
invariant weights, and Bi1n, = (B1tah, - - -, Bseen)’ denotes the time-varying combination weights.

As discussed above, a common choice in the literature is to assume that the weights, 844, evolve



as a random walk (RW) with innovation covariance matrix V', leading to a version of BPS that
we label “BPS-RW.” When implementing BPS-RW in our empirical applications below, we make
standard choices for the prior and MCMC method. In particular, they are similar to those used in
Hauzenberger et al. (2022). The only difference is that we use the hyperparameter-free horseshoe
prior instead of the normal-Gamma prior, so as to have a prior that is comparable to the one used
with our regression-tree model. Accordingly, we do not provide additional details here on drawing
the time-varying weights for BPS-RW; see Hauzenberger et al. (2022) for details.

In all of our implementations of BPS, including BPS-RW, we consider two versions: one
that assumes stochastic volatility (SV) and another that is homoskedastic. In the SV case, the
error variance, O'tQ "> changes over time. We assume that the log-volatilities ¢;1p := log J? "\, evolve
according to an AR(1) model with autoregressive coefficient p., unconditional mean pc, initial
value ¢y, and error variance O'?. The prior choices for these parameters are given in Appendix A.1.
Homoskedastic cases are obtained setting cr? to zero. Below, for notational ease, we do not explicitly
note those parameters relating to SV in the conditioning arguments.

All of our implementations of BPS also include a time-varying intercept, c;ip, which is as-
sumed to follow a random walk. As discussed below, ¢,y is included to allow for model incom-
pleteness. Further econometric details are provided in Appendix A.

With these notational conventions established, Wy, j, = <'7, {¢r, Br, UT}ZJ;%, 0), where 0 will
be method-specific parameters that define the law of motion of latent states or appear in the
hierarchical priors (such as V' in the case of BPS-RW).

The synthesis function, a(yin|®iip)e, Pirn), is quite flexible, given that the weights it at-
taches to each of the J densities are dynamic and because it allows for time-varying error variances.
We can also see that while Eq. (2) implies a Gaussian density conditional on By, @, +hjt> and af e
when carrying out predictive inference we marginalize out the unknowns of the model, leading to a
predictive density that can be highly non-Gaussian; see Eq. (3) below.

In contrast with other approaches to combining models and density forecasts, such as Bayesian
model averaging (BMA), the weights on each density are restricted neither to lie between zero and
one nor to sum to unity. In the case of BPS-RW, the degree of change in the weights will depend

on the magnitude of the state innovation variances for these parameters: small values imply slow,



smooth adjustment of the weights over time, large values allow for bigger sharper changes.

Two additional aspects of this parameterization of the synthesis function are worth noting
before we introduce our regression-tree approach, which provides a more flexible nonparametric
representation of the synthesis function.

First, as a special case, we define a static version of BPS that assumes time-invariant weights
Br = 0y for all 7 but leaves v unrestricted. We label this instance of BPS, which assumes the
combination weights to be constant over time, “BPS-CONST.”

Second, the presence of both an intercept and an error in the synthesis function means that
these versions of BPS allow for model set “incompleteness” (Geweke, 2010). That is, they allow the
“true” (but unknown) model not to be in D’s model space; see, for example, Billio et al. (2013) and
Aastveit et al. (2018). A conventional model combination scheme such as BMA sets both intercept
and error to zero. The fact that the intercept, c¢;4p, and error variance, af "\ 1,» are both time varying
provides additional flexibility when modeling the degree of model set incompleteness. Note that
these specific assumptions are equivalent to embedding a popular benchmark for forecasting (espe-
cially of inflation) — the unobserved components SV (UCSV) model of Stock and Watson (2007) -
within our set of now JJ+1 density forecasts. This is also related to an alternative treatment of model
set incompleteness in BPS that adds a fictitious baseline predictive density to the set of densities
being synthesized (see, for instance, the discussion in Section 2.2.3 of Tallman and West, 2023).*
In our case, this baseline predictive density comes from a UCSV model. But importantly, as when
estimating a mixture density, the parameters of the UCSV density are estimated simultaneously
with the weights in the synthesis function.

To carry out predictive inference, we need to compute the predictive distribution. We do so
by simulation. Let ypr.; denote a future realization of our target variable at time T + h and let
Hr denote the set of agent densities that are available at time 7" but target T'+ h. The predictive

density, in our case, is obtained as follows:

(3) p(yrnlZr) = //p(yT+h|‘I’T+h7HT) d¥ dH,

4Diebold et al. (2023) also add a fictitious forecaster in their ECB SPF application that, like ours below, combines
forecaster-level density forecasts.



where Zp indicates the information set up to time 7' and Wpj are the latent states (projected
forward to time 7'+ h). We can simulate from (3) by simulating from the joint posterior of the
agents and states, projecting the states forward to time T+ h, and then using the synthesis function
in (2) to produce a combined forecast draw. By doing so, we integrate out the unknowns of the
model and the resulting predictive density can be highly non-Gaussian and feature heavy tails,

multi-modalities, and/or skewness.

2.2 Bayesian Predictive Synthesis with Regression Trees (BPS-RT)

In this paper, our proposal is to relax the restrictions in BPS-RW by considering more flexible
forms of time variation in B;15. Specifically, we use techniques from machine learning to model
the dynamic evolution of the weights, 3.1, in a nonparametric manner as a function of additional
weight modifiers. This treatment can be contrasted with the alternative of treating the function,
a, itself nonparametrically. We follow Chipman et al. (2010) and use Bayesian additive regression
trees (BART) to estimate the regression trees. BART consists of a set of priors for the tree structure
and the terminal nodes (the leaf parameters) and a likelihood for data in the terminal nodes.
BPS-RT differs from existing implementations of BPS through both the hierarchical priors
used on elements in v and B;;; and by incorporating additional covariates into D’s information

set. These are stored in a K, vector z;’ and a Kg vector zf

t+h|t both containing additional “data”

known to D through period t.
We postulate a nonlinear relationship between the weights and the weight modifiers through

2P

th) t) that determine the state transition equation that can be interpreted

functions ,u](z]) and ,u]@ (

as a prior. In particular, we assume:

(4) %~ NG, ) and Bien ~ N (25,0, 7)),

where 737 and Tf denote prior scaling parameters. For convenience, we define ,u;Y = ,uz(zy) and

M? = ,u? (zJB vy ;). The best way to illustrate the effect the scaling parameters have on the actual

estimates of the weights is to consider a re-parameterization of the synthesis function. Integrating



out v; and B4, by plugging Eq. (4) into Eq. (2) yields:
(5)

j=1

J
Yt+h = Ceh + Z (N;{(Z;Y) + 4/ T]”?) Tjtrnft + <:u]@(zft+h|t) +/ Tjﬁuﬁf+h> Tjirnlt | T OtrhUitn,
el

Bit+h

e

itth and the

with 7, 1”

i Viteh ™ N(0,1) denoting process innovations. The innovations, 1/;.’ and

corresponding scaling terms control the degree of dispersion of the actual weights from those ex-

pected under the prior mean. If the scalings are close to zero, the posterior of ; and 3, is pulled

o

th‘t) and so

toward the prior mean and the resulting estimates will be close to u](z]) and u? (

strongly depend on 2z and 2 If this is not the case, the resulting scaling parameters would

J jt+hlt
be larger so that substantial deviations from the prior means are more likely. Another feature of
this representation is worth emphasizing. As opposed to a model that directly approximates the
synthesis function nonparametrically, the specification in (5) introduces interaction terms of the
form i} (2]) X xj,1p),- This specific form might reduce the risk of overfitting by introducing more

structure on the space of functions that we approximate.

We approximate the prior mean functions through a sum-of-trees model with S trees:

S S
(6) i)z~ g, 8Y) and il = (25 )~ D gz T 60),
s=1

s=1

where g denotes a tree function that is parameterized by so-called tree structures, 7., and terminal
node parameters, ¢7, for n € {/3,v}. The basic idea behind a single tree is that the tree structures

describe sequences of disjoint sets. These sets partition the input space (determined by exogenous

B

bt respectively). Each of these sets is associated with a particular terminal

covariates, z;.y and z
node parameter. In our case, the terminal node parameters serve as prior expectations for the ;s

and for the 8j;,s. The input space is associated with vectors of variables, z} and zft Fhjt which

we refer to as weight modifiers. Note that 2 could include quantities (such as moments from

jt+hlt
the agent-specific predictive densities) that explicitly target ¢ + h but are available at time ¢.
There are two main justifications for our BPS-RT modeling approach. First, there is no reason

to restrict attention, as in BPS-RW, to random walk specifications for the evolution of £;y;. BPS-



RW implies, at a given point in time, a linear relationship between y;,p and @; ;. This assumption
might be warranted in tranquil periods. But, in unusual times, nonlinearities could be present, and
exploiting these might lead to more accurate forecasts. Our regression-tree approach allows for
flexibility in the way such nonlinearities are modeled and lets the “data speak.” Second, and this
holds across all existing instances of BPS not just BPS-RW, an implicit assumption made is that
the information set available to D comprises exclusively the agent-based forecast densities.” But,

in principle, additional unmodeled information is available to D and might help inform evolution

B

Jt+hlt comprise this extra

of the weights. In our BPS-RT approach, the weight modifiers, z;’ and z
information.

These weight modifiers might include characteristics of the agents’ forecasts not directly re-
flected in their predictive distributions or other common (to agents) factors, such as general infor-
mation about the macroeconomic environment. For example, z; might contain summary metrics
of overall past forecast performance (such as the average historical forecast performance) for each

agent. Or, as noted above, might contain more granular and time-varying information, such

zﬁb+h|t
as time-varying characteristics of the agent-specific predictive densities (say their higher moments
and/or time-varying measures of past forecasting performance). We provide specific context and
motivate our choice of weight modifiers in the empirical applications in Section 3.1 below.

