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1 Introduction

In recent years, central banks have increasingly used forward guidance as a monetary policy
tool in addition to their traditional target, the current interest rate. The majority of the
previous literature models the effects of forward guidance as changes in expected future
interest rates, under the assumption that the central bank and the private sector have perfect
information about the current state of the economy and hold same expectations about the
future state of the economy. (Eggertsson and Woodford (2003), Del Negro, Giannoni, and
Patterson (2012), Carlstrom, Fuerst, and Paustian (2015), McKay, Nakamura, and Steinsson
(2016), among others). However, a practical problem faced by a central bank is that both
the private sector and the central bank have imperfect information and may have different
views on the economic fundamentals. As a result, forward guidance changes not only the
private sector’s expectations about future monetary policy actions but also its expectations
about the future state of the economy. In this case, what type of forward guidance should the
central bank provide? Specifically, is optimal forward guidance instrument based, in which
case the central bank commits to the value of the policy instrument, or state contingent,
in which case the central bank announces its imperfect information about the state of the
economy and a policy response rule, but does not commit to a certain policy action?!

In this paper, I study this question by modeling a flexible-price economy in which in-
dividual firms’ pricing decisions are subject to imperfect information about the aggregate
state of the economy. In addition, the central bank also has imperfect information at the
stage when firms set prices, and chooses whether to reveal this information through for-
ward guidance and how to reveal it. If forward guidance is provided, private agents get the
central bank’s imperfect information, which they use as a public signal and combine with
their private signals to form expectations about the aggregate state of the economy. How
forward guidance changes expectations about future monetary policy depends on the type
of forward guidance. If forward guidance is instrument based, all firms have homogeneous
expectations about future monetary policy, the same as what is communicated in the forward
guidance. If forward guidance is state contingent, firms form expectations about future mon-
etary policy conditional on their expectations about the state of the economy and thereby
have heterogeneous expectations about future monetary policy.

The private sector is modeled as an island economy as in Lucas (1972) and Phelps (1970).
The economy is monopolistic competitive, with each firm located on a separate island and

producing an intermediate good that is an imperfect substitute for another. The technology

1Since Campbell et al. (2012), the distinction between the instrument-based and the state-contingent
forward guidance is also referred to as "Odyssean" versus "Delphic" forward guidance.



shock is firm specific, and is assumed to have an aggregate component and an idiosyncratic
component. A firm can only observe its own technology shock and cannot distinguish between
the aggregate component and the idiosyncratic component. This assumption makes the firm-
specific technology shock a private signal of the aggregate technology shock.

Prices are perfectly flexible across periods. At the beginning of the period, firms make
pricing decisions subject to imperfect information about the aggregate technology shock. At
this stage, the central bank also has imperfect information about the aggregate technology
shock. I start the analysis from the benchmark case in which the central bank does not
provide forward guidance. At the end of the period, information becomes perfect for both
private agents and the central bank. The central bank sets the aggregate nominal demand,
which defines the total nominal consumption of the representative household. Since prices are
already set at the beginning of the period, real consumption becomes demand determined.
The representative household optimally allocates consumption over individual goods at given
prices and all firms produce to meet the demand. In this benchmark case, the noise in the
central bank’s information never enters the equilibrium in the private sector.

Under rational expectations, if firms have perfect information about the aggregate tech-
nology shock, they can perfectly predict the response of monetary policy. Since prices are
perfectly flexible, changes in monetary policy should be fully reflected in pricing decisions
and thus do not affect the equilibrium real output. However, this real dichotomy breaks
down under imperfect information. Firms form expectations about the change in monetary
policy conditional on their expectations about the aggregate technology shock. After a posi-
tive aggregate technology shock, firms underestimate the realization of the technology shock
on average and thereby underestimate the actual response of aggregate nominal demand.
The difference between actual monetary policy and expected monetary policy becomes a
monetary policy shock to the household, which causes monetary policy to have an effect on
the real output level.

The imperfect information gives rise to the familiar “time inconsistency” problem a la
Kydland and Prescott (1977) and Barro and Gordon (1983). If the central bank optimizes
under discretion, it views prices to be unaffected by its choice of monetary policy, as prices
are set in the previous stage. The optimal discretionary monetary policy is to completely
close the output gap and let the price level fluctuate. If the central bank optimizes under
credible commitment, it considers how the expectations of the forward-looking firms will be
affected by its policy decisions. Bringing down price fluctuations requires the central bank’s
commitment to leaving the output gap open. Suppose that there is a positive aggregate
technology shock and the central bank wants to stabilize the aggregate price level. As firms

underestimate the aggregate technology shock under imperfect information, they underesti-



mate the actual monetary policy response. Therefore, to stabilize the price level, ex-ante,
the central bank has to commit to a more accommodative policy than the optimal policy
under discretion. Ex-post, when households make consumption decisions under perfect in-
formation, the committed monetary policy results in a demand for output that is higher than
the efficient level of output. The optimal monetary policy rule under commitment targets a
negative relationship between price levels and output gaps.

If the central bank provides instrument-based forward guidance, the central bank an-
nounces the value of aggregate nominal demand at the beginning of the period, before firms
make pricing decisions. The central bank commits to implementing this policy action at the
end of the period, regardless of whether its information turns out to be an actual shock or a
noise shock. Since the central bank is subject to imperfect information when announcing the
forward guidance, its choice of the value of aggregate nominal demand is conditional only on
its imperfect signal. Under rational expectations, the private sector can perfectly infer the
central bank’s information about the aggregate technology shock.

This instrument-based forward guidance changes the private sector’s expectations in two
aspects. First, the private sector updates the expected monetary policy to be what is com-
municated in the forward guidance. Second, the private sector combines the public signal
(the central bank’s information about the aggregate technology shock) and the private sig-
nals to update expectations about the aggregate technology shock. The second aspect of
the forward guidance reduces the conflict between price-level stabilization and output-gap
stabilization caused by the technology shock under imperfect information. However, such
reduction in the degree of information frictions does not guarantee welfare improvement,
because by committing to the policy action communicated in the forward guidance, the cen-
tral bank gives firms perfect information about monetary policy. Since prices are perfectly
flexible, prices fully adjust to the change in monetary policy, and consequently, monetary
policy has no impact on the real output level and is unable to make the optimal trade-off
between the price level and the output gap. The optimal instrument-based forward guidance
minimizes ex-ante price fluctuations by targeting a negative ratio between price deviations
due to the actual shock and price deviations due to the noise shock of the central bank’s
imperfect information.

The second type of forward guidance is state contingent, in which case the central bank
announces its imperfect information through forward guidance as well as the form of a policy
response rule that responds to both the actual shock and the noise shock. The central bank
does not commit to the value of aggregate nominal demand and sets actual monetary policy
at the end of the period when perfect information becomes available. This state-contingent

forward guidance changes the private sector’s expectations about the aggregate technology



shock in the same way as the instrument-based forward guidance does. To form expectations
about future monetary policy, firms need to form expectations about both the aggregate
technology shock and the noise shock introduced by the forward guidance.

Under state-contingent forward guidance, firms cannot perfectly foresee the change in
monetary policy, which means that monetary policy is able to affect both the price level and
real output. I show that the optimal state-contingent forward guidance combines optimal
commitment in two ways. First, the central bank commits to the optimal trade-off between
the price level and the output gap, the same as the optimal policy rule without forward
guidance. Second, the central bank commits to the optimal trade-off between the price
deviation after the actual technology shock and the price deviation after the noise shock, the
same as the optimal instrument-based forward guidance.

Lastly, I compare the ex-ante welfare in three cases: without forward guidance, with the
optimal instrument-based forward guidance, and with the optimal state-contingent forward
guidance. I show that ex-ante loss is minimized under the optimal state-contingent forward
guidance. When the central bank’s information is less precise, the ex-ante welfare under
the instrument-based forward guidance is lower than in the benchmark case of no forward
guidance. Providing instrument-based forward guidance is ex-ante welfare improving only if

the central bank has sufficiently precise information.

Related Literature

In this paper, the benchmark case of no forward guidance builds on the literature on optimal
monetary policy under information frictions, and I extend the model to study the question
of optimal forward guidance policy.

