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Abstract

We study the redistributive effects of expected inflation in a microfounded monetary
model with heterogeneous discount factors and collateral constraints. In equilibrium,
this heterogeneity leads to borrowing and lending. Model assumptions also guarantee
a tractable distribution of money and capital holdings. Several results emerge from
our analysis. First, in this framework expected inflation is detrimental to capital
accumulation. Second, expected inflation affects borrowing and lending when collateral
constraints are present, thus also inducing redistributive effects through credit. Third,
we find this channel to be regressive when we calibrate our model using US data. This
is because the drop in borrowers’ capital caused by inflation is larger when capital is

used as collateral.

Keywords: Money, Heterogeneity, Collateral Constraint, Welfare Cost of Inflation

JEL codes: E40, E50

*The views expressed herein are those of the individual authors and do not necessarily reflect the official
positions of the Federal Reserve Bank of Cleveland, the Federal Reserve System, or Sveriges Riksbank.

tFederal Reserve Bank of Cleveland. Email: paola.boel@clev.frb.org.

fLoyola University Chicago. Email: jdiazl7@luc.edu.

$Sveriges Riksbank. Email: daria.finocchiaro@riksbank.se.



1 Introduction

This paper contributes to the literature on the redistributive effects of long-run inflation.
Work on this topic, however extensive, is still divided on whether expected inflation acts as
a regressive or progressive tax. On the one hand, an expansionary monetary policy can be
beneficial because it provides partial insurance to cash-poor agents, as shown in a variety
of settings by Levine (1991), Imrohoroglu (1992), Bhattacharya, Haslag, and Martin (2005),
Molico (2006), Manuelli and Sargent (2010), Rocheteau, Weill, and Wong (2018), Chiu and
Molico (2010), and Chiu and Molico (2011), among others. Also, Chatterjee and Corbae
(1992) show that inflation can be viewed as a tax on savings since it lowers the real interest
rate, thus reducing wefare for lenders and increasing it for borrowers. On the other hand,
in models like Erosa and Ventura (2002), Albanesi (2007), Boel and Camera (2009), and
Camera and Chien (2014), expected inflation acts as a regressive tax on transactions that
are particularly costly for low-income households that rely more on cash as a means of
payment.

Our paper contributes to this debate by building a model where expected inflation acts
both as a tax on consumption and investment. In our framework, an increase in the steady-
state growth of the money supply endogenously reduces monetary transactions. This drop
in demand also has a negative impact on capital formation and in turn on collateralized
debt, thereby redistributing wealth between lenders and borrowers. We thus uncover a novel
redistribution mechanism linked to the credit channel of monetary policy.!

Our explored mechanism depends on the link between inflation and capital accumula-
tion, which is a classic issue in monetary economics (Tobin 1965; Sidrauski 1967). An often
cited channel through which inflation could have a positive effect on capital formation is the
so-called Mundell-Tobin effect; that is, a reduction in the return on the nominal asset—due
to an increase in inflation—induces a portfolio reallocation toward capital, thereby stimulat-
ing investment. A more recent branch of the literature has tackled this issue in microfounded
models of money (Aruoba and Wright 2003; Lagos and Rocheteau 2008; Aruoba, Waller, and
Wright 2011). In the first paper, inflation acts as a tax on investment and reduces capital
accumulation, thus generating a reverse Mundell-Tobin effect. Aruoba, Waller, and Wright
(2011) also show that this is in line with a negative semi-elasticity of investment with respect
to inflation estimated on US data.

We follow the latter literature and formalize our idea in a microfounded monetary econ-

1. Our proposed channel differs from Doepke and Schneider (2006), where unezpected inflation lowers the
real value of assets and liabilities and redistributes wealth from lenders to borrowers. Our channel also differs
from Loenser and Schabert (2020), because their focus is on the effects of expected inflation on unsecured
debt.



omy in the spirit of Aruoba, Waller, and Wright (2011). Our paper builds on their framework,
but incorporates heterogeneous rates of time preference and collateralized lending. Our work
is therefore also related to the seminal article of Kiyotaki and Moore (1997) and the related
papers such as lacoviello (2005), Iacoviello and Neri (2010) and Kiyotaki and Moore (2019),
which have shown the importance of collateral constraints in the amplification of aggregate
fluctuations. We follow that literature in the formalization of our borrowing constraint, but
focus on the long-run distributional effects of inflation. Related to our work, Ferraris and
Watanabe (2008), Venkateswaran and Wright (2014), and Finocchiaro et al. (2018) explore
the interplay between collateralized credit and steady-state inflation. However, our focus is
on the redistributive channel that such interplay generates.

Our economy is characterized by sequential markets in each period. In the first one,
agents are subject to stochastic trading opportunities, capital is a factor of production, and
money is the only means of payment. In the second market, a final good is produced using
only labor inputs and all portfolio decisions are made. Due to heterogeneity in the rates
of time preference, borrowing and lending arise in equilibrium. As in Aruoba, Waller, and
Wright (2011), expected inflation is a tax on trading in the first market, and via this channel,
it also discourages capital accumulation in the second market. Since we assume borrowing
and lending to be collateralized, expected inflation also reduces debt.

Quantitatively, inflation acts as a progressive tax overall when we calibrate our model
using US data. However, when we isolate the redistributive effect generated by inflation via
collateralized borrowing, we find the channel to be regressive; so, the overall effect is less
progressive than it would be otherwise. That is, when collateral constraints are present,
the welfare cost of expected inflation is higher for borrowers and lower for lenders compared
to an economy with a fixed borrowing limit. This happens because the drop in borrowers’
capital caused by inflation is larger when capital is used as collateral. Quantitatively, this
regressive effect is important—the welfare cost of 10 percent inflation, relative to zero infla-
tion, increases by 22 percent for borrowers and decreases by 15 percent for lenders compared
to the case of a fixed borrowing limit.

