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1 Introduction

The effect of low growth on the distribution of income and capital has gained attention recently.
Certainly the most prominent example is Thomas Piketty’s Capital in the Twenty-First Century
which documents the dynamics of wealth inequality over hundreds of years and across several
countries. In addition, Piketty puts forth an economic model to account for these data. Roughly
speaking, Piketty’s model has two groups of households, laborers and capitalists, who derive all of
their income from a single source (labor and capital, respectively); in this environment a natural
measure of inequality is capital’s share of national income. Under the assumption that capitalists
set net saving equal to a constant fraction of net output, a decline in growth to zero leads to an
explosion in inequality. This result has been found in models where wealth is accumulated
exogenously through multiplicative random shocks (Piketty and Saez 2014) and in models where
wealth enters directly into the utility function of households (Piketty and Zucman 2015). Krusell
and Smith (2015) show, however, that under more standard assumptions about capitalist saving,
the rise in inequality from low growth is less dire than Piketty predicts: with constant gross saving
out of gross income, the increase in inequality is substantially smaller (but, it should be noted,
still quite large).

Our goal in this paper is to characterize the relationship between growth and inequality in a
macroeconomic model minimally extended to generate inequality. Our model has the following
ingredients: some households, called capitalists, own claims to the productive technology while
other ones, called laborers, do not; both types have an endowment of time that can be rented to
firms in return for labor income and their labor productivity is time-invariant. We can analytically
characterize many features of the relationship between growth and inequality (measured as the
ratio of capitalist income to laborer income), and we use numerical tools to uncover the behavior
of income inequality as the long run growth rate of the economy goes to zero; we consider both
the short-run and long-run effects (transitions and steady states).

We find that steady states with zero growth generally have lower inequality than steady states
with positive growth rates. When growth is low, capitalists discount the future at a lower rate,
and thus accumulate more capital; however, this accumulation leads to an abundance of capital
relative to labor and results in higher equilibrium wages, both absolutely and relative to capital’s

return. In terms of inequality, the movement in relative factor prices away from capital and toward



labor mitigates the effects of increasing wealth. Generally, the factor price effect dominates the
effect of the wealth increase. Zero growth steady states are associated with higher inequality only
if the elasticity of substitution in production between capital and labor is substantially greater
than one (i.e., strong substitutes in production). A high elasticity of substitution mutes the factor
price effect by preventing wages from becoming ”too large” relative to the return to capital. The
elasticity of substitution cannot be arbitrarily high, however. Conditional on a particular capital
share in production, balanced growth places a limit on the elasticity of substitution: the higher
is capital’s share the lower is the upper limit on the elasticity of substitution. We find that the
explosive increase in long run inequality only occurs when the elasticity of substitution is very
close to its upper bound. Moreover, the values required for this explosion in inequality to obtain
are starkly at odds with empirical measurements of the elasticity of substitution given estimates
of capital’s share of income; to be specific, if capital’s share of income is 0.36 (as documented
by Gollin 2002 for a large sample of countries) the required elasticity is 1.33, which is higher
than most of the estimates surveyed by Chirinko (2008) (only one extreme outlier estimate is
significantly higher than 1.33, and only two others are close to this value). Note that these
estimates are specifically aimed at measuring the long-run elasticity of substitution, which is the
relevant one for our study — short-run elasticities are likely to be even smaller.!

We then characterize how the inequality-growth relationship changes in the presence of re-
distribution via capital income taxation. We consider two cases — either tax revenue is rebated
lump-sum to all households (uniform transfers) or only to laborer households (targeted transfers).
Not surprisingly, we find that redistribution does reduce inequality, but it operates by shrinking
the income of the laborer household by less than that of the capitalist household, rather than by
increasing the laborer’s income and decreasing the capitalist’s. And the minimum elasticity of
substitution needed to get higher inequality at zero growth is not sensitive to the value of the
capital tax, provided we remain on the upward-sloping portion of the Laffer curve.