In the benchmark case without forward guidance, the main argument is that optimal
monetary policy targets a negative ratio between the price level and the output gap. The
previous literature also reaches the same targeting rule under different assumptions on the
information structure. (See Ball, Mankiw, and Reis (2005), Adam (2007) and Angeletos
and La’O (2019) for examples.) Other papers in this field also show how optimal monetary
policy depends on the balance between aggregate stabilization and cross-sectional efficiency
(Lorenzoni (2010)), whether information is exogenous or endogenous (Paciello and Wieder-
holt (2013)) and whether monetary policy signals information about the state of the economy
(Baeriswyl and Cornand (2010), Tang (2013) and Jia (2019))

Recent research on forward guidance is motivated by the discrepancy between the pre-
dicted explosive dynamics for inflation and output in a workhorse New Keynesian model

and its limited effect in practice in the U.S. since the Great Recession, which is referred to



as the forward guidance puzzle by Del Negro, Giannoni, and Patterson (2012). Economists
have shown how incomplete financial markets (McKay, Nakamura, and Steinsson (2016),
Kaplan, Moll, and Violante (2018) and Acharya and Dogra (2018)), bounded rationality
(Gabaix (2016) and Farhi and Werning (2017)), or imperfect information about either the
state of the economy or monetary policy (Angeletos and Lian (2018), Andrade et al. (2019),
and Campbell et al. (2019)) can reconcile the model predictions and the empirical evidence.
Bassetto (2019) and Bilbiie (2019) study the question of the optimal form of forward guid-
ance.

The paper most related to this one is Angeletos and Sastry (2018), who compare instrument-
based forward guidance with target-based forward guidance when private agents have bounded
rationality. In their paper, there is a trade-off of providing either type of forward guidance:
that is, private agents either knows the policy instrument (if forward guidance is instrument
based) or knows the outcome (if forward guidance is target based). Instead of assuming
bounded rationality, in this paper, I assume that agents are fully rational but have imperfect
information about the state of the economy. Another key difference is that I assume the
central bank also has imperfect information when providing forward guidance, so perfectly
knowing the policy instrument does not guarantee ex-ante welfare improvement. In fact, it is
the central bank’s ability to make the optimal trade-off between deviations after the actual

shock and after the noise shock that improves the ex-ante welfare.

2 Private Sector: A Lucas-Phelps Island Economy

The private sector is modeled as a Lucas-Phelps island economy (Lucas (1972) and Phelps
(1970)).2 There is a continuum of firms, with each firm located in a separate island and
producing an intermediate product that is an imperfect substitute for another. The market is
monopolistic competitive. There is a representative household, which consists of a consumer
and a continuum of workers.

The model is static in the sense that there is no consumption versus saving decisions,
but there are multiple stages in each period. Forward guidance is defined as announcing the
intention of monetary policy in the early stage and implementing monetary policy in the last
stage. Specifically, I assume that each period has three stages. In the first stage, technology
shocks are realized in all firms. Each firm ¢ observes its own technology, A;, but not the

technology shocks in other firms, A; j.;. In the second stage, all firms set prices based

2Many previous papers use Lucas-Phelps island economy to formalize information frictions with a certain
geographical segmentation. Examples include Woodford (2001), Adam (2007), Nimark (2008), Angeletos
and La’O (2010), among others.



on their own information set w;. In the last stage, perfect information becomes available.
All markets open. The household makes consumption decisions across products from all
firms. The central bank chooses aggregate nominal demand, which defines aggregate nominal
consumption. Since prices are set in the previous stage, real output becomes completely
demand determined. Firms demand labor and produce output to meet the demand for their

products.3

2.1 Household

There is a representative household that makes consumption and labor supply decisions in
the last stage under perfect information. Denote Y as the Dixit-Stiglitz index of aggregate
output and P as the corresponding price index. The optimal consumption decisions among

intermediate goods yield the demand for each intermediate good to be

e (B)

where Y; and P; are the quantity and price of firm i.
The household’s optimal labor supply decision yields the real wage to be the marginal

substitution between consumption and leisure, which is given by:

Wi _ N
P Yy

(2)

where W; and N; denote the nominal wage and labor employed on island 7.4

2.2 Firms

Prices are perfectly flexible across periods. Firms make pricing decisions at the beginning
of the period while subject to imperfect information. The production function is a linear
function of labor inputs, and technology is heterogeneous across firms. The production

function of firm ¢ is given by

Y; = A;N;. (3)

3When modeling an economy subject to information frictions, the existing literature differs on the as-
sumption of whether firms make pricing or production decisions first. This assumption determines whether
nominal variables or real variables are subject to imperfect information. Here, I follow the majority of papers
and assume that pricing decisions are made prior to consumption decisions, and consumption decisions are
made under perfect information. For economic implications under the althernative assumption that produc-
tion decisions are made under imperfect information and prices clear the market under perfect information,
see Angeletos and La’O (2010).

4Details of the household optimization problem is provided in Appendix A.



Each firm sets prices to maximize its expected profit conditional on its own information

set, w;. The profit maximization problem is given by,
mazprE{PY; — WiN;|w;}. (4)

Firms are forward looking and take into account how demand for their products will be
affected by their pricing decisions at the end of the period. Specifically, firm i expects the
quantity it will sell is Y;(F;) given by equation (1), and will need to hire the amount of
labor determined by the production function given by equation (3) at the wage specified in
equation (2).

The first-order condition for optimal pricing is thus given by
EIL,(P; PY) |w;] = 0. (5)
Solving the optimal price, P;, and taking log linearization yield the following result:

pi = Ei[p+ay] — Ba; (6)

where the operator E; represents the expectation of firm ¢ conditional on its own information
set, w;. o and B are constant and are functions of parameters in the model.> Under normal
parameter values, a > 0 and [ > 0, suggesting that a firm increases its price in response to
a higher expected aggregate price level, a higher expected real output, and a lower actual
firm-specific technology shock (i.e., a higher cost of production).

The central bank sets the aggregate nominal demand, n, which determines the relation-
ship between the aggregate price level and aggregate real output, which in log form is given
by

y=n-—p. (7)

Therefore, firms form expectations about y as the difference between n and p, which

transforms equation (6) into
pi = E;[(1—a)p+an] — Ba;. (8)

Higher-Order Beliefs
As suggested in equation (8), the optimal prices of individual firms depend on their
expectations about the aggregate price level, and the aggregate price level in turn depends

on the optimal prices of all individual firms. When firms form expectations about the

5See Appendix A for details.



aggregate price, they need to guess the expectations held by other firms. This feature leads
to the higher-order beliefs problem. Following Woodford (2001), I solve the higher-order
beliefs problem by successively substituting p = [p;di and then applying FE;. Iterating this

process yields
pi=aXi2(1— o) LB — B2 (1~ o) E;E7 Y6 — Ba; (9)
where E[-] denotes the average expectations operator, given by
B = [ BB []di= BB (10)

2.3 States and Signals

Aggregate States
The only aggregate state variable in the private sector is the aggregate technology shock,
which I assume to be i.i.d. with log-normal distribution. Denote a as the log of aggregate

technology, which follows
a~ N(0, o2).

a

Signals
The firm-specific technology shock is assumed to be a linear sum of the aggregate tech-
nology shock and the idiosyncratic shock, which makes the firm-specific technology shock a
private signal of the aggregate technology shock. The private signal relates to the aggregate
shock as
a; =log(A;) = a+ s, si~ N(0,02).

At the beginning of the period, the central bank also gets a noisy signal about the
aggregate technology, which I denote as m. In the real world, this can be thought of as the
central bank surveying a random sample of firms, and estimating the aggregate technology
shock by the sample average. Private agents get this public signal from the central bank
only under forward guidance. I assume that the noise component in the central bank’s

information is normally distributed with mean 0. The central bank’s signal is given by:

m=a+wv, v~ N(0,0%)



3 The Benchmark Case: No Forward Guidance

I start the analysis from the benchmark case of no forward guidance. The central bank
sets the aggregate nominal demand in the last period when perfect information becomes
available. I study two types of central banks. A discretionary central bank optimizes the
aggregate nominal demand decision at the end of the period, taking prices as given. A
central bank under commitment chooses a monetary policy rule prior to the realization of
shocks and takes into account how the expectations of the forward-looking firms will be
affected by the choice of the policy rule. The central bank under commitment implements
aggregate nominal demand according to the pre-determined rule at the end of the period.

The sequence of events for the two types of central banks is summarized as follows.

CB chooses v(+)
1
a; Vi are realized. a; Vi are realized.
1 1
Firm 7 observes a;. Firm 7 observes a;.
|} 1
Firm ¢ decides p; Firm ¢ decides p;
Full infofmation is revealed. Full infofmation is revealed.
The household OB b The household CB implements
decides y;, Vi CHOOSES - decides y;, Vi n=-y(a) .