The remainder of the paper is organized as follows. Section 2 describes the model,
Section 3 builds and discusses the stationary monetary equilibrium, Section 4 discusses the
calibration procedure and reports the quantitative results, and Section 5 concludes. Proofs

and figures are in the appendix.



2 The model

The model builds on Lagos and Wright (2005), Kiyotaki and Moore (1997) and Aruoba,
Waller, and Wright (2011). Time is discrete, the horizon is infinite and there is a large
population of infinitely-lived agents who consume perishable goods and discount only across
periods. In each period, agents may visit two sequential rounds of trade—we refer to the
first as the decentralized market (DM) and the second as the centralized market (CM). In
the CM, everybody can consume and work to produce a general good that can be used
for either consumption or investment. Goods in the CM are produced using labor only,
but capital accumulated in the CM becomes productive in the following DM. In the DM,
agents draw i.i.d. trade shocks determining whether they can trade, i.e., agents can either
produce, consume, or do neither (idle). Agents trade with probability o and are idle with the
remaining probability 1 — o, with consumption and production being equally likely. We refer
to consumers as buyers and producers as sellers. Agents are heterogeneous in their degree of
patience. For convenience, we divide the population into two types j = H, L in proportions
p and 1 — p respectively, with 1 > By > B > 0. We refer to agents L as impatient and
agents H as patient.

Notation is as follows. In the CM, an agent of type j consumes z; > 0 goods and
supplies n; > 0 labor. As in Lagos and Wright (2005), preferences are quasi-linear with
U(zj) —nj. We assume U'(z) > 0, U"(x) < 0, U'(0) = 400 and U’(c0) = 0. In the DM,
consumers of type j derive utility u(g;) from ¢; > 0 consumption. We assume u'(q) > 0,
u”(q) <0, u/(0) = +o0 and u'(c0) = 0. An agent’s capital k; accumulated in the CM can
be used in the following DM to produce a different good y; with technology f(k;) = y;. We
assume f'(k) > 0, f"(k) <0, f'(0) = 400 and f’(c0) = 0. Capital depreciates at a rate §
with 0 € (0,1). Agents are price takers.

We assume a government exists that is in charge of monetary policy and is the only
supplier of fiat money, of which an initial stock My > 0 exists. We denote the gross growth
rate of the money supply by m = M,;/M,;_1, where M, indicates the money stock in the CM in
period t. The central bank implements its long-term inflation goal by providing deterministic
lump-sum injections of money 7 = (m — 1)M,;_1, which are given to private agents at the
beginning of the CM. If 7 > 1, agents receive lump-sum transfers of money; if 7 < 1, the

central bank must be able to extract money via lump-sum taxes from the economy.

2.1 Information frictions, money, and credit

The preference structure we selected generates a single-coincidence problem in the DM since

consumers cannot produce. Moreover, three additional frictions characterize the DM. First,



agents are anonymous as in Kocherlakota (1998), since their trading histories in the goods
markets are private information. This rules out trade credit between individual buyers and
sellers. Second, there is no public communication of single trading outcomes, which in
turn eliminates the use of social punishments to support gift-giving equilibria. Third, as
in Aruoba, Waller, and Wright (2011), we assume buyers cannot carry capital to a seller’s
location in the DM and thus capital cannot be used as a means of payment. The combination
of these frictions, together with the single coincidence problem, implies that sellers require
immediate compensation from buyers. So, buyers must use money to acquire goods in the
DM.

Money is not essential for trade in the CM, and indeed agents can finance their consump-
tion by working, using money balances acquired earlier and borrowing. To model credit, we
assume agents are allowed to borrow in the CM, subject to a collateral constraint. Specifi-
cally, in each period ¢ agents borrow pgaiy1 (or lend —pgia..1), where py is the price of a
bond that delivers one unit of money in ¢t + 1, and pay back a;. Borrowing is subject to a
collateral constraint a la Kiyotaki and Moore (1997): a;yq < 0k;1 with 0 < 6 < 1. That is,
agents can borrow as long as the repayment does not exceed the market value of a fraction
6 of their capital in the next period. We also assume that any funds borrowed or lent in the
CM are repaid in the following CM. We show that, even with quasi-linearity of preferences
in the CM, there are gains from multi-period contracts due to time-preference heterogeneity.
Of course, default is a serious issue in all models with credit. We simplify the analysis by

assuming a mechanism exists that ensures repayment of loans in the CM.

3 Stationary monetary allocations

In what follows, we focus on stationary monetary outcomes such that end-of-period real
money, capital, and bond balances are time invariant. Due to stationarity, we simplify
notation omitting ¢ subscripts and use a ’ superscript to identify next-period variables, when
necessary. Accordingly, we let p; denote the nominal price of DM goods and py the price in
the CM. In addition, we choose to work with real variables normalizing all nominal variables
by the unit of account p, so that p = p;/ps denotes the relative price.

An agent of type j = H, L starts each period with a portfolio w; = m;, k;, a;, listing real
holdings of money m;, capital k;, and nominal bonds a;, all accumulated in the preceding
period. Then, the idiosyncratic trading shock z = b, s, 0 is realized, where b, s, and o denote
a buyer, a seller, and an idle agent respectively. Subsequently, trade occurs and after the DM

closes, the agent enters the CM with a portfolio w? = m?, k;, a; where m; denotes money



balances at the beginning of the CM. Real balances evolve within each period according to:
m; =mj — pg;, M;=m;+py; =m; + pf(k;) and mg = m, (1)

That is, when agents trade in the DM, real balances of a buyer decrease by pg; whereas those
of a seller increase by pf(k;). Cash left over is used to trade in the CM. Note that bonds
a; and capital k; are not affected by trade in the DM, given that they cannot be used as a
means of payment there. Therefore, a = a; and &k} = k; for j = H, L and z = b, s, 0.