To return to the regression tree, note that it is defined by disjoint sets that are determined by
splitting rules of the form zf’thlt < dj or zf’thlt > dj, where Zlf,jt+h\t is the k*" weight modifier
for the j*" agent/model and dj is a threshold parameter associated with the k" effect modifier,
which is estimated from the data. It is important to note, however, that any splitting rule associated
with the k" effect modifier is common across agents and periods (that is, it is specific neither to
agent j nor to period t). Hence, the thresholds dj and thus the tree structures do not have t or j
subscripts and are common across agents/models and time. Since these splitting rules effectively

govern the prior mean, uft 45, this structure in a sense captures the notion of a pooling prior and

reflects the situation that D decides on the weights associated to each of the different agents based

B

on using additional factors z;y and 2t hit

according to a set of common decision/splitting rules.

®As mentioned in footnote 2, an exception is Oelrich et al. (2023), who when combining density forecasts using
the linear opinion pool also let the weights depend on exogenous variables. Our BPS-RT model generalizes to consider
BPS combinations beyond the linear special case and to allow for nonlinearities in how the weight modifiers affect the
weights.

10



The same structure also holds for the ~;s, with the difference that the splitting rules controlling ,u;-y
pool exclusively over the cross-section and not over time (since the ;s are time invariant).
To see this pooling feature more clearly, consider a BPS-RT model that assumes By = 07
and features only a time-variant part «, for which the prior mean p? = (1], ..., u})" is defined by
¥

a single tree (S = 1) and by a single effect modifier in z] (that is, z] is a scalar with Ky = 1). In

this case, the prior on «y; can be written as:
(7) v = g T, ¢2) + /7] vj,  v; ~N(0,1).

If we now compute the difference between ~; and -, for distinct agents, j # m, and assume
that z; and z,, are similar, in the sense that both imply the same decomposition of the input space

and are thus located in the same terminal node of the tree, we end up with:
(8) (vj = ym) ~ N0, 7] +77,).

This equation implies that if the tree suggests that the characteristics between agents are so
similar that they are grouped together in the same terminal node, the same prior mean applies and
the difference between prior means will be zero. The presence of the prior scaling parameters T]'-Y and
T will then allow for data-based testing of whether that restriction should be strongly enforced or
not. Since both prior means would coincide, setting both T] and 7,, to values close to zero would
induce a clustering of ; and ~,, around g(z]|7?, @Y) = g(zm|Ts', d7). Hence, the choice of the prior
specified on the scaling parameter 7]7 is crucial in determining the clustering behavior of BPS-RT.

Another feature of our prior is that D adjusts her weights on the agents’ densities depending
on the (common) macroeconomic environment as captured by the weight modifiers, which might
include, as discussed, indicators of the state of the business cycle, measures of economic uncertainty,
or deterministic trends. For example, in turbulent times larger weights on component densities that
are far from Gaussian and feature, say, heavy tails might lead to better combined density forecasts.
Our approach can control for this, if supported by the data.

Note that we estimate the tree structures and the terminal parameters alongside all other

unknown parameters and therefore also specify priors for them. We follow here the recommendations

11



of Chipman et al. (2010) and discuss the remaining model and prior specification issues in detail
in Appendix A. This technical appendix also describes the MCMC methods used to estimate BPS-
RT. In summary, these MCMC methods are straightforward. They require a method for predictive
simulation from each individual model (to draw from each agent’s forecast density) and a method
for drawing from the regression-tree model conditional on the individual-agent draws. For BPS-RT

the algorithm is taken directly from Chipman et al. (2010).

2.3 Illustrating BPS-RT

We now explain how BPS-RT works and allocates combination weights using an illustrative toy
example. Assume that, unknown to D, the “true” data for y, are generated by the following

threshold model:

P1Yt—1 + cpayi—2 + oovy, fort =1,...,200
(9) Yt

CP1Yt—1 + payi—o + ogvy, for t = 201,...,350

where p; = 0.8,p2 = —0.8 and 09 = 1.2, yp = y1 =0, ¢ = 1/100, and 14 ~ N (0, 1).

Then, J = 2 agents predict y; as follows (these forecasts are one-step-ahead, h = 1):

(10) 21t ~ Y1t = N(prye—1, (1 — pi)ag),
(11) 2oy ~ yor = N(payi—2, (1 — p3)0p).

Both agents use forecasting methods with a different type of misspecification. The first
agent’s forecast is almost correctly specified for the first part of the sample, but the second agent’s
is substantially misspecified. In the second part of the sample this switches. We would hope that
BPS-RT, when combining these two misspecified densities, would put more weight on the first agent
when t < 200, then increase the weight on agent 2 when t > 200.

Notice that the structure of the data-generating process (DGP) implies that BPS-RW is
severely misspecified, since BPS-RW implies that the combination weights on the two agents evolve
smoothly over time. Our more flexible choice of synthesis function, (2), conditional on choosing

appropriate effect modifiers, as we shall show, is capable of accommodating the break at ¢t = 200.
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We consider three variables as weight modifiers. The first is a simple deterministic time trend,

B

2 e = t + 1, that is common to both agents. The remaining two effect modifiers are agent-

specific and measure historical forecasting performance. To capture historical point forecasting

performance, we consider each agent’s squared forecast error (SFE) as recursively computed at

B

time ¢ — 1 2y ;g = (Yt

— E(xjt|t_1))2 for j = 1,2. Then to measure past density forecasting
performance, we consider each agent’s continuous ranked probability score (CRPS).°

Our synthesis function is given by Eq. (2). To facilitate illustration of BPS-RT, we make
some simplifying assumptions. We set the time-invariant weights v = 0 and, for the prior on By41,
set the scaling parameters equal to zero so that the weights and prior means coincide, and we focus
on the single-tree case (S = 1). For expositional ease, we drop corresponding sub- and super-scripts

when there is no loss in meaning. Under these simplifying assumptions, the synthesis function,

similarly to (5), reduces to:

a(Yer1 | Tegape Zegpe, er1) =N (yt+1 ctr1 + 921 T, @) xreq1)e + 9(22| T, ¢)x2t+1|t701%+1) .

This equation shows that with the scaling parameters set equal to zero, we end up with a

BART model that assumes the weights depend nonlinearily on z; ;.

Figure 1: Illustration of BPS-RT.

(a) Decision tree of D (b) Combination weights over time
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Notes: As the weight modifiers, we use a simple linear time trend, SFE, and CRPS. Each oval box in panel (a) indicates the
terminal node parameter of a particular branch and the share (in percent) of observations belonging to this branch.

SIf F' is the c.d.f. of the forecast and y the subsequent realization, then CRPS(F,y) = [(F(z) — 1,3)%dz.
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Figure 1 depicts in panel (a) the estimated tree and in panel (b) the temporal evolution of the
estimated weights. We emphasize that these weights are in-sample estimates, that is, conditional
on data through 7" = 350.

The tree in panel (a) can be understood as follows. Let us start at the bottom of the tree.
We see five terminal nodes. Hence, we observe five groups/clusters that define the prior mean both
over time and across agents. Put differently, there are five “breaks” over time and across agents in
the prior mean.

How we pool is defined by the splitting rules. These are understood by turning to the top of
the tree. At the root (level 0), the SFE is used as a splitting variable. The threshold parameter is
1.8 and, hence, if the SFE in ¢t — 1 is larger than or equal to 1.8, we move down the left branch of the
tree. At the first level, the lagged CRPS shows up as the next threshold variable. If the CRPS is
smaller than 1.3, we end up in a terminal node and set the weight associated with an agent that has
an SFE greater than or equal to 1.8 and a CRPS smaller than 1.3 equal to E(3;;) = 0.054. These
conditions are fulfilled 21 percent of the time. By contrast, if the CRPS is greater than or equal
to 1.3, we drop down to the second level of the tree. In this segment, time shows up as a splitting
variable and if ¢ > 201, we assign a weight of 0.72. For ¢ < 201 we introduce a further splitting rule
that splits the sample once more by testing whether ¢ < 42. If this is the case a negative weight of
—0.062 is applied, whereas if 42 <t < 201 the weight is 0.15. If the past SFE is smaller than 1.8,
we end up in the right branch of the tree and assign a weight equal to 0.7.

Hence, the tree suggests that, first and foremost, D selects agents according to the past
performance of their forecasts, since both SFE and CRPS are identified in the estimated tree. Under
our DGP, this implies that weights dynamically update if a given agent issued a poor prediction
in the previous period without taking into account the past performance of her forecasts. To
understand how these decision rules translate into the actual evolution of model weights, panel (b)
shows the weights over time. These indicate that in the first part of the sample, Agent 1 receives
substantial weight, while Agent 2 receives relatively little weight. This makes sense, given that the
former is only mildly misspecified, whereas the latter features substantial model misspecification.
As expected, given the structural break in the DGP, D now overweights the second agent, whereas

the weight on Agent 1 is now much smaller.
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This simple exercise illustrates how D incorporates additional information (time and past
forecast errors in this case) to combine models. In general, though, the prior scaling parameters in
BPS-RT are greater than zero, and hence, the decision tree gives rise to prior expectations that, in
turn, inform the posterior estimates of the weights. Hence, if there is no relationship between the
weights and the weight modifiers, the resulting prior variance would be large and the weights would

follow a white noise process.