Figure 1: Sequence of Events (Left: Under Discretion, Right: Under Commitment)

A discretionary central bank (left) optimizes aggregate nominal demand ex-post, after it observes the re-
alization of a. A central bank under credible commitment (right) optimizes the policy rule for aggregate
nominal demand ex-ante, and commits to implementing n according to the pre-determined rule. In both
cases, pricing decisions are chosen under imperfect information and consumption decisions are chosen under
full information.

3.1 Expectations in the Private Sector

As suggested in equation (9), optimal pricing decisions require firms to form expectations
about two variables: the aggregate technology shock and the aggregate nominal demand.
It is easy to see that without forward guidance, since the central bank’s noisy signal never
enters the private sector, optimal monetary policy responds only to the aggregate technology
shock, not to the noise shock. Under rational expectations, firms expect aggregate nominal

demand conditional on their expectations about the aggregate technology shock.
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Without forward guidance, the information set of each firm consists only of its firm-
specific technology, w; = {a;}. Firms weigh their private signals and their prior beliefs (the
ex-ante mean of @) to form expectations about the aggregate technology shock. The expected

aggregate technology shock formed by firm ¢ is given by

_ Rs Ka Rs
FE;a= a; + = Ay, 11
’ Kg+ Ka ’ HS—}-I{aMa Kg+ Kq ’ ( )

where ks =1/ 02 denotes the precision of private signals, and kg, =1/ 03 denotes the precision
of the prior.
The optimal price is determined by higher-order beliefs, which are solved by first taking

the average of individual beliefs,
— Ks

Fa=
Kg+ Kq

a. (12)

and then taking F; over this first-order averaged expectation. Iterating this process yields

higher-order expectations to be:

. K j+1

EEla= ( a ) a;. (13)
Ks+ Kq

For a discretionary central bank, I guess and verify that optimal discretionary policy is

linear to the aggregate technology shock.% For a central bank under commitment, I study

the set of monetary policy rules that respond linearly to the aggregate technology shock.

For both types of central banks, the aggregate nominal demand follows,
n = ya. (14)

where v is optimally chosen in both cases.

The expected aggregate nominal demand is thus given by

Ein=~vE;a = s

. 15
Ii5+f£a7az ( )

6Specifically, I first guess that firms expect aggregate nominal demand to be linear to the aggregate
technology shock, and then solve for the optimal discretionary monetary policy, which turns out to be linear
to the aggregate technology shock, consistent with the firms’ expectations.
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3.2 The Optimal Monetary Policy

The central bank’s ex-ante loss function is the expected weighted sum of the squared output

gap and the squared price level, which is given by
2
E[L] :E{(y—yefg -I—Tpﬂ , (16)

where 3¢/ the efficient level of output, is defined as the output level when information is
perfect (specified in equation (19)).

Before diving into how optimal monetary policy depends on the information frictions in
the private sector, let us first consider the following two extreme cases:

Extreme Case I - Perfect Information about the Aggregate Technology Shock

When the precision of private signals approaches infinity, the economy approaches the
perfect information case. To find the equilibrium price and output level in this case, substi-
tute E;a = a and F;n =n = ~va into equation (9), and then apply y =n—p. The equilibrium

price and the output level are shown to be:

ay—p3
p—— (17)
y— gd (18)

It shows that the real dichotomy holds, meaning that the output level is independent
of the effect of monetary policy. Although monetary policy is set after pricing decisions
are made, the effect of monetary policy is completely on the aggregate price level, not the
output level. This is because firms are forward looking. Under rational expectations and
full information, firms can perfectly forecast the aggregate nominal demand that will be set
in the last stage. Therefore, prices fully adjust to the change in aggregate nominal demand,
which leaves monetary policy with no effect on real output. If a central bank wants to
minimize price deviations, it can achieve full price stabilization by setting n = ga.

I define the output level in this case under perfect information to be the efficient output
level, which is given by

yeffzyﬁéci (19)
oY

Extreme Case II - No Information on the Aggregate State
Consider the other extreme case in which the precision of private signals is zero. To find

the equilibrium price and output level, substitute E;a =0 and n = ~a into equation (9), and
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then apply y =n —p. The equilibrium price and the output level are shown to be:

p— —pa, (20)
y — (y+B)a. (21)

In this case, firms adjust prices only to their firm-specific technology shocks, not to any
aggregate variables. Since monetary policy is only expected to respond to the aggregate
technology shock and firms do not update expectations about the aggregate technology
shock, they do not update expectations about the change in monetary policy. Consequently,
monetary policy does not have any effect on the price level and all of the effect is on the output
level. The real dichotomy breaks down owning to information frictions. If a central bank
wants to minimize the output gap, y —y¢//, it can achieve complete output-gap stabilization
by setting n = g — fa.

It is interesting to compare this with Woodford (2001), where firms have perfect infor-
mation on the state of the economy, but they have imperfect information on the exogenous
change in monetary policy. Consequently, changes in monetary policy affect real output. In
my model, firms have perfect information on the endogenous response function of monetary
policy, but they have imperfect information on the state of the economy. The gap between
the actual and the expected state of the economy makes a fraction of the actual monetary
policy an unanticipated shock to the private sector.

The Intermediate Case

We now turn to the intermediate case, in which both the variance of the actual aggregate
technology shock and the variance of the idiosyncratic shock are non-zero and finite. Af-
ter an aggregate technology shock, all firms update their expectations about the aggregate
technology shock using their private signals. Under imperfect information, all firms under-
estimate the aggregate technology shock on average. Specifically, the first-order average of

the expected aggregate technology shock is given by

K

‘/&az * G<a. (22)
Ks+ Ka

Firm expect monetary policy conditional on their expectations about the aggregate tech-

nology shock, which makes them also underestimate the actual change in aggregate nominal

demand. Specifically,

K;S . I‘is
En— [ i = <n. 23
/ i /154—5@7&7’ ! /<;s+/<aan " (23)

KRs
Kstha

On average, a fraction of the change in monetary policy ( n) is anticipated by firms,

13



and its effect is absorbed in pricing decisions. The rest of the change in monetary policy
is unanticipated by firms, and this unanticipated fraction of the policy change affects the
real output level. The equilibrium price level and the output level are summarized in the

following proposition.

Proposition 1 When 0 < o, <00, 0 <05 < o0 and n =~a, the real dichotomy breaks down
and monetary policy affects both the price level and the output level. The equilibrium aggre-

gate price and the output level are given by:

. (O"V - ﬁ)"fs - B/fa(_l

= (24)
Kg +QKg
Kg + QKg

Proof: See Appendix B.

Corollary 1.1 If the central bank optimizes under discretion, it minimizes the output gap
(defined as the difference between the equilibrium output and the efficient output), and it can

achieve complete output-gap stabilization by setting”

disc __ é_ a
n _(a 5), (26)

in which case the equilibrium price level and the equilibrium output level follow

p=—pa, (27)

ﬁ& = yel7. (28)

y=-
o

Corollary 1.2 If the central bank sets monetary policy to minimize the price level, it can

achieve complete price stabilization by setting

p stab/- :E’%G_FHS_ 929
o web(g) = 1ot (29

"Since the optimal discretionary monetary policy closes the output gap, I use the phrase “the optimal
discretionary monetary policy” and “the output-gap stabilization policy” interchangeably in the rest of the

paper.
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in which case the equilibrium price level and the equilibrium output level follow

p=0, (30)
y = 6(’%""18)&. (31>
kg

Comparing (26) and (29), we find that the policy that stabilizes the price level leaves the
output gap open. In addition, after an a shock, n? $1%(q) > n45¢(a), Vk,. It suggests that
if the central bank wants to stabilize the price level, it has to commit to leaving a positive
output gap by making monetary policy more accommodative than what it would be under
discretion. Information frictions result in the conflict between stabilizing the aggregate price
level and closing the output gap.

If the central bank optimizes under credible commitment, it considers how its choice of
policy rule affects the expectations of the forward-looking firms and thus affects both the
price level and the output level. The central bank under commitment chooses the monetary
policy rule, n = -a to minimize the ex-ante loss of the central bank specified in equation
(16). The first-order condition yields that

el f -1
y—y? (o) (% | (32)
p dv) \ov
where

dp kg
87'7 B Ka+ ks’ (33)
dy Ka
9% _ _ 4
0v  Kq+akg (34)

Solving the value of « yields the following proposition.