In a stationary economy real asset holdings must be constant, i.e., mj = m;, kj = k;
and a; = a;. If M is cash at the start of a period and M’ = 7 M is cash available in the CM,
then:

py M

b M T (2)

Money-market clearing also implies that the stationary real money stock m = M /p, is:

m = pmpy + (1 — p)my, (3)

3.1 The CM problem

Given the recursive structure of the model, a dynamic programming approach is used to
describe the problem faced by an agent of type j. Let V;(w;) be the agent’s expected
lifetime utility when she starts a period with a portfolio w; before trade shocks are realized.
Let instead W;(w?) be the expected lifetime utility when entering a CM with a portfolio w?.
The problem of a type j agent at the start of a CM then is:

Wiw;) = max U(xj) —nj+ B;Vj(w)) (4)

J

st i =ni — K+ (1= 0)k; +m} —nm) + 7 + pama) — a;
! !/
a; < Ok
/

where a; < 0k} is the collateral constraint. The resources available to the agent in the CM
thus depend on the realization of the DM trading shock z = b, s, 0 since she carries over
m? money balances. Other resources are labor income n?, net capital holdings (1 — &)k,
lump-sum transfers 7, and ma; borrowing at price p, (lending if wa’; < 0). These resources
can be used to finance current consumption 7%, to carry over real money holdings 7m/ and
capital £} into the next period, and to pay back loans a;. Note that the factor m = p), /Do

multiplies m/ and a) because the budget constraint is expressed in terms of real variables.



Substituting for n% into (4) it follows that:?

Wiwi) = max U(x;) —x; — K+ (1 = 6)k;j +m —mm) + 7 + pama; — a; + B;Vi(w))

J J J

z / / !
wj,mj,kj,aj

s.t. a; < 9]{}
k; >0

We get the following first-order conditions:

1=U'(z)
oV
™= P g
Vi | k. oy
1:6ja—l€;+uj + 0]
_Bovy N

“ T aa; T

where ,u? is the multiplier on the non-negativity constraint for capital and A} is the multiplier

on the collateral constraint. The first-order conditions above have several implications. First,

(5) implies that all agents consume the same amount in the CM, i.e., xy = z;, = 2*. Second,

(6), (7), and (8) imply that the savings choices m’, ki and @’ are independent of trading

histories but might be type dependent. To see exactly how, we will examine DM trades

later. Also, note that the marginal valuations of money and capital are type independent as

shown by the envelope conditions below:

oW, =1, ALl = —1 and W, =1-9
8mj 8(1]- 01@

Last, note that if we let w? = (0,0,0) = 0, then we have:

W;(0) = U(x™) — (2 + kj + 7m; — pama; — 1) + BV} (w))

Therefore, from (4) and (10) we have:

Wj(wj) = Wi(0) +mj + k;(1 = 0) — a;

J

CM goods market clearing implies:
X+I1I=N

2. Conditions for n7 > 0 are in the appendix.

(9)

(10)



where X = x* and aggregate labor N satisfies:

g

N = p{ Sy + )+ (L= + (1= p) { (i +nh) + (L —opmi ) (13)

Moreover, aggregate capital satisfies:
K = pky + (1= p)k (14)
and investment is:
I = [pkiy + (1= p)kp] — (1= 0)[pkm + (1 — p)ki] (15)
Last, the government budget constraint is:
T=m(r—1) (16)

where m is defined in (3).

3.2 The DM problem

The problem of an agent of type j starting a generic period ¢ with a portfolio w; is:

Vi) =5V wy) + SV () + (1= o)V (wy) (17)

s.t. pg; < m;

First, we determine DM consumption ¢;. The buyer’s problem can be written as:

V) (wj) = max u(qy) + Wiw)) (18)

s.t. byg; < m;

Given (1) and (11), we have the following first-order condition:

oW, om} ,
ot ﬁ —Np=0 = u(g)=pl+X) (19)
J J

u’(qj) +

where )\? is the multiplier on the buyer’s budget constraint. If the buyer is constrained and
pg; = m;, then u'(¢;) > p. If the buyer is not constrained, then pg; < m; and v'(g;) = p.
The seller’s problem is trivial since capital has already been chosen in the previous CM

and it is the only factor of production in the DM. Thus, the seller’s problem is just the



continuation value:
Vi(wj) = Wiw;) = m; +pf(k;) + (1 = 8)k; — a; + W;(0)

J J

The DM market-clearing condition is:
pau + (1 = plar = pf(ku) + (1 — p) f(kr) (20)

3.3 Savings decisions

To find the optimal portfolio of an agent, we must calculate the expected marginal values
oV;/0m;, 0V;/0k; and 0V;/da;. To do so, we combine (10) and (17) to get:

Viws) =m; + (1= 0)k; + Sulg;) + Ua") = o* + B,V () (21)
+ %)(f(kj) — ;) + 7 — M) — kj + pamal; — a;
Therefore:
G = L o) (22)
g_‘é' —1-6+ %pf’(kj) (23)
?TZ =1 (24)

From (6), (7), (8), (22), (23), and (24), the agents’ optimal portfolio choices must satisfy:

w= |1 50~ (29
TPe = ﬁj + )\? (26)
1= 8 [(1=0) + Spf (k)] + uf + 0 (27)