3 Two Macroeconomic Forecasting Applications

We investigate the performance of BPS-RT in two forecasting exercises. In the first application,
we combine predictive densities of GDP growth for the euro area (EA) produced by individual
professional forecasters participating in the ECB Survey of Professional Forecasters (SPF). Beyond
its intrinsic interest, this data set is a good testing ground for BPS-RT because it has been used
before when comparing alternative density forecast combination methods; see Diebold et al. (2023),
Conflitti et al. (2015), and Chernis (2023). Second, we forecast US inflation using a set of autore-
gressive distributed lag (ADL) regression models. This data set and model set has been used by
Stock and Watson (2003) and Rossi and Sekhposyan (2014), the latter using a similar ADL strategy
to create each of the agent’s forecast densities.

These two applications differ not only geographically and in terms of target variables, but also
in the number of agents and the nature of the forecast densities the agents provide. The EA GDP
growth application features a relatively small number of subjective, most likely judgment-informed,
forecasts (ECB, 2019) that are provided in the form of histograms (with J = 14). In contrast, the US
inflation application uses a large number of model-based predictive densities, which are continuous
and produced with distinct ADL regressions (with J = 56). Further details on the design of both
applications are provided in the subsequent sub-sections 3.2 and 3.3. Both applications’ evaluation
samples cover the global financial crisis, the euro area crisis, and the COVID-19 pandemic. Taken

together, these two applications enable a comprehensive assessment of BPS-RT.
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3.1 BPS-RT Specifications

We experiment with several different specifications of BPS-RT to draw out how density forecast
accuracy varies with the characteristics of the specific synthesis function used. In broad strokes, we
look at the importance of time variation, in both weights and volatility, the number of trees, and
the choice of weight modifiers. Accommodating temporal instabilities (for example, see Rossi, 2021)
is important in macro-modeling, and so is a natural subject of inquiry, while the number of trees
is an important aspect of specifying BART models. Being able to specify weight modifiers is an
attractive feature of BPS-RT and allows the combination weights to change based on information
exogenous to the individual agents but known to the BPS decision maker. Hence this is also a key
area of inquiry.

We accordingly investigate the following four specifications of BPS-RT distinguished by their
choice of weight modifier(s) and whether that choice introduces cross-sectional (which we label C)

or cross-sectional and time variation (which we label TC) in the combination weights seen in (2).

e BPS-RT(C): AVG.-SCORES: This specification uses as weight modifiers for the cross-
sectional varying coefficients (z;y) measures of each agent’s historical (ex post) forecast ac-
curacy. Specifically, to capture past point and density forecast accuracy, it considers model-
specific averages of the mean squared forecast errors (MSEs) and the CRPSs, respectively.
These averages are computed recursively to reflect information known only to D in real time
and could help the synthesis function distinguish between “good” and “bad” forecasters. This
specification assumes constant weights over a given estimation window, although the weights

are updated recursively through the evaluation period.

e BPS-RT(TC): EXO.-IND: This specification selects as weight modifiers application-specific
exogenous indicators. These vary over time but not over the cross-section, implying that
they are the same for each agent. These indicators are intended to provide a signal on
the state of the economy, prompting BPS-RT to re-weight the individual agents while si-
multaneously fostering a certain degree of synchronization among them. For example, dur-
ing periods of high economic uncertainty, financial stress, or elevated inflation expectations,

BPS-RT may weight a subset of models more heavily. In the EA SPF application, we use
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the European economic policy uncertainty (EPU) index of Baker et al. (2016), available via
https://www.policyuncertainty.com. In recessions, their uncertainty measure rises; so allowing
the combination weights to depend on uncertainty enables them to move with the business
cycle. In the US inflation application, we consider measures of inflation expectations and
financial conditions. Both variables have been considered in the inflation-at-risk literature
(Lépez-Salido and Loria, 2020). Specifically, we consider households’ one-year-ahead inflation
expectations from the University of Michigan survey and, as a broad measure of financial
conditions, the Chicago Fed’s national financial conditions index (NFCI). Both measures are
available from the Federal Reserve Bank of St. Louis (https://fred.stlouisfed.org). In our
empirical application, where we use a direct forecast design, we lag these exogenous indicators
by the forecast horizon h, to acknowledge the reality that we do not observe values for them
in a future period, t 4+ h, but only have information up to ¢. To catch any other time effects,

in both applications we also consider a time trend (t =1,...,T).

BPS-RT(TC): FEATURES: In addition to the scores discussed above, this specification
considers statistical “features” of each agent’s predictive density, known to D in real time.
Specifically, we consider the first four moments of each agent’s predictive density and the
cross-sectional dispersion of the agents. The latter is measured by the standard deviation
(at time t) across the J agents’ (models’) mean forecasts. Consideration of these features
allows the density combination weights, in effect, to cluster to reflect the marginal properties
of the individual forecasts and their disagreement. For example, it may well be that high
(ex ante) uncertainty forecasters should be weighted similarly. Besides these features, we
consider historical point and density forecast performance, measured by lagged MSEs and
lagged CRPSs. For this RT(TC) specification, it is noteworthy that both score measures are
used in such a way that the averages of these lagged scores impact the time-invariant part of

the weights -+, while the plain lagged scores impact the weights through the time-varying part
Bt

BPS-RT(TC): ALL: This specification includes all the previously discussed weight modi-

fiers. By looking at the weight modifiers individually, and adding features sequentially, we
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can assess the marginal benefit of each weight modifier.

For each of these four versions of the model, we consider models with SV and homoskedastic
errors and we allow the BART specification to either have a single tree (S = 1), leading to a Bayesian
regression-tree specification (see Chipman et al., 1998), or a large number of trees (S = 250), leading
to BART. In traditional Bayesian implementations using trees for nonlinear regression, such as
Chipman et al. (2010), it is generally found that increasing the number of trees, starting at S =1,
leads to an improvement in forecast performance. But this improvement tends to peter out when
the number of trees gets moderately large. The conventional wisdom is that the precise choice of
the number of trees is not that important, provided that too small a value is not chosen. This may
not be the case in BPS, since the data may prefer to have weights that are reasonably constant
over time and change only occasionally. Hence, we choose to focus on single-tree specifications
and BART to model the weights in BPS. As we shall see, we find that single-tree methods tend
to forecast more accurately. As benchmarks in the forecasting exercises below, we consider both

BPS-CONST and BPS-RW (as defined in Section 2.1.2).

3.2 Forecasting EA Output Growth Using the Survey of Professional Forecast-

ers

The ECB has been producing the SPF since 1999. The ECB SPF is the longest running EA survey
of macroeconomic forecasts. Each quarter, the survey elicits from a panel of professional forecasters
point and probability forecasts of EA inflation and GDP growth at various horizons.” We consider
the two-quarter-ahead forecasts of year-on-year EA GDP growth. On average, there are 50 responses
a quarter from a survey panel of over 100 professional forecasters.

There are a couple of features of the forecaster-level density forecasts from the ECB SPF that
we have to address in order to combine them. First, survey respondents provide their probability
forecasts over given (fixed) ranges. That is, they produce histogram rather than continuous density
forecasts. For example, in the 1999Q1 survey, forecasters were instructed to provide their probability
forecasts over 10 bins. The first bin was GDP growth less than 0 percent, with the bins then

increasing in intervals of 50 basis points, until the tenth bin of higher than 4 percent growth. To

"For a full description of the EA SPF, see Garcia (2003).
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accommodate the discretized nature of these probability forecasts, rather than fit a continuous
density to the histogram (that may or may not have a good fit), we use the histogram forecast
data “as is.” We do this by, within our BPS approach, drawing samples for each forecaster directly
from the histograms. Details of our algorithm, which involves a Metropolis-Hastings step, are
given in Appendix A.2. Our sampling approach changes over time to capture the fact that the bin
definitions have been moved over time. In particular, after shocks such as the global financial crisis
and COVID-19, the ECB shifted the bins to allow forecasters to say more about the probabilities
in what were, prior to the survey change, the extremes of the distribution. We also have to take
a stand on the open intervals at the bottom and top of the histogram. We set the end-points for
the histograms equal to the outer bin plus or minus (depending on whether we are at the top or
bottom of the histogram) two standard deviations of GDP growth, as estimated using the vintage
of GDP data available at the time the forecast was made.

Second, forecasters enter and exit the panel. This means that the panel is unbalanced. We
follow Diebold et al. (2023) in constructing the longest consistent panel possible by dropping fore-
casters who are regular non-responders and then filling in the occasional missing values for the
remaining forecasters. Specifically, we drop forecasters who have not responded for five or more
consecutive quarters. This results in a panel of 14 forecasters. Any missing forecast data for these
14 forecasters are estimated using a Normal distribution based on the unconditional distribution of
GDP growth as estimated in real time.?

We then take these 14 forecasters’ densities and carry out a recursive out-of-sample evaluation
of the alternative BPS specifications over the sample 2005Q2 through 2021Q1. To do this, we
first estimate the BPS combinations on a set of training samples that comprise a sequence of
expanding windows of GDP and density forecast data. The GDP data used in the training sample
are that vintage of GDP data available to the forecasters when they made their forecasts. The
first training sample uses forecasts from the five-year period targeting GDP outturns from 1999Q3
through 2004Q2. These forecasts are taken from the surveys administered between 1999Q1 and

2003Q4. Given its publication lags and our desire to approximate the information set available at

8We differ from Diebold et al. (2023) in two ways. First, they interpolate missing forecasts based on historical
performance. Second, we have a different number of forecasts because we use a different sample and we forecast GDP
growth instead of inflation.
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the time the SPF forecasts are publicly available, the GDP outturns required to estimate the BPS
synthesis function over this training sample are taken from the 2004Q4 vintage. This estimated
synthesis function then uses the 2004Q4 survey to forecast (out-of-sample) 2005Q2. The training
sample and vintage of GDP data are then extended by one quarter, and forecasts are produced
for 2005Q3. This process is continued until forecasts are produced for 2021Q1. This set of out-of-
sample BPS density forecasts is then evaluated against GDP outturns taken from the June 9, 2021

vintage.