Proposition 2 When 0 < 0, < 00, 0 < 05 < 00, the optimal monetary policy rule that min-

imizes the ex-ante loss function of the central bank is

v = (/s +Ta2/§2) - (T@B/@s(ns + Kq) + (g - ) /13) . (35)

To implement the optimal monetary policy rule, the central bank commits to leaving the
output gap open. In addition, the optimal policy rule shifts from output-gap stabilization to

price-level stabilization when the precision of private signals increases from zero to infinity.
Proof: ~ as specified in equation (35) is a continuous function of kg, and 887?8 > 0. In
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addition, y(ks = 0) =¥ % and (ks = 00) = 4P 1% So, as the precision of private infor-
mation (k) increases, monetary policy changes from the output-gap stabilization policy to
the price-level stabilization policy.® From equation (25), if v > ~¥ 5% then y > y*// and
Ip| < | — Bal, meaning that after a positive output gap, the central bank commits to a positive
output gap to reduce price deviations from the equilibrium price under discretion.

In the following figure, I plot the optimal policy rule at varying precision of private signals

and the equilibrium price level and the output level under the optimal policy rule.
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Figure 2: The Equilibrium Without Forward Guidance

Parameter values are chosen to be: ¢ =0.2, ¢ = 0.5, ¢ = 2, which makes o =0.35 and 5 =0.75. o, =0.1.

The left panel compares the optimal policy rule under commitment with the optimal
discretionary policy (Corollary 1.1) and the price-level stabilization policy (Corollary 1.2).
It shows that the price-level stabilization policy responds more aggressively to the aggregate
technology shock than the optimal discretionary policy. In addition, the more imprecise the
private information is, the more aggressive response it requires to stabilize the aggregate
price level. Therefore, when the central bank weighs output gaps and price deviations under
optimal commitment, the policy rule weighs more towards the output-gap stabilization policy
when private information is very imprecise. When the precision of the private information

increases, the price-level stabilization policy requires a smaller output gap, which makes the

80ne of the arguments made in Adam (2007) is also that under information frictions, optimal monetary
policy shifts from output-gap stabilization in initial periods (when information is imprecise) to price-level
stabilization in later periods (when information is precise), but the underlying assumptions are different from
those in this paper. In Adam (2007), it is the coexistence of both the supply shock (shock to the efficient
output level) and the real demand shock (time-varying price elasticity of intermediate products) that results
in the conflict between price-level stabilization and output-gap stabilization. In my paper, the conflict is
driven by the heterogeneity in firms’ productivity. If all firms have the same production technology but have
heterogeneous beliefs about this aggregate technology, there is no conflict between stabilizing the price level
and closing the output gap. See Appendix E for derivations of this case.
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optimal policy rule shift toward price-level stabilization policy. When the precision of pri-
vate information approaches infinity, the real dichotomy holds asymptotically, and the real
output level is independent of monetary policy. The right panel illustrates the equilibrium
price level and the output gap under the optimal policy rule after a positive aggregate tech-
nology shock. As the central bank commits to a more accommodating monetary policy, the
equilibrium output is higher than the efficient output and the price deviation is reduced from
the equilibrium under optimal discretionary policy. As the precision of private information

increases, the output level approaches the efficient level and the price level approaches zero.

4 Instrument-Based Forward Guidance

Instrument-based forward guidance is modeled as the central bank announces its decision
about aggregate nominal demand before firms make pricing decisions. The central bank
makes the policy decision based on its imperfect information about the aggregate technology
shock. The central bank commits to implementing this policy decision at the last stage when

perfect information becomes available. The sequence of events is summarized as follows.

CB chooses v (-)

1
a; Vi are realized.
/ —~
Firm 7 observes a;. CB receives m and
1 announces n = y(m).
Firm ¢ decides p;

Full information is revealed.
The household CB implements
decides y;, Vi n=y(m) .

Figure 3: Sequence of Events under Instrument-Based Forward Guidance

Under instrument-based forward guidance, the central bank announces the value of aggregate nominal de-
mand, n, which is conditional on its imperfect information, m. The central bank is committed to imple-
menting the same policy action after full information becomes available.

4.1 Expectations in the Private Sector

In this case, the monetary policy decision is conditional only on one variable: the central

bank’s imperfect signal, m. I study the set of forward guidance policy rules that are linear
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to the central bank’s information, which is given by,
n=-xvy-m (36)

Under rational expectations, firms can perfectly infer m when observing n. Upon receiv-
ing the public signal provided by the central bank, the information set of individual firms
becomes w; = {m, a;}. Firms form conditional expectations on the aggregate technology

shock by weighing the public signal with their private signals,

Rm Rs

Eia = (37)

I€m+lis+ﬁam+ lim+lis+liaaz
In the rest of the paper, I denote K = k,,, + ks + kq. The first-order average expectation
across all firms are:
/Ei&di - %’”m+%&= “’”KW@JF’;?U (38)
Compared with equation (12), it is easy to see the ex-post trade-off of providing forward
guidance: after a real technology shock, the gap between the averaged expected a and the
actual a is reduced by forward guidance. However, the noise shock also drives the expected
technology shock away from the actual technology shock.
The higher-order beliefs on a are solved by repeatedly taking the average of expectations
across ¢ and then applying F; to the previous average. Specifically, to get the second-order

expectations from the first order, apply E; to equation (38) and get:
2
_ K Ks (K K K Ks K K
s (G o) = (e 5 () o o

Iterate the process to the j-th order, which yields

st (S2) e () o () o w
When beliefs are taken to higher orders, the weight of the public signal gets amplified.
Firms have homogeneous expectations about monetary policy, as they expect the central
bank to implement the same aggregate nominal demand as what is communicated in the
forward guidance. Specifically,
Ein=n=vym Vi (41)

and

EE ln=FEn Vj (42)
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4.2 Optimal Monetary Policy

The following proposition describes the equilibrium price and output level under instrument-

based forward guidance.

Proposition 3 When instrument-based forward guidance is provided in the form of n =~ym,

the equilibrium price and output are:
B kg + km +akg \ _ B (1—a)km
S _EA T Z/mm 4
b <7 a K’ T\ w )" (43)
yzéaKa+Hm+aH5&+é(1_a)ﬁmU (44)

«a K’ K’

Q

Proof: The equilibrium aggregate price level is solved by substituting F;E/~!a and
E;E7~1n in equation (9) with equation (40) and in equation (42). The equilibrium output is
solved by taking the difference between the aggregate nominal demand and the equilibrium

price level. See Appendix C for detailed derivations.

Corollary 3.1 Under instrument-based forward guidance, the output level is independent of

the effect of monetary policy.

As shown in (44) the instrument-based forward guidance affects the real output level only
by providing an extra source of information, measured by k,,. The monetary policy rule, ~,
does not affect real output. This is because since the central bank commits to implementing
the monetary policy action provided by the forward guidance, firms have perfect information
on the changes in monetary policy before making pricing decisions. Since prices are perfectly

flexible, prices fully adjust to changes in monetary policy, leaving no effect on the real output.

Corollary 3.2 Under instrument-based forward guidance, the output gap is negative after a

positive technology shock and is positive after a positive noise shock.

Since the output level is independent of the effect of monetary policy, there is no trade-off
between price deviations and output gaps under instrument-based forward guidance. The
output level is the result of information frictions. After a positive aggregate technology
shock, firms underestimate the aggregate technology shock, and therefore the output level is
lower than the efficient level. After a positive noise shock, firms overestimate the aggregate

technology shock, and therefore the output level is higher than the efficient level.

91n the rest of the paper, I denote K’ = kg + Ky + k.
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Under instrument-based forward guidance, the equilibrium in the private sector changes
in response to not only the aggregate technology shock but also to the noise in the central

bank’s information. The central bank’s ex-ante loss function becomes
2 2
E[L]=F [(y—yeff> +7’p2] = // [(y—yeff) +Tp2} dade (45)

where y¢// is defined in equation (19). Since the real output level is independent of the
choice of monetary policy, the optimization problem reduces to choosing the policy rule to

minimize ex-ante price fluctuations, which is given by
Mazp—mE [pQ] : (46)

The first-order condition on ~ yields

a o?
pla) _ -t (47)

The following proposition describes the optimal instrument-based forward guidance.