The central observation we derive from the Euler equations above is that money, bonds,
and capital are valued differently in the economy by patient and impatient agents, since the
expressions in (25), (26), and (27) all depend on the discount factor 3;. Of course, agents’
decisions are also affected by asset-specific characteristics. First, the choice of real money
balances described in (25) depends on the real yield on cash 1/ and on u/(g;)/p, which
can be interpreted as the expected liquidity premium from having cash in the DM, given

that money is necessary to trade in that market. This premium grows with the severity of



the cash constraint, which is reflected in u'(g;), and the likelihood of a consumption shock
0/2. Second, the choice of bonds described in (26) is influenced by the real yield 1/(7mp,).
Whether the choice of bonds is affected by inflation will depend on the equilibrium price p,.
Note also that (26) reflects the fact that bonds have no liquidity premium, since they cannot
be used to buy consumption in the DM. Last, the choice of capital described in (27) depends
on the depreciation rate ¢, the rate of return on capital (o/2)pf’(k;), the fraction of capital
that can be collateralized 6, and, importantly, by inflation, given that p enters both (25) and
(27). Inflation matters for capital choices because money is needed to trade in the DM, and
therefore inflation affects consumption there. This in turn influences capital accumulation,
since capital is a factor of production in that market.

At this point, we can provide a definition of equilibrium.

Definition 1. A symmetric stationary monetary equilibrium consists of (m;,a;, k;) satisfy-
ing (25), (26), and (27) for j = H, L.

The reason is that once the equilibrium stocks of money, bonds, and capital are deter-
mined, all other endogenous variables can be derived. We want to understand now if an
equilibrium with collateralized borrowing indeed exists in this economy. We find that the

following result holds:

Lemma 1. A stationary monetary equilibrium exists with impatient agents borrowing and
patient agents lending at the price p, = Bu/m. Specifically, ap = 0ky and ay = —(1 —
p)OkL/p.

Why are agents interested in borrowing and lending even if they are always consuming
the same quantity x* in the CM? The reason lies in the heterogeneity in discount factors.
For impatient agents, borrowing at the rate m/fy is cheaper than carrying money across
periods at the cost /8. Thus, with quasi-linear preferences, they would like to borrow an
infinite amount of the general good if at all possible. Because of the collateral constraint,
their borrowing is bounded by 6k and therefore a stationary equilibrium exists.

Once we know the price p, = Sy /7 at which these bonds circulate in equilibrium, we

can pin down the net borrowing rate:
lg = 7T-/6H —1 (28)

which is affected directly by monetary policy via the inflation rate .
We now want to determine the returns on money and bonds that are consistent with

equilibrium.

Lemma 2. Any stationary monetary equilibrium must be such that m > By.



This result derives from a simple no-arbitrage condition—in a monetary equilibrium,
the value of money cannot grow too fast with 7 < Sy or else type H agents will accumulate
an infinite amount of it, which cannot be a stationary equilibrium. This, together with (28),
implies that the borrowing rate ¢, = 0 if # — [y. This is what we will refer to as the
Friedman rule in the remainder of the paper.

Summing up, both policy 7 and discount factors Sy and g affect the expected returns
on money, bonds, and capital, the latter of which influences agents’ ability to borrow due
to the collateral constraint. Since patient and impatient agents price future consumption
differently, we expect their portfolio choices to differ, with effects on their consumption
choices, labor effort and welfare. We investigate this next and we first show that the existence
of borrowing and lending in equilibrium hinges on the concavity of the DM production

function.
Lemma 3. If 7 > By and f"(kp) =0, kp = 0 in a stationary monetary equilibrium.

Thus, when the production function is linear, there cannot be any collateralized bor-
rowing in equilibrium because in this case the return on capital is too low for the impatient
agents to hold any. Collateralized borrowing, however, exists when the production function

is concave, as we show next.

Proposition 1. Let 7 > Sy and (k) < 0. There exists a stationary monetary equilibrium
with myg > myp > 0, kg >k > 0, ar, = HkL and ayg = —kaL/(l — ,O)

The equilibrium described in Proposition 1 is one in which patient agents are savers and
hold more assets—both money and capital—than impatient ones, who are also borrowers.
This must be an equilibrium because patient and impatient agents value future consumption
at different rates and thus assets have different discounted returns for them.

Our ultimate goal here is to understand if expected inflation can have redistributive
effects via borrowing and lending. We already know from Lemma 1 that the return on bonds
adjusts perfectly for inflation. So, if any redistribution exists through the credit channel, it
has to operate through the collateral constraint’s principal 6k;,. We proceed as follows. We
first identify how equilibrium allocations are affected by collateral constraints and we then

pin down how collateral constraints are affected by inflation.

Proposition 2. Let 7 > fy, ar = Okg and ag = —(1 — p)kp/kg. Then, dp/df < 0,
dqp /0 > 0, dqr,/d0 > 0, dky/d0 < 0, and dk;/df > 0.

From Proposition 2 we learn that collateral constraints lead to higher capital holdings
for borrowers, since they can use it as collateral. At the same time, agents of type H need

to accumulate less capital, since they can lend out more now. Interestingly, this implies that

10



collateral constraints reduce wealth inequality. Next, we investigate how agents’ portfolio

choices are affected by inflation.

Proposition 3. Let 7 > By, ar, = 0k, and ay = —(1 — p)kr/ky. Then, dk;/dm < 0O for
j=H,L and dqg/dr < 0.