3.3 Forecasting US inflation Using a Set of Indicators from FRED-QD

We follow Rossi and Sekhposyan (2014) and construct density forecasts of US inflation using a set
of autoregressive distributed lag (ADL) models. Each ADL model considers 1 of 27 indicators taken
from the FRED-QD data set (McCracken and Ng, 2021), which is commonly used when forecasting
macroeconomic aggregates such as inflation in the US. The selected indicators capture movements in
assets prices, measures of real economic activity, wages and prices, and money. This rich and diverse
set of economic indicators allows the ADL density forecasts of US inflation to display significant
heterogeneity. Table A.1 in the Appendix provides an overview of the variables used as exogenous
predictors and the transformations applied to ensure their stationarity.

We then use each of these ADL models to produce direct forecasts for quarter-on-quarter
consumer price (CPTAUCSL) inflation one-quarter-ahead (h = 1) and one-year-ahead (h = 4). Specif-

ically, for each indicator, x;;, for j = 1,...,27, we estimate the set of ADL models:

2
(12) Tish = Prt + it + €xpvhy  Exprn ~ N (0,07 141) 5

where m; is inflation, p, is the autoregressive coefficient, and o, denotes the coefficient related to
the ;' exogenous indicator.” We supplement these j = 1,...,27 models with a 28" model (the
AR(1) model) that sets z; = 0 in Eq. (12). We also allow a§7t+h, the error variance, to be both
time-varying and constant. Hence, we estimate 28 models both with and without SV, delivering,
in total, a set of 56 individual models whose density forecasts we then combine using BPS. All 56

models are estimated using standard Bayesian techniques. Details are provided in Appendix A.3.

9For notational ease, we do not use j subscripts to distinguish parameters in Eq. (12).
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We first estimate these models on a training sample from 1970Q1 to 1989Q4. We then iterate
forward using a rolling estimation window of 80 quarters to account for possible structural changes
in the US economy. The first ten years of forecasts (1990Q1 to 1999Q4) are used as a training
window to estimate the BPS synthesis functions. The combined forecasts are then assessed on the
evaluation sample 2000Q1 to 2022Q4. This evaluation period includes distinct economic periods
characterized by different inflation dynamics, including the dotcom crash, the global financial crisis,

the COVID-19 period, and the post-pandemic inflationary period.

3.4 Empirical Results

We break the empirical results into three parts presented in the following three sub-sections. First,
we evaluate the relative and absolute density forecast accuracy of BPS-RT. Second, we examine
why BPS-RT forecasts more accurately than the benchmarks by comparing features of their forecast
densities. Third, we demonstrate aspects of interpretability of BPS-RT by examining how BPS-RT
can be used to understand the role of model incompleteness, agent clustering, and the time-varying

importance of the different effect modifiers.

3.4.1 Forecast Accuracy

We evaluate forecast accuracy in several ways. We first evaluate the point (conditional mean)
forecasts, extracted from the combined densities, using the root mean squared forecast error (RMSE)
loss function. Second, we evaluate the full predictive densities. We emphasize evaluation of the
predictive densities rather than the point forecasts. Since the loss functions of forecast users tend
not to be quadratic — as the density forecast literature (see Aastveit et al., 2019) emphasizes — it is
always important to produce and evaluate complete probabilistic forecasts. We measure the relative
forecast accuracy of the forecast densities using two popular metrics: CRPS and a tail-weighted
CRPS. Both are loss functions that score the density forecast according to the realization that
subsequently materializes. CRPS evaluates the “whole” density, while tail-weighted CRPS focuses
on accuracy in the tails (Gneiting and Ranjan, 2011).1° We also test the absolute calibration of the

combined density forecasts using the Rossi and Sekhposyan (2019) test on the probability integral

°In the empirical appendix we follow Gneiting and Ranjan (2011) and break CRPS tails into their left and right
tails. See Figures B.1 and B.2 in Appendix B.
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transforms (PITs); and we assess the temporal stability of forecast performance using the fluctuation
test of Giacomini and Rossi (2010). The results of both these tests are summarized below, with full
results presented in Appendix B.

Figures 2 and 3 report the relative forecast performance of the different models in the EA GDP
growth and US inflation applications, respectively, using the RMSE, CRPS, and CRPS-tails loss
functions. Each row in these figures reports the relative (to the BPS-RW benchmark) performance
of the four BPS-RT specifications as differentiated by whether they use a single tree or 250 trees
and whether they have SV or homoskedastic errors. The four columns in the figures refer to which
set of weight modifiers is used.

Looking first at the RMSE panel in Figure 2 for EA GDP growth, we see little difference be-
tween the alternative BPS-RT specifications in terms of their point forecast accuracy. The accuracy
of the BPS-RT specifications also tends to be similar to that of BPS-CONST and BPS-RW, with
gains/losses in general only around 3 percent. This supports the stylized fact from the forecasting
literature that equal-weighted combinations of point forecasts are hard to beat (see Timmermann,
2006). Turning to US inflation (Figure 3), we do see in the RMSE panel that some of the tree-based
methods now improve upon the point forecast accuracy of both benchmarks and in a manner that
is statistically significant. Of particular note is the superior performance of the single-tree models,
which almost always outperform the more complicated 250-tree models. We discuss this finding
further below.

The CRPS panels in both Figures 2 and 3 reveal yet more of a payoff to using BPS-RT,
certainly relative to BPS-RW, when we evaluate the whole density. Many of the forecast accuracy
gains for BPS-RT are statistically significant. An implication of this finding is that BPS-RW’s
assumption that the combination weights follow a random walk is not supported by the data. But
BPS-CONST, especially when BPS allows for SV, remains competitive for EA GDP growth.

The CRPS and CRPS tail results echo those under RMSE loss in concluding that single-tree
structures, S = 1, are almost always preferred to S = 250. The fact that a single-tree model produces
more accurate forecasts contrasts with the conventional wisdom in the wider BART literature; see
Chipman et al. (2010). In our case, however, we model the weights, rather than the observed

outcomes, nonparametrically and hence the implied conditional mean relation (see Equation 5)
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introduces more restrictions relative to a standard BART model and hence lessens the risk of
overfitting.

While the benefits of allowing for SV are well established in the density forecast literature
(see Clark, 2011), allowing for SV in the BPS combination does not obviously improve the density
forecasts from BPS-RT. But recall, and we touch on this again below when showing that these models
in fact receive higher combination weights, in the US inflation application half of the components
models themselves allow for SV.

We now focus on comparing forecast accuracy across the first four columns of both Figures
2 and 3. This comparison reveals that the choice of weight modifier does affect forecast accuracy.
It is not always the case that using more weight modifiers delivers more accurate forecasts. The
benefit of different modifiers varies by application and by which row (which of the four BPS-RT
specifications) is consulted.

Finally, we summarize the results from both the PITs calibration tests and the fluctuation
tests. These results are reported in the online appendix for space reasons. The PITs plots (see
Figure B.10) show that the BPS-RT densities are well calibrated and especially so when forecasting
EA GDP growth or US inflation one-quarter-ahead. The fluctuation test of Giacomini and Rossi
(2010) reveals that there is temporal variation in the relative performance (under CRPS loss) of
the preferred BPS-RT model and BPW-RW. Results (see Figure B.9) indicate that the superior
performance of BPS-RT in the EA application is due to better forecasting performance toward the
end of the global financial crisis. For US inflation, the better accuracy of BPS-RT is explained by

its more accurate density forecasts in the post-lockdown inflationary period.
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Figure 2: Relative forecast accuracy: EA GDP growth.
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Notes: This figure shows root mean square error (RMSE) ratios, (unweighted) continuous ranked probability score (CRPS)
ratios, and a variant of quantile-weighted CRPS ratios that focuses on the tails. The gray shaded entries give the actual scores
of our benchmark (BPS-RW with homoskedastic error variances). Green shaded entries refer to models that outperform the
benchmark (with the forecast metric ratios below one), while red shaded entries denote models that are outperformed by the
benchmark (with the forecast metric ratios greater than one). The best performing model specification by forecast metric is
given in bold. Asterisks indicate statistical significance of the Diebold and Mariano (1995) test, which tests equal forecast
performance for each model relative to the benchmark, at the 1 (***), 5 (**), and 10 (*) percent significance levels.
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Figure 3: Relative forecast accuracy: US inflation.
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(b) One-year-ahead (h = 4)
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Notes: This figure shows root mean square error (RMSE) ratios, (unweighted) continuous ranked probability score (CRPS)
ratios, and a variant of quantile-weighted CRPS ratios that focuses on the tails. The gray shaded entries give the actual scores
of our benchmark (BPS-RW with homoskedastic error variances). Green shaded entries refer to models that outperform the
benchmark (with the forecast metric ratios below one), while red shaded entries denote models that are outperformed by the
benchmark (with the forecast metric ratios greater than one). The best performing model specification by forecast metric is
given in bold. Asterisks indicate statistical significance of the Diebold and Mariano (1995) test, which tests equal forecast
performance for each model relative to the benchmark, at the 1 (***), 5 (**), and 10 (*) percent significance levels.
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3.4.2 Properties of the BPS-RT Density Forecasts

In this section we examine how and why BPS-RT forecasts more accurately. We focus on the best
performing (most accurate) model in each application and compare its forecast densities to those
of the benchmark model, BPS-RW.!!

Figure 4 shows a heat map of the difference in probabilities, in intervals of 1.5 percentage
point for EA GDP growth and of 1 percentage point for US inflation, between BPS-RT and BPS-
RW. Green (red) shading indicates that BPS-RT adds (subtracts) probability relative to BPS-RW
in that interval. This is the approach pioneered by Diebold et al. (2023) as a way of visualizing the
differences between competing density forecasts.'?