Proposition 4 The optimal instrument-based forward guidance minimizes ex-ante price de-
viations by targeting a negative ratio between price deviations due to technology shocks and
price deviations due to moise shocks. The optimal policy rule that achieves this target is

n=~"m and

. 9 N—L [ Bakg+rmtaks o B(l—a)km o
v :(oa—i-av) (a 7 UCL—FaTO‘E : (48)

In the following graph, I plot the monetary policy and the equilibrium price and output

after a technology shock and a noise shock. It shows that after a positive technology shock,
both the price level and the output gap are negative, whereas after a positive noise shock,
both the price level and the output gap are positive. It suggests that the central bank makes
the trade-off between equilibrium after technology shocks and equilibrium after noise shocks.
In addition, as the precision of the public signal increases, the price approaches zero after the
technology shock, whereas the price deviates further away from zero after the noise shock,
because the targeted ratio of % decreases in absolute value when the precision of the public
signal increases. Intuitively, since the noise shock has a small variance, the deviations after

noise shocks are less weighted by the central bank.
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Figure 4: The Equilibrium under the Optimal Instrument Based Forward Guidance

Parameter values are chosen to be: ¢ =0.2, ¢ =0.5, e =2, which makes « =0.35 and §=0.75. 0, =05 =0.1.

5 State-Contingent Forward Guidance

The state-contingent forward guidance is modeled as the central bank revealing its imperfect
information to the private sector. It does not commit to the value of aggregate nominal
demand, but rather it commits to a policy rule that responds to both the actual aggregate
technology shock and the noise shock. In the last stage, the central bank sets aggregate

nominal demand under perfect information. The sequence of events is summarized as follows.

1
a; Vi are realized.
/ \\
Firm 7 observes q;. CB receives m
L «— and announces m.

Firm ¢ decides p;

Full information is revealed.

The household
decides y;, Vi

CB implements
n =~(a, v) .
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Figure 5: Sequence of Events under State-Contingent Forward Guidance

Under state-contingent forward guidance, the central bank announces its noisy signal, m, before firms make
pricing decisions. The central bank waits until perfect information becomes available to set aggregate nominal
demand, which allows it to condition the value of the aggregate nominal demand on both the actual shock
and the noise shock.



5.1 Expectations in the Private Sector

In this case, the monetary policy decision is conditional on two aggregate variables: the
actual aggregate technology shock and the noise shock. I study the set of policy rules that

respond linearly to the two shocks, which is given by
n =% +~"v. (49)

Note that this function nests the case of instrument-based forward guidance, in which
case 7* =", and nests the case of no forward guidance, in which case vV = 0.

As long as v* # 7Y and 7Y # 0, to form expectations about aggregate nominal demand,
firms need to form expectations about both the actual shock and the noise shock as well.

Expectations about the Actual Shock

Under state-contingent forward guidance, the information set of individual firms is the
same as the one under instrument-based forward guidance. Expectations about the aggregate
technology shock are formed in the same way, which is given by equation (40).

Expectations about the Noise in the Public Signal

Firms form expectations about the noise shock by subtracting their expected a from the

the public signal, which is given by

Ev=F; (m — ZL) =m— F;a. (50)
Substitute F;a in the above equation with equation (37) to get the average expected noise
shock, which is given by:

. KEm+Ks  _ Ra _ Kg+ Ks
Evdi =m — a= a
Ka+ Km + Ks Ka + Km + Ks Ka+ Km + Ks

(51)

It suggests that if the public signal provided by the central bank turns out to be a noise shock,
the more precise the public signal is, the less private agents expect it to be a noise shock.
Equivalently speaking, a noise shock misleads the private sector to expect an aggregate
technology shock, and this effect is stronger the more precise the central bank’s information
is.

Expectations about Aggregate Nominal Demand

To form expectations about aggregate nominal demand, apply F; to equation (49) and
then substitute Eja with equation (40) and F;v with equation (51).

K, v KsTKa

+7
Km +KRs+ Kq Km +KRs+ Kq

Fin=(+° Jm+ (00 =) e (52)

Km + Ks+ Kg
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In the rest of the paper, I simplify (52) as:

En = ppm—+ pgea; (53)

_ A0 Km U___KstKa __ (A0 __ AU __ Ks
where Pm =7 Km—+Ks+ka _’_’Y Km+Ks+Ka’ and Pa = (’7 v ) KmtKstRa "

To calculate the higher-order beliefs on aggregate nominal demand, start by taking the

first-order average of expectations, which is given by
En = (pm+ pa)a+ pmo. (54)
and then applying E; to the above equation as:

_ K K
EiEn = ppm+ paEia = prm+ pq (l?m+ [éaz) : (55)

It shows that the weight on the public signal is amplified when beliefs about aggregate
nominal demand are taken to the higher order. Continuing this process to get the j —th

order beliefs on the nominal aggregate demand:

EiE'n = pmm+ po B E7 1. (56)

5.2 Optimal Monetary Policy

The following proposition describes the equilibrium price and output level under state-

contingent forward guidance.

Proposition 5 When state-contingent forward guidance is provided in the form of n=~%a+

YYv, the equilibrium price and the output are:

p= (¢m+¢a)a+¢mv (57)
y="—¢m—da)a+ (7" — pm)v (58)
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where

l1—«a Km
= l1—o)— 59
Om = pm+ pa( a) 5 o ks + Fog + Forn ( )
(1—a)krs
_ _ s — 60
60 =lapa =B — S ap,— (60)
a Ko, v KsTtHRqg
_ 4 61
pm =1 Em+ ks + Kq i Km T+ Ks T+ Kq ( )
K
pa=(1"—7") . (62)

Km + Ks+ Kq

Proof: See Appendix D.

Before solving for the optimal monetary policy rule, first consider the case of a dis-
cretionary central bank that has no credible commitment to leaving the output gap open
ex-post. Specifically, a discretionary central bank is expected to achieve y = y¢/f after the
actual technology shock and y = 0 after the noise shock. The following corollary characterizes

the output gap stabilization policy.

Corollary 5.1 The condition for complete output-gap stabilization after both technology

shocks and noise shocks is

yogr=L_g (63)
a
which does not yield a unique solution for {v*, v"}.

Proof: See Appendix C.

Since closing the output gap only requires the difference of v* and ¥ to be a constant,
discretionary monetary policy has an extra degree of freedom, which allows the central
bank to seek to minimize price deviations while keeping the output gap closed. Define the
optimal discretionary monetary policy to be the one that minimizes ex-ante price deviations
while keeping the output gap closed after both technology shocks and noise shocks. The
optimal discretionary policy is solved by backward induction: in the last stage, the central
bank chooses the set of output-gap stabilization policies that close the output gap (defined in
Corollary 5.1). In the first stage, the central bank chooses among the output-gap stabilization
policies to minimize the ex-ante price fluctuations. The following corollary summarizes the

optimal discretionary policy with state-contingent forward guidance.

Corollary 5.2 With state-contingent forward guidance, the central bank can reduce ex-ante
price fluctuations while keeping the output gap closed ex-post. The optimization problem of

the optimal discretionary policy under state-contingent forward guidance is given by

MAT p—~ag~vy — {pz} (64)
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subject to the optimization result in the second stage, which is given by equation (63). p

follows equation (57) with parameters given by equations (59) to (62).

The optimization problem of the optimal discretionary monetary policy with state-
contingent forward guidance becomes similar to the optimal policy rule with instrument-
based forward guidance in the sense that the central bank minimizes ex-ante price devia-
tions. The difference is that while under the optimal instrument-based forward guidance the
central bank has no control over the output gap ex-post, the optimal discretionary monetary
policy with state-contingent forward guidance can close the output gap ex-post thanks to
the additional degree of freedom.

In the following graph, I plot the solution for the optimal discretionary policy with state-
contingent forward guidance, together with the equilibrium price and output level after a

positive technology shock and a positive noise shock.
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Figure 6: Optimal Discretionary Monetary Policy at Varying Degrees of Public Signal

Parameter values are chosen to be: ¢ =0.2, ¢ =0.5, ¢ =2, which makes « =0.35 and §=0.75. 0, =05 =0.1.

It shows that the equilibrium price is the same as the one in Figure 5, since in both
cases the central bank seeks to minimize ex-ante price deviations by balancing between price
fluctuation due to the actual shock and due to the noise shock. The output gap is closed
after both the aggregate technology shock and the noise shock. This is due to the extra
degree of flexibility in the monetary policy response function, which allows the central bank
to target both price deviations and output gaps.