Inflation here reduces investment, just as in Aruoba, Waller, and Wright (2011). As
inflation increases, the real value of money decreases together with DM consumption, since
money is necessary to buy in that market. This implies that ¢y decreases as well. As demand
for consumption is reduced, less capital is necessary to produce a lower output. In the

following proposition, we show that the effect of inflation on impatient agents’ consumption

v’ (q)
u'(q)

depends on the coefficient of relative risk aversion yu = — q and the elasticity of the

[ (k)k
fk) -
Proposition 4. Assume f(k) is isoelastic. Let m > By, ar, = Ok, ag = —(1 — p)kr/kn

and i = 2000 (222) - Then, dqg,/dr < 0 if @ > ji.

production function with respect to capital ¢ =

Summing up, expected inflation affects prices, consumption, capital accumulation, and
the collateral constraint in return. On the one hand, an increase in long-run inflation will
reduce the amount of labor necessary to pay for borrowing and investment, but on the other
hand, inflation will also reduce consumption—at least for lenders—and returns from capital.
The balance of these different effects is ambiguous and must be determined quantitatively,

as we do next.

4 Quantitative analysis

In this section, we calibrate the model for the United States. Data are annual for the
sample period 1929-2019. The nominal interest rate ¢ is the annualized yield on short-term
commercial paper, the nominal price level P is the CPI, aggregate nominal output PY is
nominal GDP, and the nominal money supply M is M1.®> For ease of comparison with
other studies based on Lagos and Wright (2005), we consider the following functional forms:
U(z) = Bln(z), f(k) = k%, u(q) = In(q). Therefore, the vector of parameters to identify is
(B,o,p,0,Bu,BL,0,a).

We proceed as follows. We set the proportion of patient agents p to 0.40, in line with

3. For 1929-1975, the yield on commercial paper is from Friedman and Schwartz (1982) (Table 4.8, col.
6). For 1976-1996, it is from the Economic Report of the President (1996, Table B-69). For 1997-2019, it is
from the St. Louis Fed FRED Database. M1 is in billions of dollars, December of each year, not seasonally
adjusted. For 1929-1958, it is from Friedman and Schwartz (1982) (pp. 708-718, col. 7). For 1959-2019, it
is from the St. Louis Fed FRED Database. For 1929-2019, nominal GDP and CPI are from the St. Louis
Fed FRED Database.

11



Boel and Camera (2009). We consider discount factors Sy = 0.97 and f;, = 0.89, which are
consistent with Iacoviello and Neri (2010) and with the empirical estimates of distributions of
discount factors in Lawrance (1991), Carroll and Samwick (1997), and Samwick (1998). We
use a depreciation rate § = 0.07 as in Aruoba, Waller, and Wright (2011). We set 6 = 0.85,
which is consistent with the loan-to-value ratio in Iacoviello and Neri (2010), among others.

We calibrate the remaining parameters «, ¢ and B simultaneously. We proceed as
follows. First, we fit the ratio L = M/PY. As explained in Lagos and Wright (2005),
this relationship can be interpreted as money demand in the sense that the desired real
balances M /P are proportional to Y, with a factor of proportionality L that depends on
the opportunity cost of holding cash, 7. The theoretical expression for money demand in
the model is L = m/($p(pqu + (1 — p)qr) + B + 0(pkr + (1 — p)k)), where the numerator
denotes average money holdings and the denominator is the sum of output in the DM and
the CM. Since average money holdings are m = p(pqy + (1 — p)qr), the theoretical money

demand in equilibrium becomes:

1
L B Sk (L k) 2

2 p(pgr + (1 = p)qr)

Second, we match the theoretical share of DM consumption A with its empirical coun-
terpart. The latter is calculated as the share of cash consumption transactions using data
from the Diary of Consumer Payment Choice for the period 2015-2019.* The theoretical
expression for DM consumption is A = (§p(pgu + (1 — p)qr))/(5p(pau + (1 — p)ar) + B),
where the numerator is DM consumption and the denominator is the sum of DM and CM

consumption. Simplifying, we get:

1
A= 20 (30)
1+

op(pqm + (1 —p)ar)

Last, we match the theoretical capital share of income ® with its empirical counterpart.
The latter is calculated as 1 — Compensation of Employees/GDP, using data for 1929-2019

from the Bureau of Economic Analysis. The theoretical share ® in equilibrium is:

ao

— P(of (ki) + (1= p) ' (k1)) (pkn + (1 = p)kr)
o= (31)

%p(pf(k;H) + (1= p)f(kL)) + B+ 6(pku + (1 — p)kr)

4. In equilibrium, consumers use all their money holdings in the DM.

12



Following this approach, we pin down B = 2.84, 0 = 0.61 and o = 0.70. Table 1 summarizes
our calibration and Figure 1 shows how the calibrated money demand (solid line) defined in
(29) fits the data for M/PY in the sample period (circles).

Table 1: Calibrated parameters

Parameter Value
B 0.97
B 0.89
0 0.85
p 0.40
« 0.70
1) 0.07
B 2.84
o 0.61

With the calibrated parameters, we quantify the welfare cost of inflation for both type
L and type H agents, i.e., borrowers and lenders, respectively. Our measure of the welfare
cost of inflation follows Lucas (2000) and asks how much an agent of type j = H, L would
be willing to give up in terms of total consumption to have v — 1 instead of m — 1 inflation.
Fixing m, we let ¢jr, kjx, Pr, m;r and m, denote equilibrium quantities. Then, we use (4)

and (17) to define equilibrium ex-ante welfare V; for an agent of type j:

u(gjx) + U(z") — ™ — dk; (32)

Pr(f (k) = Gjr) + (7 = 1) (M7 — M) = ajr (1 = Bir)