Panel (a) of Figure 4 shows that, in general, BPS-RT predictions are less dispersed than
BPS-RW with more mass near the subsequent outcomes. Additionally, the BPS-RT density adds
probability to low GDP growth outturns prior to the financial crisis and also forecasts higher growth
than BPS-RW in both the post-global financial crisis recovery and the rebound from the COVID-
19-induced recession.!® Panels (b) and (c) of Figure 4 show the analogous plots for US inflation.
Similar to panel (a), BPS-RT places more mass closer to the outturn and produces forecasts that
are, in general, less disperse. Moreover, BPS-RT adjusts much more quickly to the increase in
inflation post-pandemic, both one-quarter- and one-year-ahead, attributing a higher probability to
these outturns than BPS-RW. Consistent with the evidence in Rossi and Sekhposyan (2014) that
combinations of predictive densities for US inflation appear to be approximately Gaussian, the
inflation forecast densities from BPS-RT also tend to be symmetric (see Figure B.13 in the online
appendix), although there is clear evidence of a spike in downside risks in 2011, a time when the

Fed was engaged in quantitative easing to combat deflation threats.

1 As seen from Figures 2 and 3, in the EA GDP growth application, the “best” BPS-RT specification has a single
tree and SV and uses average scores as effect modifiers (i.e., RT(C): AVG.-SCORES). For the US inflation application,
the “best” BPS-RT specification has a single tree, homoskedastic errors, and the full set of weight modifiers (i.e.,
RT(TC): ALL).

12For an alternative but complementary visualization, Figure B.12 in Appendix B shows the temporal evolution
of the underlying density forecasts from BPS-RT and the benchmark BPS-RW model over the EA and US evaluation
samples.

13As shown in Figure B.13 in the online appendix, in moving the probability mass from the centers to the left
tail of the forecast density, BPS-RT captures asymmetries in the forecast densities. While there is some evidence
of heightened downside risk asymmetries to GDP growth in the course of the financial crisis, consistent with the
growth-at-risk literature (Adrian et al., 2019), the evidence for negative skew is stronger still during the COVID-19
pandemic.
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Figure 4: Difference in probabilities between BPS-RT and BPS-RW
(a) EA GDP growth
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(c) One-year-ahead US inflation (h = 4)

Notes: This figure shows the difference in probabilities between the best performing BPS-RT model (in terms of CRPS) and
BPS-RW. We define a grid of possible values for EA GDP growth ranging from —15 percent to 15 percent with increments of
1.5 percent, while we define a grid of possible values for US inflation ranging from —10 percent to 10 percent with increments
of 1 percent. Green (red) shaded cells indicate that the best performing model adds (subtracts) probability relative to the
benchmark in the respective region.
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3.4.3 Interpretation: A Deeper Dive into the Mechanics of BPS-RT for US Inflation

This section discusses how D can interpret the combined forecasts from BPS-RT. In so doing we
continue to focus on the preferred BPS-RT specification in the US inflation application, not least
because this is where we observe greater differences across the competing combination strategies.
We first show how to quantify the degree of model set incompleteness, as a way of assessing how
well the agents (the J forecasting models) that BPS-RT is combining are actually able to forecast.
Second, we assess the relative importance of individual weight modifiers in driving BPS-RT.

To measure model set incompleteness we compute an R?-type measure. This estimates the
proportion of the variation in g4, that is explained by the J agents. This measure is computed, for
a specific period in the evaluation sample, as the ratio between the variation in the conditional mean
in Eq. (2) explained exclusively by the BPS-RT component — which is the conditional mean in Eq.
(2) without the time-varying intercept ¢;1; — and the overall variation of the target variable, y;,p.
R? values close to zero signify a high degree of model incompleteness, which means that the agents’
forecasts are not informative about the target variable. Instead, the intercept and error term in
the BPS synthesis function, Eq. (2), explain a large portion of the total variation. In contrast, R?
values close to one indicate that the agents’ forecasts are informative and account for the majority
of the variation, implying a complete model space.

Figure 5 plots this R?-type estimate over the evaluation sample. Given that it is computed
recursively, quarter-by-quarter, it experiences some volatility. But Figure 5 still evidences mean-
ingful temporal variations in the degree of model set incompleteness at both forecast horizons. We
see higher model incompleteness for the one-year-ahead forecasts than for the one-quarter-ahead
forecasts. This is not surprising, as producing longer-horizon forecasts is obviously more difficult.
At both horizons, we see increases in model incompleteness during the period 2004-2008, a time of
extreme oil price volatility as well as the global financial crisis and in the disinflation period after
the 2015 oil price shock.

Interestingly, there is no clear evidence of an increase in model incompleteness during the
post-pandemic rise in inflation, reinforcing the message from Figure 4 that BPS-RT was better able

to anticipate the 2021 rise in US inflation.
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Figure 5: Measuring model incompleteness: US inflation

(a) One-quarter-ahead (h = 1) (b) One-year-ahead (h = 4)

Notes: This figure shows the evolution of the model incompleteness measure over time. For each quarter in the evaluation
sample this measure is computed for our preferred specification (homoskedastic BPS-RT(TC) : ALL with a single tree) as the ratio
between the variation explained exclusively by the BPS-RT part (i.e., the conditional mean without the time-varying intercept)
and the total variation, which thus can be interpreted as an R? measure. The green solid lines represent the posterior median
of this incompleteness R?, which is bounded between zero and one. Values close to zero suggest that model incompleteness, as
measured by the time-varying intercept and the error variance in Eq. (2), plays an important role, while values close to one
indicate that the BPS-RT part explains most of the variation.

We now turn to assessing the relative importance of the individual weight modifiers in driving
the density forecasts from BPS-RT. We do so by looking first at the number of tree splits and then
by calculating inclusion probabilities for each weight modifier. Inclusion probabilities are calculated
as the number of splits associated with the respective weight modifier divided by the total number of
splits. For space reasons, we focus our discussion on Figure 6, which examines the weight modifiers
for forecasting US inflation one-quarter-ahead. Analogous results forecasting inflation one-year-
ahead are reported in Figure 7 and summarized below when the conclusions differ markedly from
those discussed in greater detail for the one-quarter-ahead forecasts.

We start in panel (a) of Figure 6 by plotting the evolution of the total number of tree splits
over the evaluation sample. This panel indicates whether variability in the combination weights
comes from the time-varying (3;;11) or constant component (v;) of BPS-RT. Panel (a) reveals that
BPS-RT tends to select a relatively small number of tree splits, especially for the time-invariant
weights. Typically for «; we observe that the posterior mean of the number of tree splits lies
between 0.52 (lower quartile over the evaluation sample) and 1.15 (upper quartile, with a few more
exceptions in the upper tail), while the average over the evaluation sample is 1.28. On the other
hand, the posterior mean number of tree splits for the time-varying weights, §;;1, ranges from

1.08 to 1.68 (indicating the interquartile range) and has an average of 1.59 over the evaluation
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Figure 6: Number of tree splits for BPS-RT (S = 1) and relative importance for each weight
modifier for US inflation: One-quarter-ahead forecasts

(a) Number of (total) tree splits: Time-invariant and time-varying weights
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(b) Time-invariant weights: Two weight modifiers and their relative importance
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(c) Time-varying weights: Ten weight modifiers and their relative importance
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Notes: Panel (a) shows the evolution of the total number of tree splits over time, while panels (b) and (c) show the marginal
importance of each weight modifier for each quarter in the evaluation sample. Relative importance is defined as the share of
the total number of splits. For each quarter in the evaluation sample, we obtain the posterior mean for these measures for our
preferred specification (homoskedastic BPS-RT(TC) : ALL with a single tree). For the exogenous indicators and the MSE/CRPS
scores, (t — h) indicates that these measures are lagged by the forecast horizon h, while all other measures can be included
contemporaneously.
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sample. To place these numbers in the context of a single-tree split on, for example, ~; indicates
that the combination weights tend to cluster around two distinct prior means. With this in mind, we
interpret the results in panel (a) as showing that the combination weights often fall into a handful
of clusters that are more likely to be determined by time-specific factors. However, the number of
splits is modest, so the weights are relatively stable over time. This finding is consistent with the
density forecast combination literature that finds that constant weight combinations can forecast
well (see, for example, Chernis, 2023).

Panels (b) and (c) of Figure 6 then show the inclusion probabilities for each of the constant
and time-varying weight modifiers. Panel (b) shows the inclusion probabilities for the weight mod-
ifiers (CRPS and MSE) used to model the time-invariant combination weights. Neither CRPS nor
MSE is obviously more important. Both weight modifiers receive positive and often fairly similar
probabilities of inclusion. This implies that BPS-RT does partition models on the basis of their
historical forecast accuracy.

Panel (c) of Figure 6 shows the importance of both time-varying weight modifiers. The first
thing to notice is that there is much more sparsity in terms of the weight modifiers BPS-RT selects.
In the first half of the evaluation sample, we see that features of the individual density forecasts
drive the posterior inclusion probabilities. Specifically, we see that the moments of the marginal
densities and CRPS, lagged by the forecast horizon h, are selected. But in the second half of the
evaluation sample, we see the largest proportion of tree splits attributed to the NFCI during and
immediately after recessions. The Michigan survey expectations measure also receives more weight
after the financial crisis. This is evidence that nonlinear features of BPS-RT are driven by weight
modifiers related to the business cycle. In other words, our BPS-RT model finds that the data
support changing the combination weights abruptly with business cycle fluctuations. Finally, the
time trend receives a higher weight in the post-COVID period of higher inflation seen in 2021 and
2022. This finding indicates that this inflationary episode — unprecedented within the sample
—— requires a substantial and rapid adjustment of the combination weights. These required weight
dynamics cannot be fully captured by the business cycle weight modifiers. Instead, a time trend (or,
more precisely, a time dummy) is ideal for modeling such a regime shift from low to high inflation

during this exceptional period.
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Finally we summarize the properties of the posterior median estimates of the combination
weights that are plotted over the evaluation sample in Appendix B. We draw out two conclusions
for the combination weights estimated when forecasting US inflation one-quarter-ahead (see Figure
B.4). First, BPS-RT places more weight on those component models with SV, especially toward
the end of the evaluation sample. This corresponds to the period when BPS-RT outperforms the
BPS-RW benchmark (see Figure B.8).