The ex-ante welfare can be further improved by optimal commitment. The optimization

problem for a central bank with commitment is given by
2
ma/l‘{n:,yaa_i_,yvv} —F |:(y — yeff) -+ Tp2:| (65)
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where p and y evolve according to equations (57) and (58) and parameters are specified in
equations (59) to (62).

The first-order conditions are given by

@D 70 B 2 [y B 0 B =0 o
@ o o2+ [y B+ 0 B 20 o

where all derivatives to « are functions of o, o5 and o,,. Details are provided in Appendix D.
The following proposition characterizes the optimal policy rule with state-contingent forward

guidance.

Proposition 6 The optimal state-contingent forward guidance minimizes the ex-ante loss by
committing to a negative ratio between the weighted sum of deviations of the output gap and
the price level after the actual aggregate technology shock and the weighted sum of deviations

after the noise shock.

Intuitively, the optimal policy rule with state-contingent forward guidance combines the
optimal targeting in the benchmark case without forward guidance, and the optimal targeting
in the case with instrument-based forward guidance. In the benchmark case without forward
guidance, the deviations (both § and p) after the noise shock are zero, and the central bank
targets a negative ratio of the price level and the output gap. In the case with instrument-
based forward guidance, the deviations of the output gap (both after the actual shock and
the noise shock) are not included in the central bank’s optimization problem. The central
bank targets the price level after the actual shock and the noise shock. In the case with
optimal state-contingent forward guidance, both § and p and both the equilibrium after the
actual shock and the equilibrium after the noise shock are considered and optimally traded
off to minimize the ex-ante loss. In the following figure, I plot the solution for the optimal
policy rule, together with the equilibrium price and output level after a positive technology

shock and a positive noise shock.
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Figure 7: The Equilibrium Under the Optimal State-Contingent Forward Guidance

Parameter values are chosen to be: ¢ =0.2, 1 =0.5, ¢ = 2, which makes a =0.35 and 8 =0.75. 0, =05 =0.1.

It shows that after a positive aggregate technology shock, the output gap is positive
while the price level is negative, similar to case without forward guidance, where the optimal
policy rule targets a negative ratio between the output gap and the price level after the
actual technology shock. After a positive noise shock, the price level is positive, similar to
the case with instrument-based forward guidance, where the optimal monetary policy targets
a negative ratio between price deviations after the actual shock and price deviations after

the noise shock.

6 Ex-ante Welfare Comparison

There should be no surprise that the ex-ante welfare is maximized (equivalently speaking, the
ex-ante loss is minimized) under the optimal state-contingent forward guidance, since both
the benchmark case without forward guidance and the instrument-based forward guidance
are the results of the same optimization problem but with restrictions on the set of policy
choices. (The benchmark case restricts 4V = 0 and the instrument based forward guidance
restricts v =~".)

Whether providing the optimal instrument-based forward guidance improves ex-ante wel-
fare from the benchmark case without forward guidance depends on the precision of the
central bank’s information. In the following figure, I plot the ex-ante loss for the three cases
at varying precisions of the central bank’s information. For the optimal instrument-based
forward guidance, the ex-ante loss of losing control over the output level is higher when

the central bank’s information is less precise, and outweighs the benefits of being able to
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optimally target price deviations due to the actual shock and due to the noise shock.
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Figure 8: The Ex-ante Loss at Varying Degree of Central Bank’s Information

Parameter values are chosen to be: 0 =0.2, 9 =0.5, e =2, 0, =05 =0.1

It is worth comparing this result with the trade-off of providing public information dis-
cussed in Morris and Shin (2002). In my paper, with the optimal policy state-contingent for-
ward guidance, more precise public information is always ex-ante welfare-improving. There
are two assumptions in my model, under which providing public information does not have
the trade-off as discussed in Morris and Shin (2002). First, the central bank can make mone-
tary policy conditional on the actual state of the economy. Second, the objective function of
the central bank is the same as the social welfare function. In contrast, in Morris and Shin
(2002), there is only individual optimization over imperfect information, and the individual’s

objective function is different from the social welfare function.

7 Conclusion

What is the optimal type of forward guidance? This paper argues that in an economy with
flexible prices and imperfect information, the optimal type of forward guidance is state con-
tingent, not instrument based. Imperfect information gives rise to the trade-off between
price-level stabilization and output-gap stabilization after aggregate technology shocks. For-

ward guidance reduces the degree of information frictions, but since the central bank is also
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subject to imperfect information, forward guidance also introduces a noise shock that comes
from the central bank’s own information.

The key message is that this noise shock gives the monetary policy function an extra
degree of freedom. The central bank can reduce ex-ante price deviations by targeting the
optimal trade-off between price deviations after the actual shock and price deviations after
the noise shock. However, this benefit comes with a cost if forward guidance is instrument
based. This is because since the central bank announces the value of aggregate nominal
demand before firms set prices, prices will fully adjust to changes in monetary policy, leaving
the output level independent of the effect of monetary policy. This cost is greater ex-ante
when the central bank’s information is less precise.

The optimal state-contingent forward guidance maximizes the ex-ante welfare by com-
bining optimal commitment in two ways. First, it targets the optimal trade-off between
the price level and the output gap - the same as the optimal policy rule without forward
guidance. Second, it targets the optimal trade-off between deviations after the actual shock
and deviations after the noise shock - the same as the optimal instrument-based forward

guidance.
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Appendices

A Equilibrium in the Private Sector
A.1 Household Optimization Problem

There is a representative household, a “big family,” that consists of a continuum of workers to
be sent to each island to supply labor. The household makes consumption and labor supply
decisions under perfect information. The preferences of the household are defined over the
aggregate consumption good, C, and the labor supplied to each firm, N;. The decisions of
the household are made when all information is revealed, and so the consumption and labor
supply decisions are free from informational frictions. The household chooses consumption

and labor to maximize its utility, which is given by

_ 1+
Cla lNi P

N;j)=—— di, Al
u(C Ni) l—o Jo 149 ! (A1)
subject to the nominal budget constraint,
1
PCSAI%M+H, (A.2)

where II stands for all lump-sum income including dividends of all firms and tax payments.
W (i) and N (i) are the labor wage and labor supply of firm i, respectively.
The first-order conditions on C' and N; yield that

C 7=\P (A.3)
N;’b = \W; (A.4)

where )\ is the Lagrangian multiplier of the budget constraint. Combining these two first-
order conditions sets the real wage as the marginal rate of substitution between consumption
and leisure: .

Wi, N,

— =t (A.5)

P C

The economy is monopolistic competitive and the final consumption, C| is a Dixit-Stigliz

composite of all intermediate goods C; in the form of

11_%ﬁ
0:<Aq ) . (A.6)

The household optimally allocates consumption among intermediate goods. Conditional on

33



the level of aggregate consumption, the household allocates intermediate goods consumption

to minimize the cost of total expenditure, which is given by

1 1 1\ =1
mingc,) /0 PiCidz'—P( /0 c}‘) (A7)

The first-order condition of the intermediate good i is:

C; = @i) e (A.8)

1

where P denotes the aggregate price level, taking the form of P = ( fol p;_edj) e

A.2 Firms’ Optimization Problem

Every firm produces intermediate outputs according to a constant returns to scale technology

in labor, with a firm-specific productivity shock, A;:
Y; = A;N;. (A.9)

All firms set prices at the beginning of the period conditional on their information set,

w;. The optimal price-setting decision for firm ¢ is given by
EPz‘ {PZY;—WZNZ‘MZ} (AlO)

All firms understand that the demand for their products is determined by the optimal con-

sumption decisions by the household in the last stage, as

Y, = @)_ey (A.11)

In addition, when firm ¢ demands labor, it changes the household’s marginal rate of substi-

tution between consumption and leisure. So the equilibrium wage is given by

Wi _ N
P Y©

(A.12)

Plugging (A.9), (A.11) and (A.12) into (A.10), the expected profit of firm ¢ conditional

on its information set is given by

E{PY;—~WiNi|w;} = E { (iz) YP— Pie(1+1/1)AZ_(1+w)Y1+w+UPe(1+w)+1’wi} . (A13)
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The first-order condition on P; is calculated as:
E{(l _ G)PZ-EPEY . 6(1 +wPZ~€E¢1Ai(1+w)YHw+JP6+6wH!wz'} -0 (A.14)
which yields that

1 B
plter = €<€ :Lf) E {P”WW“’AZ. (1+¢) |wi} . (A.15)

Take the log of the above equation to get
pi=FE; [p—i— ay] — Ba; (A.16)

_ Y+ _ 14w
where o = Hef/) and = 7.