Our experiments crucially assume that the growth rate is an exogenous parameter; we do not
allow for feedback that goes from interest rates to growth rates. While this assumption has the

virtue of not requiring us to take a stand on why growth falls (it is simply a decline in the growth

"Rognlie (2015) notes that net elasticities are smaller than gross elasticities, so that extreme values for the gross

elasticity are even less plausible.



rate of exogenous labor-augmenting technology), it is obviously limiting — if interest rates and
growth rates are jointly determined, they may not behave in the same manner. With this point in
mind, we extend the model to include a production externality, as in Romer (1986), that renders
the social production function constant returns to scale in capital. Once again, we find that zero
growth only produces extreme inequality when the elasticity of substitution between capital and
labor is well above 1. The key is that the tight link between returns and growth — namely that
falling growth must come with falling returns — still obtains in endogenous growth models with

two types of agents.?

2 Model

The model economy is populated by two groups, called capitalists and workers, who are situated
in dynasties that live forever and value the utility of descendants; the size of the two groups are
w € (0,1) and 1 — u. Both groups have identical isoelastic preferences over consumption and
leisure (non-work time). Our main assumption is that there is no mobility across groups — at
some point in the infinite past, some dynasties were lucky enough to get granted access to a
productive asset called capital, and some were not, and that situation has persisted.

Both groups supply labor elastically and have constant labor productivities. We normalize the
productivity of laborers to 1 and denote by e the labor productivity of capitalists. Throughout
the paper, we maintain that e > 1, and generally will assume e = 1. One effective unit of labor

earns w units of wage as compensation, and capital pays a gross return 1 + r.

2QOther types of growth models reduce to similar social production functions; see Hammond and Rodriguez-
Clare (1993). Pure AK-style models would have no labor income for laborer households and would therefore not

be suitable for studying the question at hand.



2.1 Household Problems

2.1.1 Laborers

Given the current stock of capital in the economy, the laborer’s problem is a static choice of how

many hours, [, to supply at market wage w:

l1—0o
|:wl (1 B l)e} 1 /
VI(K) = 1 V(K
(K) e - +B8(1+g) (K)
The solution is
1
= —
1+6
¥ = wl*

where x* is the household’s consumption.

2.1.2 Capitalists

A capitalist chooses consumption, hours, and savings to solve the dynamic program
l1—0
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kK >0,c>0,hel0,1).

Since the first two boundary conditions will never bind, we ignore them from now on.

the first-order conditions and applying the envelope condition produces three conditions:
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the second condition holds with equality if h > 0.

Capitalists choose consumption ¢, work effort h, and capital holdings k¥’ to maximize lifetime
utility; we have already incorporated growth in labor productivity g in the usual method to
ensure the (normalized) wealth of the capitalist remains bounded over time (see King, Plosser,
and Rebelo 1988 for details on how this normalization is done). We require that the inverse of
the intertemporal elasticity of substitution satisfies o > 0.?

We can obtain the aggregate capital stock and labor input by summing over all individuals.

K = uk 9)

N = phe + (1 — p)l. (10)

Note the asymmetry — capitalists supply all the capital, but labor is (at least in principle) supplied
by both types; note also that aggregate labor input is in terms of ”effective” units of labor (hours
weighted by productivity) and that both types’ hours are perfect substitutes in the production of

effective hours.

2.2 The Firm

The supply side of our economy consists of a single firm employing a constant returns to scale
production technology (nothing would change if we had a large number of identical firms, except

notation would be more tedious):
Y = (aK" + (1 - a) N¥)7 , (11)

where a € (0,1) is the ”share” of capital in production and v < 1 governs the elasticity of
substitution. If v = 1, capital and labor are perfectly substitutable, so that the firm will employ
only the cheaper factor. If v = —oo, capital and labor are perfect complements, and therefore
will be employed in fixed ratios (given by 12-). If v = 0, we get the Cobb-Douglas case where

the shares of capital and labor income in total income will be fixed at o and 1 — a.*  Profit

*Moll (2014) shows that the model is completely analytically tractable if ¢ = 1 for capitalist households. We
survey briefly the literature on estimating o later in the paper, as this parameter plays an important role in some

of our results.

We experimented with a form of capital-skill complementarity where capitalist hours are a complement to
capital and laborer hours are a substitute to the composite of capital and capitalist hours. We found that our

results are not changed; further details are available upon request.



maximization yields

1—v

r:a<a+(1—a)<%>_y> T s (12)
wm-o) (o () 41-a) 7 09

Note that both the rental rate and the wage rate are related to the capital-labor ratio, but not

to the levels of capital and labor.”