Inflation 7 affects ex-ante welfare in several ways. It impacts DM consumption §u(g;x)
and also capital accumulation in the CM, thus affecting the labor effort necessary to make
up for the depreciated capital dk;.. These are the only distortions induced by inflation in
a representative-agent setting, since in that case the second line in (32) vanishes because
Mjx = Mg, Kjx = kr, ¢jr = gz for j = H, L, f(k;) = ¢ and there is no credit. Instead,
with heterogeneity, inflation generally affects V; through three additional channels. First,
it impacts expected net earnings in the DM $p,(f(kjx) — g;r), which can be nonzero since
agents may produce and consume different amounts. Second, given that money balances are
heterogeneous, inflation also redistributes monetary wealth because of inequalities in the net
inflation tax (m —1)(m, —m;,). Third, inflation affects the collateral constraint and thus the
amount impatient agents borrow in equilibrium a;, = 0k;.. Note that the cost of borrowing
adjusts perfectly for inflation, given that p, = Sy /7. Thus, inflation would not affect credit

in an economy with an exogenous borrowing limit, since in that case neither the principal
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nor the cost of borrowing would change because of inflation.
If we reduce 7 to ~, but also change the consumption of both CM and DM goods by a

factor A, ex-ante welfare for an agent j becomes:

Jo

(1= B)Vj(wiy) =5u(djyq5) + U(Aja*) — x* — 5k; (33)

+ 2P (ki) = 4] + (7 = 1), = mj) = a5 (1= Ba)

We measure the cost of 7 — 1 inflation as opposed to v — 1 inflation for a type j agent
as the value A, that solves Vi (wjr) = Vj,(w;,). That is, agents would be willing to give
up 1 — A, percent of consumption to have v — 1 rather than 7 — 1 inflation.

Table 2 reports the welfare costs of 10 percent expected inflation as opposed to both
zero inflation and the Friedman rule for both borrowers (type L) and lenders (type H) as
well as the average welfare cost of inflation for that economy. Note that, given Lemma 1, the
Friedman rule in our framework corresponds to m = Sy and therefore, using the calibrated
values in Table 1, to a net inflation rate 7 —1 = —3 percent. The first row in Table 2 reports
the results for the case when borrowing is subject to a collateral constraint, i.e., a; < 0k7.
The second row focuses on the case of a fixed borrowing limit, i.e., a} < A5 The last row
displays results for the case where credit is shut down, i.e. # = 0. Under all scenarios, we

use the calibrated parameters listed in Table 1 to quantify welfare costs.

Table 2: Percentage welfare cost of 10% inflation relative to zero inflation and the Friedman rule.

Zero Inflation Friedman Rule
Model Type L Type H Average Type L Type H Average
Collateralized borrowing 0.55 1.43 0.90 0.68 1.92 1.17
Fixed borrowing limit 0.45 1.68 0.94 0.53 2.27 1.23
No credit 0.45 1.68 0.94 0.53 2.27 1.23

Notes: Welfare costs are expressed in consumption percentage points. At the Friedman rule, the net inflation
rate is By — 1 = —3%. In the models with borrowing—both collateralized and uncollateralized—type H
agents are lenders and type L agents are borrowers. The average welfare cost of inflation is the weighted
average of the welfare cost for type H and type L agents.

Several results emerge. First, expected inflation does affect welfare via collateralized
borrowing, as is evident when comparing the first and second rows of Table 2. This happens
because, as per Proposition 3, inflation reduces capital accumulation for borrowers and thus
has an effect on the loan’s principal. This effect is regressive. We know from Proposition

2 that collateral constraints increase capital holdings for borrowers and decrease them for

5. For the calculations reported in Table 2, we set A to the level of the collateral constraint at 10 percent
inflation. We show later that this specific level chosen for A is irrelevant for our calculations of the welfare
cost of inflation.
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lenders, thus reducing wealth inequality, as Figures 2 and 3 illustrate. However, we also know
from Figure 4 that inflation reduces capital by a larger amount when k, is used as collateral
compared to the case of a fixed borrowing limit A. Quantitatively, this regressive effect is
substantial. When a loan is collateralized, the welfare cost of 10 percent inflation relative to
zero inflation increases by 22 percent for borrowers and decreases by 15 percent for lenders
compared to the case of a fixed borrowing limit. When comparing 10 percent inflation to
the Friedman rule, the welfare cost for borrowers increases by 28 percent and decreases by
15 percent for lenders, again using the case of a fixed borrowing limit as a benchmark.

Second, Table 2 shows that the welfare cost of inflation is the same in a model with an
uncollateralized borrowing limit A and in a model with no credit. That is, expected inflation
does not generate redistributive effects via the credit channel if borrowing is uncollateralized.
When borrowing depends on an exogenous limit A, the borrowing constraint can be written
as a; < A. Following the proof of Lemma 1, it is straightforward to show that type L agents
borrow up to the limit A. Since in this case p, = By /7, ap = A and ag = A(1 — p)/p,
neither the cost of borrowing nor the loan principal depends on inflation. Indeed, Figure 5
shows that the welfare cost of 10 percent versus 0 percent inflation does not depend on the
specific value taken by the borrowing limit A for either type H or type L agents, although,
of course, it differs between the two.

Third, overall inflation remains a progressive tax. An increase in inflation reduces
the real value of money balances and has a negative impact on capital formation. That
is, inflation acts as a tax on savings here, and since lenders are saving more, they are
facing a heavier tax burden. The regressive effect induced by collateral constraints, however

significant, only mitigates the progressivity of the inflation tax.

5 Conclusion

Our study identifies and measures three effects of expected inflation in an economy with
collateral constraints. First, inflation is detrimental to capital accumulation. Second, infla-
tion affects borrowing and lending when collateral constraints are present, and thus it also
induces redistributive effects through credit. The redistributive channel we identify is novel.
Third, when we calibrate our model using US data, we find inflation acts as a progressive tax
overall but the redistributive effects of inflation generated solely by collateralized borrowing
are regressive and important in size, thus reducing the overall progressivity of the tax from
expected inflation. This is because inflation causes a larger drop in borrowers’ capital when

debt is collateralized compared to the case of a fixed borrowing limit.
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Appendix

A. Proofs

Conditions for n; >0

We now want to provide conditions that guarantee n: > 0 in the equilibrium described in
Proposition 1. Note that if nj > 0 then ng’ > (. We check the conditions for both n3, > 0
and nj > 0—type L agents pay a lower inflation tax when inflation is positive and their
depreciated capital dky, is also lower, so it is theoretically possible that they could work less.