A.3 Price Setting with Higher Order Beliefs

The central bank chooses aggregate nominal demand, N, which sets the total nominal spend-
ing of the household, i.e.,
P-Y=N (A.17)

To solve the optimal price under higher-order beliefs, first substitute y in equation (A.16)
with y =n — p, which yields

pi=Ei[p+a(n—p)|-Ba; (A.18)
= (1—0a) Eip+ aEin— Ba; (A.19)

Next, to deal with the aggregate price level in log-linear form, take the log-linear approx-

imation of the aggregate price, P'—¢ = fol Pilfedz', which yields p = fol pidi. Substitute the

aggregate price level as the integral of individual prices, which is given by
1
pi=(1—a) Ei/o (1—a)Ejp+aEin—paj]dj+ akin— fa;, (A.20)
This can be simplified as:

pi=01—-a)’EEp+a(l—a)E;En+aEmn—(1—a)fEa— fa;, (A.21)
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where E[-] denotes the average expectation operator in the form of

[ B0 d=E0), (A22)

B[] = / BBV [)di = BEI1. (A.23)

Iterating this substitution process leads to the optimal individual price with higher-order
beliefs:

pi=(1—a)®EE¥p+ adiiZo(1— o) E;Ein — BYZ0(1 - o) M E;Ea — Ba; (A.24)

B The Case Without Forward Guidance

This section derives the aggregate price and output level when the central bank does not
provide forward guidance of any sort, i.e., the central bank does not reveal its imperfect
information on the aggregate technology shock, nor does it provide its best estimate of

monetary policy decisions.

B.1 Expectations in the Private Sector

In this case, firms use their private information on the aggregate technology shock to form
expectations about the aggregate technology shock and about the response of monetary
policy.

Firm ¢ sees only its own technology a; and uses it as the private signal. The conditional

expectation of the aggregate technology shock becomes

_ Rs Rq Rs
O et ha et hal T et ha (B-1)

To solve for the higher-order beliefs, first take the average over ¢ and get

Fa=—"_a. (B.2)

Ks+ Kq

Then apply E; to this first-order averaged expectation and get

_ 2
EEa= "¢ Eia:< s >ai. (B.3)

Ks+ Kq Ks+ Kq
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Continuous iteration of this substitution process finally results in

E;E'a ZER B.4
‘ (/is + na> ’ (B-4)

I consider the class of policy rule that is linear to the aggregate technology shock, n =~va,
which makes F;n a linear function of Eja, given by E;n = vyF;a.

Apply (B.4) into (A.24) and get

=(1—a)®E;E® 20 (1—q)i (s AR 00 (1 _q)itt(_Ps s

Di ( Oé) i p+ary ]:0( Oé) ket R Qg 6 j:()( a) P a; Baz
s a s a

(B.5)

I guess and verify that the higher-order expectations on p are less than ﬁ, which makes
(1—a)®E;E*p — 0. This leads to

(a'y - ﬂ)ﬁs - ﬁ/faa
Kg + QKg

i (B.6)

Z':

Integration over ¢ results in the equilibrium aggregate price level and output, which are

given by
_ (01— P)re Pt (B.7)
Kg +QKg
Kg + QKg

B.2 Optimal Monetary Policy Without Forward Guidance

The central bank chooses the optimal linear policy rule prior to the realization of shocks, to
minimize the weighted sum of variances of the price level and the output gap. The objective

function of the central bank’s optimization problem is:
2
min, E {(y — yeff) + Tpﬂ (B.9)

where p and y follow (B.7) and (B.8).

The first-order condition on 7 is

_yef s P ov\
y—y p Yy
— 2 -7 B.1
p T<5v> <@7> ’ (B.10)

which suggests that the optimal policy rule targets a negative ratio between the output gap

and the price level.
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In (B.10), the derivatives of p and y with respect to v are given by

@ __9Rs (B.11)
07 Ketakg ’
Oy __ Fa (B.12)
0v  Kq+aks

Substitute these derivatives into equation (B.10) and re-arrange the equation to get

Prs+(v+P)ka _ [

Kg +OQKg o

(B.13)

which yields
V= (,gg +m2,@§)71 (Taﬁ,is(,fs + Kq) + (g — 5) ﬁg> (B.14)
C Instrument-Based Forward Guidance

C.1 Expectations in the Private Sector

Firms form expectations about the aggregate technology shock by combining the public

signal from the forward guidance and their private signals. F;a is given by

Km, Ks K¢

Eia= m+ a; + C.1
! Km + Ks + K¢ Km + Ks + K¢ ! /{S—I—/-fg'ua ( )
= fom m—+ s a; (02)
Km + Ks + K¢ Km + Ks + Kg¢
To get the higher-order beliefs, first integrate over ¢ and get

— /fm Hs _
Ea=— — C.3
Q= m+ e (C.3)

where I denote K = Ky, + ks + K¢. Then apply E; to the first-order averaged expectations to
get:
2
_ K Ks o K ks [K K K Ks K K
Bifa = m e e ma = e [me e = [ G me () e

Successive iteration of this process leads to the higher-order beliefs on the aggregate tech-

| ek j
BB = (“}?) k=i (;*) m+ (;”(S) a (C.5)

nology:
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Substitute E;n by n and F;a by equation (C.2) into p;, which yields

l—ak K

Integrating over ¢ results in the aggregate price level. The real output level is the difference

between n and p. i.e.,

B ﬁalia—l—/{qua/{S — Q)R
_ <7_a ) ( ° >U (.7)

kg + /-@m + oms _
y="2 ﬁ— (C8)

C.2 Optimal Monetary Policy

The optimal monetary policy then reduces to choose v to minimize the ex-ante variance of

the price level, given by

o Boakg+ Ky +aks o BA—=a)ry
Ep? = <fy . i )(72—1—(7 _oz()> Oy (C.9)

The first-order condition yields that

T S
Rearrange to get the solution for ~:
9 onN-l[BaketEmtars 5 B(l—a)km
’}/:(O'a—i—O'U> a a4 [(’I,T/l SO'a—FaTmUE (Cll)

D State-Contingent Forward Guidance
D.1 Expectations in the Private Sector

Firms form expectations about the aggregate technology shock by combining the public

signal from the forward guidance and their private signals. Ej;a is given by

K
Ba=—2"m" gy T g4 Ty, (D.1)
Km + Ks + K¢ Km + ks + kK¢ Ks+ Kg¢
Km Rs

= m—+ a; (D.2)
Km + Ks + K¢ Km + Ks + K¢
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To get the higher-order beliefs, first integrate over ¢ and get

Ea= %m%a (D.3)

where I denote K = ki, + K5+ k¢. Then apply E; to the first-order averaged expectations to
get:

Rm Rs Rm Rm Rs

E;Ea="2m+-Ea= m-+ — {m—l— az} { + ] m-+ (fis)zai (D.4)

K K K K| K K K KK K

Successive iteration of this process leads to the higher-order beliefs on the aggregate tech-

. . k—1 7
seta- (5 () e () o o

In addition to forming expectations about the aggregate technology shock, firms also

nology:

need to form expectations about the change in monetary policy. To do so, they also need to
form expectations about the noise component in the central bank’s information. Firms form
expectations about the noise shock as the difference between the public signal provided by

the central bank and their own expected a. The expected noise shock is
E,v=F; (m—&) =m— Ej;a. (D.6)

Substitute F;a by (D.2) and take the average over i:

/Eivdz':m— fim ¥ Fs a= fa a fla ¥ s v (D.7)
Kg+ Km + Ks Kg+ Km + Kg Kg+ Km + Ks
The expected monetary policy is given by
Ein=~"E;a+~"E;v (D.8)

Substitute F;a and F;v and get

Em _ (,ya Rm +’YU Kg+ Kg )m_|_ ((,Ya _,yv> HS) a; (D9)

Km + Ks 1 Kq Km + Ks + Kq Km + Ks+ Kq

In the rest of the paper, I simplify (D.9) as

Ein = pmm+ paa; (D.10)

where py, =y —fm—— f oV _fistha and g, = (77— V) — L=

fy Km+Kst+Ka Km+Kst+Ka’ Km+KstKa "
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To solve for the higher-order beliefs, first integrate individual expectations over i, which

yields that .
? _
/0 En=FEn=pym+ pga, (D.11)

and then apply E; to En. Successive iteration results in
EiE'n = pmm+ po B E7 1. (D.12)