Second, among these SV models only a subset receives large, in absolute value, weights.
This indicates that there is some pay off, in terms of forecast accuracy, to occasionally placing a
significantly higher weight on a small subset of models. Interestingly, some models get large negative
weights. This amounts to short-selling those models as a “hedge” against the models with higher
weights. A roughly similar pattern is seen for the one-year-ahead forecast combination weights seen
in Figure B.5.1

While this subsection has focused on the US inflation application, we end by returning briefly
to the EA GDP growth forecasting application. Figure B.3 in Appendix B, shows that the com-
bination weights on most individual forecasters from the ECB SPF are, as anticipated given our
earlier results, closer to equal than in the inflation application, where there was greater sparsity in
the weights. This said, we do still see higher weights on a couple of experts (forecasters 6 and 14).
We take this contrasting evidence across the two applications as empirical proof that BPS-RT is
sufficiently flexible to adjust to forecasting scenarios that exhibit different dependence structures

between the agents’ forecasts.

4 Conclusion

Within the general BPS framework of McAlinn and West (2019), this paper develops a method
for nonparametric density forecast combination using regression trees: BPS-RT. While a handful
of papers use nonparametric techniques to combine densities, ours is the first to use regression

trees. In contrast to most applications of regression trees we model the coefficients, in our case

l4Fjgure B.6 in the online appendix provides additional perspective on the temporal stability of the combination
weights by plotting their sum over the evaluation sample. We see that when forecasting US inflation this sum becomes
negative during the global financial crisis, indicating how BPS-RT is re-weighting most agents’ densities in the face
of temporal instabilities. The sum of the weights also spikes upward during the 2021-22 inflationary episode, again
indicating how BPS-RT can quickly adapt to temporal change.
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Figure 7: One-year-ahead horizon: Number of (total) tree splits for our single-tree models and
relative importance for each effect modifier.

(a) Number of (total) tree splits: Time-invariant versus time-varying part
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Notes: Panel (a) shows the evolution of the total number of tree splits over time, while panels (b) and (c) show the marginal
importance of each weight modifier for each period in the evaluation sample. Relative importance is defined as the share of
the total number of splits. For each period in the evaluation sample, we obtain the posterior mean for these measures for our
preferred specification (homoskedastic BPS-RT(TC) : ALL with a single tree). For the exogenous indicators and the MSE/CRPS
scores, (t — h) indicates that these measures are lagged by the forecast horizon h, while all other measures can be included
contemporaneously.
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the combination weights, instead of the variables using the regression trees. We show how this
aids interpretation, since the combination model remains linear in the parameters. Additionally,
regression trees use covariates, or weight modifiers, to drive changes in parameters, in contrast to
conventional BPS applications where model parameters follow a random walk. Taken together, our
approach is flexible but retains interpretability through linearity and the use of weight modifiers. We
explain how BPS-RT can be used to understand the role of model incompleteness, agent (forecast)
clustering, and the time-varying importance of the different weight modifiers.

We test the performance of BPS-RT in two different applications — combining model-based US
inflation density forecasts and subjective histogram-based forecasts of euro area GDP growth. We
find that, across both applications, BPS-RT forecasts well in terms of both relative and absolute
accuracy. Interestingly, and in contrast to standard BART applications, we find that using a
parsimonious single-tree specification outperforms models with more trees. Inspecting the best-
performing specification, we observe that this superior performance is due to less disperse forecast
densities and BPS-RT’s ability to better accommodate the shocks associated with the global financial
crisis (in the GDP application) and COVID-19 (in the inflation application). Our proposed measure
of model set incompleteness suggests that BPS-RT is able to capture much of the post-COVID rise in
inflation. Triggered by a rise in the relative importance of the time trend in determining tree splits,
itself highlighting the unusual nature of this inflationary period, BPS-RT also shifts its combination
weights toward component models with SV. This contrasts with the prior period of lower inflation,
when the business cycle indicators were found to be more important weight modifiers.

Future lines of research could involve investigating, in other forecasting applications and
contexts, the usefulness of different sets of weight modifiers and the implications for weight structure.
For instance, this could draw on the ability of BPS-RT, via its choice of weight modifiers, to capture
general patterns of cross-sectional dependence between competing agents’ probabilistic forecasts.
Additional structure could be given to the clustering by, for example, letting the combination
weight on a given individual agent’s density forecast depend not only on characteristics of her own

forecast (such as its mean or variance) but on characteristics of the other agents’ forecasts.
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Online Appendix

A Technical Appendix: Bayesian Inference

Before we start discussing the modeling choices, and the prior and the posterior sampler in detail,
we introduce a bit of additional notation to simplify the exposition.

We can rewrite Eq. (2) as a standard TVP regression:
(A.1) Yt = Ct + Y ®yop + Bixy—p, + o, v ~ N(0,1).
The priors on v and B; can be written in the form of multivariate Gaussian distributions:

¥~ N(W(27), V),

B~ N (2, ), V7).

Here, ;7(Z7) and p (Zﬁ ._p) are both prior mean functions of dimension J and V" =

diag(r{*,...,7}) for n € {v,8}. The weight modifiers are stored, respectively, in a (J x K,)

matrix Z7 with typical row z;y and in a (JT x Kg) matrix Z° = (zf,...,z?)’, with zf =

B 8 -
(zlt\t*h’ T ’th|t7h)7 t=1,...,T.
Notice that the prior on stacked 3 = (B),...,3}) can be written as a JT—dimensional

Gaussian distribution:

B~ N (Z2°),Ir 0 VP),

where the prior mean function p?(Z?#) is now also of dimension JT.

A.1 Additional Details about Our Modeling Choices and Priors

In this sub-section we provide additional details about our hierarchical prior setup used for v and
the time-varying part, B3, of the weights. In both cases, the prior mean functions, u?(Z7) and
uﬁ(zf ), are approximated by tree functions (see Eq. 6), while the prior variances — which define
the degree of shrinkage toward these prior means — are modeled with a horseshoe (HS, Carvalho

et al., 2010) prior. In addition, we sketch the law of motion and modeling choices for the time-



varying intercept and time-varying variances in Eq. (A.1), both of which capture the idea of model

incompleteness.

Tree functions to approximate the prior mean. We closely follow here the suggestions of
the Bayesian additive regression tree (BART) literature (Chipman et al., 1998, 2010) and use a
similar prior setup for our tree structures 7. and terminal node parameters ¢? for n € {3,~}.
To generate the tree function, Chipman et al. (1998) and Chipman et al. (2010) suggest using a

stochastic process of the following form:

1. Prior on the tree structure 7). Impose a decreasing probability of growing more complex

trees and that a terminal node is non-terminal. This probability is assumed to be

o
(1+ )’
for a particular terminal node at depth ¢, with the hyperparameters ¢yg = 0.95 and ¢; = 2
being two values that have been shown to be reasonable choices in much of the literature using
Bayesian (additive) tree models. Chipman et al. (2010) show that this choice works well even for
single-tree models. Morever, for each splitting rule at each node, Chipman et al. (2010) propose
a prior that is agnostic about the choice of the specific splitting variable and propose a natural
default choice, which is to use a uniform prior on the splitting variables, treating each variable

as equally likely to be used in a splitting rule.

2. Prior on the terminal node parameters ¢ . We use a Gaussian prior for the terminal
node parameters. For a typical element in ¢, that is
?,s ~ N((): CQ/S)a
where cy refers to a shrinkage parameter and S to the number of trees. It is worth noting that
— to avoid overfitting — the prior variances for these terminal parameters are scaled down by

the number of trees and become tighter, so that each individual tree explains only a tiny fraction

within the additive sum-of-tree function.



Shrinkage toward the prior mean through the horseshoe prior. The horseshoe prior

amounts to setting the scaling parameters as follows:
TP =N, A~ Ct(0,1), Py~ C*(0,1), for n € {v, B},

with C*(0,1) denoting the half-Cauchy distribution. The key feature of this prior is that A"
serves as a global shrinkage parameter that pulls all weights toward the prior mean, whereas w;l
allows for agent-specific deviations from this common pattern. Another representation of this prior,
which simplifies posterior sampling enormously, is based on introducing inverse Gamma distributed

auxiliary variables (see Makalic and Schmidt, 2015):

AC ~ GTHL/2,1/9™), "~ GTH(1/2,1),

Viw) ~ G L/2,1/w)), @) ~GTH(1/2,1).

This representation is convenient since — when combined with the likelihood — it gives rise to a
simple Gibbs sampling step that involves only inverse Gamma full conditionals (see Sub-section A.2

below).

Controlling for model incompleteness. A time-varying intercept ¢; and time-varying variances
o2 both control for model incompleteness. The fact that both are potentially time-varying gives
additional flexibility in the degree of model set incompleteness (as outlined in Sub-section 2.1.2).
The time-varying intercept follows a random walk (RW) law of motion with the state equation given
by

¢t = c—1+ Mg, Ner ~ N(O, a?),

where 02 denotes the state innovation variance. To discipline ¢;, we use a relatively tight Gamma
prior on ¢2 and strongly push the state innovation variance toward a small positive value close to
zZero.