Finally, there are aggregate conditions that relate supply and demand in each of three markets
— the markets for capital, labor, and ”goods”. First, the firm must hire all the capital and
labor supplied by households (these conditions are ensured by appropriate movements in r and
w). Second, the supply of goods must be sufficient to cover the consumption of capitalists, the

consumption of workers, and the investment by capitalists into new capital:
pe+ (1—pa+p(k —(1—-06)k) =Y. (14)

Walras’s law ensures that the goods market condition will be satisfied provided both the labor

and capital markets clear.

2.2.1 General Equilibrium

A recursive competitive equilibrium is a set of household functions
{(V(K),v(k,K),h(kK),ckK),K(kK)IkK),zkK)},

price functions r (K) and w (K), and aggregate labor N (K) such that

1. Given pricing functions, the household functions solve the capitalist and laborer problems;
2. Given pricing functions the firm maximizes profit by demanding K and N (K);

3. Markets clear:
K = uk' (K, K)

5The assumption that firms operate in perfectly competitive goods markets is not restrictive; assuming mo-
nopolistic competition does not change our results. It only changes the market clearing condition for capital by

subtracting the value of profits from the savings of capitalists when determining the value of aggregate capital.



N (K) = ph (K, K)e+ (1—p)l (K, K)

Y (K)=pc(K,K)+(1—p)x(K,K)+pu(1+g)k (K,K)— (1-90) uK.

2.3 Steady State

The balanced growth path is characterized by the system of equations

1=3(1+g)""(1+r) (15)
B we—0(r—g)k
h—max{ 15 0)we ,0} (16)
c=whe+ (r—g)k (17)
1
=1 (18)
w(r)l (19)
1 0 5\ v =
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The steady state Euler equation pins down r,
_ (1497 -5
= 5 , (21)

which through the first-order conditions of the firm determines the steady state wage rate

v—1

<TZ:5>1VU—04] - (22)

Notice that for o > 0, the steady state interest rate is increasing in g. If we restrict attention to

w:(l—a)%r—HS

Q

non-negative growth rates, the interest rate attains its minimum and the wage rate its maximum

when g = 0, where the interest rate is

1-5

Tmin = 3

<rmir;+a>w_a] o (23)

and the wage is

L Tmin + 0
v

Wmax = (1 — @)




Notice that while 7y, is determined only by the discount factor, wmax also depends upon
capital share’s in production, «, and the elasticity of substitution parameter, v. Figure 1 plots
the steady state wage when g = 0. For higher values of v, the steady state wage increases
exponentially, and the slope is increasing in a. Not all combinations of a and v are permissible
since

AT < (P + 0)TF (24)

must hold for wages to be real numbers. Given (a,f,9), the upper bound on v is Vpax =

log(a)

FrCa In order to allow for capital and labor to be either complements or substitutes in

production, we impose that o > % + 6, which implies vpax > 0. Under the baseline calibration
(see below), ryin &~ 0.0101, implying that vyax &~ 0.305. Thus, balanced growth puts a restriction
on the degree to which capital and labor are substitutable; letting & = ﬁ denote the elasticity,
we find Emax = 1355 = 1. 438.

Under appropriate conditions for « and v, we can find K by imposing the capital market

clearing condition at r:

[r+6] v _ o —
K= e N

11—«

=N (25)

where
1 —
N = uh —_— 2

phe + 110 (26)

Note here that ¢ is the capital-to-labor ratio. Since under the restrictions on « and v

1+v
0\ _ 4\ 7 12y

dp _ _ ! ()™ ~a 2 )7 <o (27)

dr a(l—a)(l-v) 11—« 40

and g—; > 0, the capital-labor ratio will be higher in a low-growth economy. Finally, the steady

state relative return on capital (as compared to human capital) r — g falls if and only if
o(L+9)7"" > 5,

which, near g = 0, requires o > 1. Estimates for o in the literature run from essentially infinite

(Hall 1988, Campbell 1999) to close to one for the subgroup of stock market participants (Guvenen



2006) to significantly below one for that same group (Vissing-Jergensen 2002). To get r — g to
rise with low growth, the latter estimates must not apply; given the survey discussion in Havranek
(2015), it seems reasonable to assume that o > 1 is most plausible even for the capitalists, and
he concludes that the median estimate corrected for publication bias is somewhere around 3 with
a minimum of roughly 1.2. More recently Crump et al. (2016) use the new Survey of Consumer
Expectations to obtain a tight estimate of o just above one. We will use 0 = 2 as representative
of the macroeconomic literature.