Having calculated the higher-order beliefs on a and n, we are ready to calculate the

equilibrium price. Re-write equation A.24 as:
pi =22 (1-a)Y EiE/n+ Em| - 552, (1- o) BB/ 'a— Ba; (D.13)
First, substitute £;E7n in the first term by (D.12). The first term becomes

a [ T2 (1 —@)jEiEjn+Ein] = a{2ﬁ1(1 —a) [Pmm+paEiEj_1a} +pmm+paai}
(D.14)

= {352 (1 = ) prm + pa X321 (1= ) BB/ + paas |
Now, p; is written in terms of public and private signals, which is given by
1 /K _i (Re\ P! Ks\J
pi=a {pmma + X2 (1—a) [(;) i (;) m+ <[§> ai] +paaz} (D.15)
/K _i (Ks\ Pl Ks\J
~ot=or () S () e () s

: i i—1
To deal with %52, (1 —a)? {(”I’{”) EZ;{ (%)] }, first write out the infinite summation

2 (1—a) { </€[?> Mt </;§>J1} = (D.16)

K K K K K K [ Ks 2
(1—04)[?+(1—04)2m+(1—a)2ms+(1—a)3m+(1—a)3m(s) .

as

and then collect common terms, which yields that

Rm Rs Rs 2
(l—a)K{A1-1+A2-K+A3-(K) +} (D.17)
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where A; = é, Ny =122 fq= % This leads to

o

2 (1—a) (””‘)2_ () = D.18
=1(l-a) { K )=\ K Qa  aks+ e+ Ry ( )

Substituting this into (D.15) results in

pi=m{pm+ [pal1 =) = 322] et b+ ai{lapa — Bl (R + paci — 0
(D.19)
Aggregate over i to get the aggregate price level. The aggregate real output is then calculated
as the difference between aggregate nominal demand and the aggregate price level. The

equilibrium p and y are thus given by

P = mm~+ ¢l = (G + ¢a) a+ G (D.20)
y=n—p=g —m—0d)a+ (7, —dm)v (D.21)
where!?
Pm = pm+ pa(l—a)—ﬁlga % (D.22)
Pa = (pa — ) [[((, (D.23)

_ abkm vhs T Ka

K
Pa = ('y“—v”)f

(D.24)

(D.25)

D.2 Output-Gap Stabilization Policy

Proof of Corollary 5.1
To close the output gap in the last stage, the central bank chooses {7%, 7"} such that

y:éd—l—()-v (D.26)
a

Comparing coefficients with equation (D.21), we have

V= b — g = B (D.27)
«

V= dm =0 (D.28)

10Tn the rest of the paper, I denote K = kq + km + s and K/ = kg + fm + aikig
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Rearranging terms yields the expressions for {¢,, om}:

Pa 27“—7“—5 (D.29)

(07

Gm =" (D.30)

From equation (D.29), substitute ¢, by equation (D.23):
a v 6 o B
v — —a—[apa—ﬁ]——l—apa—ﬂ (D.31)

which results in:

pa = L (D.32)

1—
pm =" (7‘1—7” - B) i (D.33)

The solutions for (v, 4Y) can be solved by equating the expressions of {ps, pm} in
equations (D.32) and (D.33) with their expressions in equations (D.24) and (D.25), which is
given by

15} K’

(,ya_,yv_a) K +6 a oy Ks
— (y0 vy B D.34
_ L (D.34)

1—a B\ Em Km Kq+ Ka
v a v a v
2T (e B Em elm o wlaTRa D.

T T, (7 i a>K TR Tk (D-35)

By rearranging the two equations we find that the two equations are co-linear in (7* —~v).

So the above two equations only yield the difference between v* and ~*, which is given by

1= (1 a) (D.36)

This defines the set of monetary policy that close the output gap in the last stage.

D.3 The Optimal Discretionary Monetary Policy

The optimal discretionary monetary policy is solved by backward induction. The result of
optimization in the last stage is presented in Corollary 5.1. We now work on the first stage.

First, substitute the solution in the last stage, y* — ¥ = g(l —a) into equations ((D.22) -
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(D.25)), which results in:

Pm =7" (D.37)
Pa=—p (D'38>
Ks+ K
pm =" == (D.39)
K
Pa = Vdf (D.40)

The equilibrium price and output level under discretionary monetary policy thus become:

p=0"-pa—~"v (D.41)
y= §&+O-U (D.42)

The extra degree of flexibility in the policy response function allows the central bank to
minimize ex-ante price deviations while keeping the output gap closed ex-post. In this case,
the central bank’s objective function reduces to minimizing the ex-ante variance of the price

level. The central bank’s objective function then reduces to:
minye B[p?] = miny { (7" = B)207 + ()07 } (D.43)
The first-order condition on 4V results in

1B o (D.44)

2
ok 9

which suggests that the central bank targets a negative ratio between the equilibrium price
after a shock and the equilibrium price after a noise shock. The absolute value of the ratio
is the relative precision of the public signal and the prior of the technology shock.

Solving " from the first-order condition results in:

2
%a (D.45)

v __
T

D.4 Optimal Policy Rule
The optimal policy rule minimizes the ex-ante loss of the central bank, given by
E[W) = ("= ¢m—a) 02+ (1" = 6m)* 02+ 7 [(¢m + 8a) 02 + 62,07 (D.46)
The first-order condition on y* results in:
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d (v m a d(om a
0'2 [(,ya ¢m Qba) (7 df,a ¢ ) 'T(¢m Qba) <¢dfy? ¢ )
d(v* m dom
+02 |(7" = ) (vdﬁyf ) _Tgbmdj; ]——0

Re-arrange the above equation to get:

ai{wa—cbm—asa)+<—va+<1+7><¢m+¢a>>

+0'5{(7”—¢m)+(—7“+(1+7)¢m) G }20

d(pm + da)

dy? }

D e
where
d(Pm + ¢a) _ OPm Opm | OPm Opq 00a Opm | 0Pa Opa
d’Y?“nc ap m a/y?”nc ap a a’y?‘nc 6p m 87?’710 ap a aW?nc
dom . 0bm Opm 0bm Opa
dfy?‘nc ap m ary?”nc ap a ary?nc
and
OPm
—=1
0pm
o
Opm 0
OPm, o Km
dpa B (1 Oz)O”{s‘i‘ﬂa"_’fm
Oa _ S
opa K’
Opm _ Em
oy K
0pa _ Ks
ove K
Ipa _ KstHKq
oy K
Opa _ Ks
v K

The first-order condition on " is calculated similarly.
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E Alternative Assumption: Firms Have Common Technology Shocks

When firms have homogeneous technology but have imperfect information on this common

shock, equation (8) becomes
pi = Ei[p+ay —fal, (E.1)

as firms also need to guess their own cost of production.
Following the same procedure as described in Appendix A, substitute y =n —p into p;
and get
pi=(1—a)Ep+abn—pE;a (E.2)

The higher-order beliefs are again solved by first taking the integral of p; to get the aggregate
price level,
p=(1-a)Ep+aFEn—pBEa (E.3)

and then substituting this expression for p into p;. Iterating this process yields that

pi=(1—a)FE; {(1 —a)Ep+aEn — BE_J&} +aFEn—(Ea (E.4)
=(1-a)’FE;Ep+a(l—a)E;En+aEmn—(1—a)BE;FEa+ fE;a
(E.5)

Taking the expectation about the aggregate technology shock to the infinite order, p;

becomes
pi=(1— ) E;E®p+ a2 (1 — ) EiEIn — BE2 (1 — ) B a (E.6)
where ,
_ Ks J+1
EiFla= ( n ) a; (E.7)
Ks+ Kq

Substituting n = va and E;E’a into p; yields that

(O@/ - )"fs
= ——"q,. E.8
bi Kq T QKg i ( )
Take the average of p; and apply y = n — p, which yields the equilibrium price level and

the output level to be

(O"V - 5)/{5&
Kg + QKg
__ VRa + Brs

Yy=—---a.

Kg + QKg

)
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By choosing v = g, the central bank closes the output gap and stabilizes the price level
at the same time, meaning that the price stabilization policy is time consistent, and imple-

menting the optimal monetary policy does not require credible commitment.
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