From (4) and Proposition 1, in steady state we have:

nS, = 2 + Sky — pflkn) + (1 — 1) (mu — m) —9/@1;”(1 _ By)

Since w(myg —m) > 0 and m = pmpy + (1 — p)my, from (3), we have:

1 _
ny > 2" — pfkn) — Ok, —"

(1= Bu)— (1 —p)my

Let p*, ¢* solve (25) and (27) for j = H with 7 = (y. Since my < p*¢* from (18),
pf(ky) < p*¢* from (20), v/(¢*) = p* from (19) and ky > k;, from Proposition 1, we have:
s * 1 - P 1/ %\ %
nj > x* — Qk:HT(l — Bu) —2u'(q%)q

Let k* solve =—

5; = (1 —0)+ gu'(¢")f'(k"). Then we have:

1 —
iy > ot — ek*Tp(l — Bu) — 2u'(¢")g" (34)

Now we check under what conditions nj > 0. From (4) and Proposition 1, in steady

state we have:
ni =" + 5kL —pf(kL) + (7'[' - 1)(mL - m) + GkL(l — BH)
Since my < m where m is defined in (3), then:

ny, > " = pf(ky) +m(my —m)
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Since mmpy < op*¢*, pf(kr) < p*q¢* from (20) and u'(¢*) = p* from (19), we have:
np > " = (1+op)u'(q)q" (35)

The condition for n§; > 0 in (34) is more stringent than the one for n§ > 0 in (35), and so

from now on we focus on (34). This implies that a sufficient condition for n? > 0 is:
* * 1— p 1%\ %
a" — k" ——(1 = Bu) —2u'(¢")q" = 0
p
That is, for n; > 0 to hold we need z* sufficiently bigger than ¢* and £*.

Proof of Lemma 1

From the Euler equation in (26) we have that the following condition must hold:
Br, + Xi = Py + )\L}{

Since By > fBr, it must be that A} > Ay > 0. If AY > X% > 0, then there is no borrowing
or lending. If instead ¢ > A%, = 0, then a; = 0k, and given the bonds market-clearing
condition:

pag + (1 —play =0 (36)

we have that ag = —60k,(1 — p)/p. From (26) and A}, = 0 we have that mp, = Sy, and
therefore p, = By /7. O

Proof of Lemma 2

We know from (19) that «'(¢;) > p for j = H, L. This, together with (25), implies that
T > Py O

Proof of Lemma 3

If f(k) is linear and f'(k) = v with v > 0, then the Euler equations for capital in (27) for
7 = H, L become:

i_ _ a M_]Z 0(Bu — Br)

5L_(1 5)+2p’y+ L+—5L (37)
k

BLH:(1—5)+%m+“—Z (38)
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From (37) and (38), we get that the following condition has to hold:

(B — BL)(1 — 08x) _ Mlz M];{

ﬂLﬁH B 51/ 5H

which implies p§ > 0 and therefore k7, = 0. [J

Proof of Proposition 1

Let 7 > By. Since By > fr, from (25) we know that «'(qg) < u/(qr) and therefore qy > qr,
and my > my. Now combine (26), (27) and 0 = A}, < A} = Sy — [, from Lemma 1 so that:

(Br — B)(1 = 05n)
Bubr

which implies f'(kr) > f'(kp) and kr < kg.

Now we want to make sure that k; > 0. In order to do that, type L agents must work

= S0('(he) = f (k)

less when k;, > 0 than when k£ = 0. If £, > 0, we have:
Ny gy s0 ="+ 6kp — pf(ke) + (m — 1)(mp —m) + (1 — Bu)0ks
If instead k; = 0, then we have:
Ny p,—0 =0+ (1 —1)mp — (7 — 1)m

So, in order for ky, > 0 to hold we need nj ; ., < nj;, _g, and therefore:

k
pIFL) S 51— gy
ki
Since f(k) is a concave function and f(0) = 0, then it is always the case that % >
f'(kL). Therefore, the following is a sufficient condition for kz > 0:
pf'(kr) >0+ (1—PBg)b (39)

The intuition for (39) is that k; > 0 if the marginal benefit of having more capital pf’(ky)
is greater than its marginal cost § + (1 — y)6. If we combine (27) and (39), we have:

1 o o Bu — Bt
E—1+5<1—§>>9{§(1—61{)+T (40)
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With some algebra, - —1+4 (1-2)>2(1-8u)+ % can be rewritten as:

BLO- BLO-
1 - 22 5(1——) 1 - 22
7 + AL 5 > Bu 2
The condition above always holds, since BL” > Bu(1 - Br%) and Bré ( ) > (. This
implies the condition in (40) is always verified for 0<0<1.0O

Proof of Proposition 2

If we differentiate (20), (25) and (27) with respect to 6 for j = H, L we get:

(qj) dg; Md_p
2 p df p? df
dky _ dp f'(kn)
o dOpf(kn)
dky _ dp f'(kr)  2(Bu — Bi)

0="2 for j=H,L (41)