Aggregate effective labor is a function of K because the capitalist hours decision depends upon
wealth. If wealth is sufficiently high, then the non-negativity constraint on hours binds. We

consider both the binding and non-binding cases below.

2.3.1 Case 1: Capitalists Work

Under the assumption that capitalists supply positive hours, we can obtain aggregate capital by

substituting the definition of h into the market clearing condition for capital,

K =¢pN
pet(1—p)
_ 90( 1+0 > ' (28)
L+ ey 5
It can be shown that .

w r40
Z = — ) 0 29
Co (T e o, (29

1

1=, is the elasticity of substitution between capital and labor. The strict inequality

where & =
results from imposing the restriction v < vpax. Multiplying the numerator and denominator of
(28) by 2, we arrive at
w [pe + (1 — p)]
z :
1+0) [() —(r+9)| +0(r—g)

K =

Individual capitalist wealth is

po B _lpetd-p)] w 1
[ [ r—g(1+0)52(9)+0
where "
2 (g) = o) s (30)
N



Two of three factors in determining the behavior of steady state inequality, the factor price ratio
and the capital-to-labor ratio, are expressed in the function z (g). The sensitivity of the factor
price ratio relative to the capital-to-labor ratio affects how inequality responds near zero growth;
and this sensitivity depends directly upon the elasticity of substitution between capital and labor.

Substituting k& into h,

0
po L Cpe+(1—p) 0 (31)
1+6 e —z (g —|—$

We can now derive steady state income inequality, (, measured by the ratio of capitalist’s income,

y = whe + rk , to laborer’s income, ¢ = 1’”@:

where
ro_ 0

Q(z(g);0) = /L1 _

0
2(9) + 14

Inequality increases as the measure of capitalists, u, decreases. Holding all other parameters
constant, the steady state Euler equation implies a unique capital-to-effective labor input ratio,
and consequently w and r are invariant to pu. Because laborer’s hours are constant, a lower
1 necessarily implies higher effective labor supply. Therefore, K must rise in proportion to /N,
and so capitalists’ wealth, k = %, also increases. Because factor prices do not change, laborer’s
income is constant, but capitalists’ income increases.

Given population share, relative labor productivity, and preferences, the behavior of inequality
fundamentally depends on the term @ (z (g);6). Notice that @ (z(g);6) is continuous in . We
now state a series of propositions which characterize steady state income inequality conditional

on g. In the interest of space, all proofs are relegated to the appendix.
Proposition 1. Inequality is bounded from below by relative labor productivity e.

It follows immediately from the non-negativity of ) that inequality increases with relative
productivity e. We assume that capitalists are at least as productive as laborers, and since e is
the lower bound, we can without loss of generality assume that e = 1. We make this assumption

in the remainder of the paper.
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_r_

Proposition 2. Holding z (g) constant, inequality is increasing in —

As g — 0, ﬁ declines monotonically to 1 so it acts to reduce inequality in a zero growth

steady state. Note that since % can be written as

1
-\ -1
()

g

the above proposition is the same as saying that inequality falls in Z

5 (again ignoring 2 (g)) 9. Of
course, % cannot move without changing z (g) as well, since z is a function of both r and g. It is
useful though to understand that if inequality increases as g goes to zero, it must result entirely
from a decline in z (g). The sign of Z—; depends on parameters, and so then is the sign of %.
Later in the paper we therefore turn to numerical methods to get a clearer picture of exactly how

g affects (.

Proposition 3. Steady state inequality is greater when the preference for leisure is weak (i.e., 6

is small).

This statement is proven by signing the derivative of ) with respect to 6 and highlights the

importance of the capitalists’ hours decision for determining long run income inequality.

2.3.2 Case 2: Capitalists Do Not Work

1—p

R and

The expressions are simpler when capitalists do not work. When A = 0, N is fixed at

1—p).

K 1—pu 1
B = o,
1 w146
SO
1
(z—'ufr.
woow

5This is consistent with the claim that as the gap between r and ¢ increases inequality declines.