The error variances o7 in Eq. (1) can be time-varying or constant. The time-varying case is



given by:

(A.2) G = He + Ppe(Si—1 — He) + ety Ny ~ N(0,02),

with pc denoting the unconditional mean, p¢ the persistence parameter, and 0? the state innovation
variance of the log-volatility process. For SV we follow Kastner and Frithwirth-Schnatter (2014) and
assume a Gaussian prior on pc ~ N(0,10%), a (transformed) Beta prior on (p. +1)/2 ~ B(5,1.5),
and a Gamma prior on a? ~ G (0.5,0.5). Moreover, for the case of homoskedastic errors, we assume

an inverse Gamma prior on o2 ~ iG(0.01,0.01).

A.2 Posterior Simulation

The prior discussed in the previous section can be combined with the likelihood to derive the full
posterior over all unknown quantities in our model. Since this joint density is untractable, we use
Markov chain Monte Carlo (MCMC) methods to carry out posterior simulation. In what follows,
we let @ be generic notation that indicates that we condition on all other parameters/states of the
model.

We start the discussion of our posterior sampler by first describing how we estimate the latent
quantities that enter the synthesis function. This includes the static and dynamic weights, the error
variances, the latent trend components, and the agent-specific forecasts.

Sampling from {p(c;|e)}’_,. We sample the full history of the random walk intercept term
conditional on all other unknowns in the model using a forward-filtering backward-sampling (FFBS)

step (Carter and Kohn, 1994). This is achieved by noting that

(A.3) Yt — Y To—p — BiZyp—p =t + o1k,

yt%ﬁ

is a standard unobserved components model with heteroskedastic shocks.

Sampling from p(v|e). The time-invariant weights are sampled from a J-dimensional Gaus-



sian full conditional posterior distribution:
(A.4) Yo ~ N(7, V),
with moments given by:

V = (X'sT'X + (V) H
7=V (X5 () (2)).

2

! Y = diag(0?,...,0%) and y”¢ is a T-dimensional

where X is a T' x J matrix with /" row Ty

vector with typical element y; — Bixyi—p, — ct-
Sampling p(B|e). The dynamic regression coefficients are simulated by writing the model in

static form. The static form of the model reads:
(A.5) Y =Wg+v, v~N0OpX),

where y7¢ is T x 1 and has typical element y; — +/ Zyp—p — ¢ and Wis a T x T'J-dimensional

block diagonal matrix with W = bdiag(a:’1|1_ o 15 Under this static representation, the

"w/T\T—h)'

posterior of 3 takes a standard form and is multivariate Gaussian:
(A.6) Ble ~ N(B, V"),

with posterior covariance matrix and mean vector given by, respectively:

VP = (W’E*lw + (It ® Kﬁ)*l) - ;

B=v" (W’Zfly"*’C + (It ® K’B)*l,wg(Zﬁ» :
This distribution is high dimensional even for moderate values of J and we thus use the

efficient sampler outlined in Hauzenberger et al. (2022).

Sampling from p(a%, cee a%\o). We sample the log-volatilities and associated state equation

150Observations —h, ..., 0 refer to a part of the sample that we use to initialize our models.



parameters using the algorithm outlined in Kastner and Frithwirth-Schnatter (2014). This step is
implemented in the R package stochvol.
Sampling from {p(x,;_|e)}/_;. We draw from {p(z;_p|®)};_; on a t-by-t basis. The time

t full conditional posterior of x; is given by:

p(mt|t—h’.) oc N (et + ’Y/wt\t—h + ﬂgmﬂt—h? UtQ) H th($jt\t—h)7
j=1:J
which, unless the agent densities 7j¢(7;y¢—j) are Gaussian, takes no well-known form. In our
applications, the agent densities do not have analytical representations. For example, the ECB-
SPF elicits histograms from survey respondents and in the US application the available forecasts
are predictive draws based on model-specific Gibbs samplers. Accordingly, we sample x; using an
adaptive Metropolis Hastings step (see, e.g., Roberts and Rosenthal, 2009). This step proposes

:pf| ., from a mixture of Gaussian distributions:
(A?) a}'r'tih ~ (1 - H)N(mﬂt,h, (238)2th/J) + HN(wﬂt,h, (01)2IJ/J)

where x = (0.05 is a small constant and th /J is the empirical covariance matrix of the target
distribution based on the first m draws. Since this algorithm learns the proposal, it can quickly
adjust to cases where the agent densities are non-Gaussian, feature multiple modes, or are heavy
tailed.
Next, we discuss the steps involved in sampling the parameters of the priors on the weights.
Sampling from p(7",..., 78, @7, ..., p%le) for n € {7, 5}. We sample the tree structures
and the terminal node parameters using the algorithm proposed in Chipman et al. (2010). This

algorithm is applicable since, conditional on v and 3, the corresponding priors can be interpreted

as regression models. For instance, in the case of 3 notice that:

S
(A-8) Biv=>_ g(ZHTL ¢8) + lvit,  vje ~N(0,1),

s=1



which, in stacked form, can be written as:

S
(A.9) B=>_g(Z°IT!, ) +7r, v~N(Or;, Ir VP

s=1

Equation A.9 is a standard BART regression with latent responses and heteroskedastic errors.
For ~, a similar regression representation can be derived.

Sampling from p(7{',...,7}|e) for n € {7,B}. The scaling parameters are obtained us-
ing the algorithm described in Makalic and Schmidt (2015). This algorithm involves only inverse
Gamma distributions and, for brevity, we do not discuss them in detail here.

These steps form our MCMC algorithm. In all our empirical work we iteratively sample from
the different full conditionals to obtain draws from the joint posterior of the coefficients and the
latent states. Based on these draws, we back out the predictive distribution as described in the
main text through Monte Carlo integration. That is, after obtaining a draw from the posterior, we
use this draw to forecast y;~. This is done for every draw, leading to a posterior distribution over
future values y+. In all our empirical work, we repeat this 12,500 times and discard the initial
2,500 draws as a burn-in. We subsequently keep every second draw, yielding a total of 5,000 draws

from the joint posterior distribution.

A.3 ADL Model Estimation

Our US inflation forecasting exercise involves Bayesian estimation of ADL models involving different
explanatory variables. Table A.1 provides an overview of the 27 variables each used as an exogenous
predictor in Eq. (12) and also highlights (in bold type face) the target variable.

To estimate these ADL specifications, we use standard Bayesian non-conjugate regression
techniques with posteriors of standard form. The non-conjugate priors are weakly informative. We
center both p, and o, in Eq. (12) on a prior mean of zero and assume a prior variance of 100. For the
case of homoskedastic errors, we assume an inverse Gamma prior on afr,t ip = 02 ~iG(0.01,0.01),
while for SV we essentially use the setup sketched in Appendix A.1 (see Eq. A.2). However, non-
conjugacy (and SV in particular) leads to predictive densities for which there is no closed-form

solution. Therefore we use MCMC methods and predictive simulation.



Table A.1: List of variables used for the autoregressive distributed lag (ADL) specifications.

Mnemonic Description Transformation
GDPC1 Real Gross Domestic Product 100 x Alog
PCECC96 Real Personal Consumption Expenditures 100 x Alog
FPIx Real private fixed investment 100 x Alog
GCEC1 Real Government Consumption Expenditures and Gross Investment 100 x Alog
INDPRO Total index Industrial Production Index 100 x Alog
CUMFNS Capacity Utilization: Manufacturing (SIC) none
PAYEMS Emp:Nonfarm All Employees: Total nonfarm 100 X Alog
CE160V Civilian Employment 100 X Alog
UNRATE Civilian Unemployment Rate A
AWHMAN Average Weekly Hours of Production and Nonsupervisory Employees: Manufacturing Hours none
CES0600000007 Average Weekly Hours of Production and Nonsupervisory Employees: Goods-Producing A
CLAIMSx Initial Claims 100 X Alog
GDPCTPI Gross Domestic Product: Chain-type Price Index 100 X Alog
CPIAUCSL Consumer Price Index for All Urban Consumers 100 x Alog
PPIACO Producer Price Index for All Commodities 100 X Alog
WPSID61 Producer Price Index by Commodity Intermediate Materials: Supplies & Components 100 X Alog
WPSID62 Producer Price Index: Crude Materials for Further Processing 100 x Alog
COMPRNFB Nonfarm Business Sector: Real Compensation Per Hour 100 x Alog
ULCNFB Nonfarm Business Sector: Unit Labor Cost 100 X Alog
CES0600000008 Average Hourly Earnings of Production and Nonsupervisory Employees 100 x Alog
FEDFUNDS Effective Federal Funds Rate A
BAA10OYM Moodys Seasoned Baa Corporate Bond Yield Relative to Yield on 10-Year Treasury none
GS10TB3Mx 10-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, secondary market none
CPF3MTB3Mx 3-Month Commercial Paper Minus 3-Month Treasury Bill, secondary market none
M2REAL Real M2 Money Stock 100 x Alog
BUSLOANSx Real Commercial and Industrial Loans, All Commercial Banks 100 X Alog
CONSUMERx Real Consumer Loans at All Commercial Banks 100 X Alog
S.P.500 S&Ps Common Stock Price Index 100 x Alog

Notes: The variable in bold refers to the target inflation series.



B Empirical Appendix: Additional Results

This empirical appendix contains supplementary results as referenced in the main paper. It is
structured as follows. Section B.1 reports left and right tail CRPSs. Section B.2 presents the
combination weights. Section B.3 presents the cumulative CRPS statistics. Section B.4 presents
the fluctuation tests. Section B.5 presents the PITs tests. Section B.6 presents results showing
how we can draw out the degree of shrinkage implied by BPS-RT. Section B.7 plots the predictive

densities in both applications and examines their skewness.