= — 43
do dopf’(kr) opBrf"(ke) 43)
quf dqr _ dkp dky,
1—p)—==pf'(kg)—— + (1 —p)f'(k 44
If we plug (42) and (43) into (44), we find that the following conditions have to hold:
o |Wlan) dgn _ w'(qn) dp| _
2 p df p? db
o ular)der W) dp] _
2 p db p? db
dgp [ f'(kr)? f'(kr)? | dp
L (1—p) =k +(1 L0
005 [ 0= 0
The system of equations can be rewritten as:
o u”(qn) 0 o) V[ dem 7 -
2 p 2 p? do 0
ou'q) _oular) || ML ||
0 TH T2 do
2 p 2 p
dp T(k
L p 1—p  T(km,kr) | | g9 1 - ) |
where Flkn ) F(h)?
T(ky, kr) = il 1— L 45
kit k) = p J"(km) ( )pf"(kL) (45)



and

2 _
T(kL) _ (BL HﬂH)
opBLf (k?L)
so that ['(kg, k) < 0 and Y(kz) > 0. We can calculate the following determinants:
0.2 u// u/ u// u/
|D0| _ 4_])2 U”(CIH)U”(C]L)P(]{?H, kL) + p (QL)p (QH) + (1 . p) (QH; (QL) (46)

so that |DY| < 0;

DY = (%) o (g2 gz (47)

so that |DY| < 0;
DY) = (%) o (g (1) (48)

so that |DY| < 0;
1Dy =T (2%) u"(qu)u" (qr) (49)

so that |Df| > 0.

Using Cramer’s rule, we know that:

dp Dl dky _ dp f'(ku) dgu _ |Dy| dgr _ |Dj)

o |D|" db dopf'(kg)’ do  |D°|’ df  |D?

dp dkg dqpn dqr, . dgj .
Therefi h hat — — — — . — f =H, L
er;kore, we have that 70 <00,lkd9 <0, 70 > (0 and 70 > (. Since 70 > () for 5 ,
H . L
but W < O, it must be that % > 0. [

Proof of Proposition 3

If we differentiate (20), (25) and (27) for j = H, L with respect to 7 we get:

1 o [u'(g)dg; u'(g)dp

6_]- ) p dr  p? drm (50)

di;  dp f'(ky)

dr = dr i) (51)
dqy dqr dky / dky,

po—t (1- P)% =pf (kH>E +1=p)f (kL)% (52)
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If we plug (51) for j = H, L into (52), we find the following system of equations has to hold:

[ o u’(an) o _oWlam) ] [dam ] [ 17
2 p 2 p? d B
0 ou(qr)  ou(qr) dan | _ | 1
2 D 2 p2 dm /BL
dp
i p 1—p  T(km,kr) | | 7 | L 0

for which the determinant is:

DI = 7 [ ) ) 4 p LI (g O

and |D| < 0. We also define the following determinants:

o

Dol —
Dyl o

[ﬂiHu%qL)F(kH, k) — (1 - p)ﬂ—i% +(1- p)LM} (54)
From (25) for j = H, L we have that (8 — fr)(1 —0/2)2p/o = Bru'(qr) — Buw’ (qm) so that
u'(q)/Bu > ' (qu)/Br and [Dy| > 0.

o u'(qL) _(-p2 u"(qr)

D,|=— 7
= pQﬁH 26 p

(55)

so that |D,| > 0.

_iau"(qzi) f'(kg)? B f'(kp)? e u’(qL)_u’(qH)
el =5, 5 (”f"<kH>+<1 °) > ”22( ) (56)

Using Cramer’s rule, we know that:

dp _|Dy| dk; _ dp f'(k;) dgg _ |Du| dqr _ |Di
dr. |D|’ drm drpf"(k;)’ dm |D|’ drm | D]

d dk dk
Therefore, we know that ap <0, = 0, d—L
7

dqm
dr dr <Oand%<0.[]

Proof of Proposition 4

From (53) and (56), we know that dgqr/dr = |Dgr|/|D| < 0 if |Dr| > 0. Assume that the
production function is isoelastic, so that ef(k) = f’(k)k. By differentiating this condition,
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f7(k)k
fr(k)

PR ) k (k)
71y~ F) k£ (k)

Then, from (56) and (57), |Dy| can be written as:

= ¢ — 1 and therefore:

we have that

f'(k)

kf
kf

D4l = G5 | 0 am) = (0 )+ (1 = p) (k1) = 5 (0 02) 50 = ) )
Therefore:
1D > § s (o) = o an)n ~ w'Ca)n)

The condition above can be simplified to:

ol 1l (/1 £ Bu — BL o\ 2
D] >—==-—1{=d" —_— (1——)—
Therefore, |Dr| > 0 if:
1 " 6H_6L ( o\ 2
- _— 1— —) — <0
pu (QH)l —— P4 tp B 5) o

and

Note that since v/ (qg) > p from (19), then:

—u"(qu)pqn - —u"(qu)pqn

= pp
p u' (qu)

where 1 denotes risk aversion. It follows that if:

b 1 —¢pBu—PrL <2—0>

9 BH o

then |DL| >0. 0
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B. Figures
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Figure 1: U.S. money demand with fitted model for the sample period 1929-2019. Circles identify empirical
money demand M/PY against the nominal interest rate ¢ for each year in the sample period. The solid line
identifies the calibrated money demand L in the benchmark model with a collateral constraint.

Figure 2: kp against 6 in the benchmark model with a collateral constraint. The solid and dotted lines
identify ky, with 7 = 1.1 and with m = 1 respectively.
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Figure 3: kg against 6 in the benchmark model with a collateral constraint. The solid and dotted lines
identify kg with 7 = 1.1 and with m = 1 respectively.
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Figure 4: kj, against gross inflation 7. The solid line identifies £y, in the benchmark model with a collateral
constraint. The dotted line identifies ky, in the model with a fixed borrowing limit A.
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Figure 5: Percentage welfare cost of 10% inflation, relative to zero inflation, against the borrowing limit.

The figure is drawn for the model with an exogenous borrowing limit A. The solid and dotted lines identify
the welfare cost of inflation for type H and type L agents respectively.
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