B.1 Tail forecast accuracy

Figure B.1: Relative tail forecast accuracy: EA GDP growth.
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Notes: This figure shows two variants of quantile-weighted CRPS ratios, one focusing on the left tail and the other on the right
tail. The gray shaded entries give the actual scores of our benchmark (BPS-RW with homoskedastic error variances). Green
shaded entries refer to models that outperform the benchmark (with the forecast metric ratios below one), while red shaded
entries denote models that are outperformed by the benchmark (with the forecast metric ratios greater than one). The best
performing model specification by forecast metric is given in bold. Asterisks indicate statistical significance of the Diebold and
Mariano (1995) test, which assumes equal forecast performance for each model relative to the benchmark, at the 1 (***), 5 (**),
and 10 (*) percent significance levels.



Figure B.2: Relative tail forecast accuracy: US inflation.

(a) One-quarter-ahead (h = 1)
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(b) One-year-ahead (h = 4)
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Notes: This figure shows two variants of quantile-weighted CRPS ratios, one focusing on the left tail and the other on the right
tail. The gray shaded entries give the actual scores of our benchmark (BPS-RW with homoskedastic error variances). Green
shaded entries refer to models that outperform the benchmark (with the forecast metric ratios below one), while red shaded
entries denote models that are outperformed by the benchmark (with the forecast metric ratios greater than one). The best
performing model specification by forecast metric is given in bold. Asterisks indicate statistical significance of the Diebold and
Mariano (1995) test, which assumes equal forecast performance for each model relative to the benchmark, at the 1 (***), 5 (**),

and 10 (*) percent significance levels.
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B.2 Combination Weights

Figure B.3: Combination weights over the evaluation sample: EA GDP growth
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Notes: This figure shows the posterior median of the combination weights, (v; + 8j¢4r), for each of the 14 SPF forecasters.
Green (red) shaded cells indicate that calibration parameters are above (below) zero. The top panel corresponds to our preferred
BPS-RT specification, while the bottom panel corresponds to the benchmark.
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Figure B.4: Combination weights over the evaluation sample: One-quarter-ahead US inflation
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Notes: This figure shows the posterior median of the one-quarter-ahead combination weights, (v; + Bj¢41), for each of the 56
ADL model variants. Green (red) shaded cells indicate that weights are above (below) zero. The top panel corresponds to our
preferred BPS-RT specification, while the bottom panel corresponds to the benchmark.
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Figure B.5: Combination weights over the evaluation sample: One-year-ahead US inflation (h = 4)
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Notes: This figure shows the posterior median of the one-year-ahead combination weights, (v; + 8;¢+1), of the best performing
model parameters for each of the 56 ADL model variants. Green (red) shaded cells indicate that weights are above (below) zero.
The top panel corresponds to our preferred BPS-RT specification, while the bottom panel corresponds to the benchmark.
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Figure B.6: Sum of combination weights over the evaluation sample
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Notes: This figure shows the posterior median of the sum of the combination weights, Zle('yj + Bjt+n), for the models shown

in Figures B.3, B.4 and B.5. Green (red) shaded cells indicate that the overall sum of weights is above (below) zero for a specific
evaluation period.
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B.3 Cumulative CRPS

Figure B.7: Forecast performance of single-tree specifications with stochastic volatility: EA GDP
growth
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Notes: This figure shows relative cumulative continuous ranked probability scores (CRPSs) over the full evaluation sample,
which ranges from 2005Q2 to 2021Q1. The benchmark model is a TVP regression with a random walk evolution of parameters
(BPS-RW) and homoskedastic error variances. Green shaded entries indicate periods in which the respective model outperforms
the benchmark (with the cumulative CRPS ratio below one), while red shaded entries denote periods in which the respective
model is outperformed by the benchmark (with the cumulative CRPS ratio greater than one). We refrain from showing the
forecast performance over time for all models, but focus on the class of models that contains the best performing specification
in terms of CRPS, that is, all single-tree specifications with stochastic volatility.
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Figure B.8: Forecast performance of single-tree specifications with homoskedastic error variances:
US inflation

(a) One-quarter-ahead (h =1)
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(b) One-year-ahead (h = 4)
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Notes: This figure shows average relative cumulative continuous ranked probability scores (CRPSs) over the evaluation sample,
which ranges from 2000Q1 to 2022Q4. The benchmark model is a TVP regression with a random walk evolution of parameters
(BPS-RW) and homoskedastic error variances. Green shaded entries indicate periods in which the respective model outperforms
the benchmark (with the cumulative CRPS ratio below one), while red shaded entries denote periods in which the respective
model is outperformed by the benchmark (with the cumulative CRPS ratio greater than one). We refrain from showing the
forecast performance over time for all models, but focus on the class of models that forecast well in terms of CRPS, that is, all
homoskedastic, single-tree specifications, the class containing the best performing specification for the one-quarter-ahead (h = 1)
horizon.
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B.4 Giacomini and Rossi (2010) Fluctuation Test Statistic

We focus on evaluating the BPS-RT specifications with the best overall forecast performance. As
seen from Figures 2 and 3, in the EA-GDP application this is the single-tree specification with SV
using average scores as effect modifiers. For the US inflation application, this is the homoskedastic
single-tree specification with the full set of weight modifiers.
Figure B.9: Evolution of the Giacomini and Rossi (2010) fluctuation test statistic

(a) EA GDP growth

Notes: This figure shows the evolution of the Giacomini and Rossi (2010) fluctuation test statistic over time. The green solid
line represents the test statistic, the black solid line marks the zero line, and the black dashed lines indicate the respective
95% confidence bands. To compute this period-specific test statistic we use local relative continuous ranked probability scores
(CRPSs) between the preferred BPS-RT specification and the benchmark (homoskedastic BPS-RW) over a rolling window
comprising 10% of the evaluation sample. In panel (a), this implies that the rolling window is based on five observations (with
the initial value of the test statistic available in 2006Q3), while in panels (b) and (c), this implies the rolling window is based
on eight observations (with the initial value of the test statistic available in 2002Q1).
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B.5 Probability Integral Transforms (PITs)

We focus on evaluating the BPS-RT specifications with the best overall forecast performance. As
seen from Figures 2 and 3, in the EA-GDP application this is the single tree specification with SV
using average scores as effect modifiers. For the US inflation application, this is the homoskedastic

single tree specification with the full set of weight modifiers.

Figure B.10: Evaluating model calibration using probability integral transforms (PITs)
(a) EA GDP growth
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Notes: This figure shows the empirical cumulative density function of the PITs in the left panels and the histogram of the
PITs in the right panels. A correctly specified model has PITs that are standard uniformly distributed. Such a specification
is denoted by the black solid lines, with the black dashed lines denoting the respective 95% confidence bands (see Rossi and
Sekhposyan, 2019). The preferred BPS-RT specification is shown in green, while the benchmark is indicated in red.
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B.6 Measuring the Degree of Shrinkage

Figure B.11: Overall degree of shrinkage toward the prior mean for US inflation.
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(b) One-year-ahead (h = 4)

Notes: This figure shows the evolution of the degree of shrinkage measure over time. For each period in the evaluation sample,
this measure is computed for our preferred specification (homoskedastic BPS-RT(TC) : ALL with a single tree) as the ratio between
the variation explained of the prior mean and the total variation of the respective coefficient part. This measure is bounded
between zero and one. Values close to zero suggest that idiosyncratic deviations of coefficients (via the state innovation variances)
dominate the prior mean (at least for some coefficients), while values close to one indicate that all coefficients are strongly pushed
toward the prior mean in the respective period in the evaluation sample.

Figure B.11 shows a measure for overall shrinkage for both the time-invariant part () and
the time-varying part (3;) of the weights. This measure effectively summarizes the overall variation
explained by the prior mean as part of the overall variation in coefficients. It thus allows us to
assess the relative importance of idiosyncratic innovations to the coefficients (i.e., innovations to
the state equation) compared to the prior mean, and thus serves to quantify the overall degree of
shrinkage by resembling something like a “joint” R2-type of measure, which is bounded between
zero and one. In each of the state equations, the target variables are either the constant coefficients
~ or the stacked time-varying coefficients B; (for, ¢t = 1,...,T). In such a hierarchical model, the

prior mean can then be treated as the conditional mean (i.e., the fit), while the state innovations
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(i.e., the shocks) are mainly driven by the state innovation (or prior) variances. In the following, a
low joint R? suggests that the state innovation variances play a significant role (at least for some
of the coefficients), whereas a high joint R? suggests that the coefficients are heavily shrunk toward
the prior mean. It is worth noting that in recessions the R? is typically essentially zero and thus
the prior means are less informative in these periods and random innovations to the state equations

provide/add more model flexibility, which is required /necessary in these highly volatile periods.

B.7 Combined Predictive Densities and Their Skewness

Figure B.12: BPS-RT and BPS-RW predictive densities
(a) EA GDP growth
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Notes: This figure displays the corresponding predictive densities. The colored shaded areas and the colored solid lines represent
the 90% confidence interval and the posterior median, respectively. The preferred BPS-RT specification is shown in green, while
the benchmark is indicated in red. The black solid line in both panels refers to the respective realization.
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Figure B.13: Evolution of a quantile-based skewness measure for the BPS-RT predictive densities

(a) EA GDP growth
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Notes: This figure shows the evolution of a quantile-based skewness measure for predictive densities in our preferred BPS-RT
specification, as shown in Figure B.12. The quantile-based skewness measure is defined as ((¢95% — 450% ) — (¢50% — 5% ) )/ (295% —
g59% ), where g59, g509, and ggs9; represent the 580 50th and 95 percentiles of the predictive densities, respectively. The green
solid line represents the computed skewness measure, while the black solid line marks the zero line.
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