12



Substituting in (29), inequality can be written as a function of the rental rate and the model

parameters,
1 1 r
=|——1
S O AC L
[t
YN EI0)
= |5 -1 QG0

Having solved for inequality in terms of (), we can, for a fixed growth rate, bound steady state

inequality and order it over 6.
Proposition 4. For a given growth rate, g, ( € [(é - 1) Q(z(9);0),1+ éQ (z(g9);0)].

Because ¢ = %, we can re-write @ (2 (g,0)) as the capital-to-labor ratio divided by the factor

price ratio.

1
Q(2(9,0)) = )

The market clearing conditions for capital and labor imply

_rK
~ wN’

slg|z>

r+5_MPK_1—a<K>%

w MPN a \ N

We can now express the bounds on inequality in terms of the capital-to-labor ratio and the steady

state interest rate:

where xy = T—_’L(S.

Proposition 5. Steady state inequality is an increasing function of o and &.

Finally, we state a necessary condition for inequality to be higher in a zero growth steady

state than it is in a low growth steady state.
Proposition 6. If ( (g) < ¢ (0), then the elasticity of substitution is greater than 1.

Intuitively, this proposition says that in order for zero growth to lead to a steady state with

greater inequality, factor prices i* must rise by less than %, which only happens if the elasticity

13



of substitution between labor and capital is above 1. Moreover, positive depreciation increases
the required degree of substitutability. The tradeoff can be seen most easily when z (g) is written

as the ratio

&

r+
K
XN

N
S
Il
Zx|=1e
Il
[«

and
z(0) > =z (g)

so ¢ (g) > ¢(0). Without depreciation, x would be 1, and z (g) would be constant which again
would imply that ((¢) > ¢(0). In the literature, Rognlie (2015) focuses on the distinction
between gross and net elasticities, showing that net elasticities are always smaller; as noted in the
Introduction, Piketty focuses on net saving out of net income, and thus needs a very large gross

elasticity to reverse this result and obtain ¢ (g) < ¢ (0).

2.3.3 How Income Inequality Changes with Growth

In the steady state income inequality can be decomposed into the sum of two ratios,

rk h
(ox — + —e.
wl l

The first term is the ratio of capital income to laborer’s income. If capitalists do not work, then
income inequality is proportional the ratio of capital income to labor income in the economy.

When capitalists supply positive hours, some algebra shows that

gocwe—ﬁ(r—g)k:+(1+0)rk‘

w

r+99k

w

:e—|—

Regardless of capitalists’ hours, whether inequality rises or falls depends solely upon the product
of wealth, k, and ’"J{Uﬂ, which behaves in the same way as the factor price ratio .
Because the closed-form expressions for steady state inequality do not yield unambiguous

results for the effect of g on inequality, we use a computer to evaluate the expressions and plot the

14



results for long run growth rates between 0 and 10 percent. To analyze the model numerically, we
need to assign values to the structural parameters of the model. Here, we pick a reasonable set of
values for some parameters, where reasonable means ”gives rise to aggregates roughly consistent
with US post-war averages.” These numbers are § = 0.99, 0 =2, a = 0.36, 6 = 0.025, § = 1.25,
g = 0.02, and e = 1. Finally, to give Piketty’s argument a stronger case, we set v = 0.1 (£ ~ 1.11)
so that capital and labor are more substitutable than the usual Cobb-Douglas case (§ = 1); this
value of v satisfies the restrictions needed to have a steady state growth path.” Figures 2-3 show
the steady state ratio of capitalist income to laborer income for growth rates between 0 and 10
percent for the baseline capital share of income in production and for a higher value.

In most cases, within a neighborhood of zero growth, inequality is falling rather than rising,
even if capital and labor are substitutes. High inequality only obtains whenever the elasticity of
substitution is close to the maximum conditional on a.

For all of the parameter values, wealth decreases with growth. Figures 4-5 plot k (g) for
several values of £ and of a. As the elasticity of substitution between capital and labor increases,
the level of capital in the zero-growth steady state becomes very large, especially when capital’s
share, «, is high. If we ignored the general equilibrium effect on prices, savings behavior alone
would suggest extreme inequality; however, the factor price ratio also responds to g. Because
w (r) is decreasing in r and r is increasing in g,

dw

— < 0.
dg<

Therefore as the long-run growth rate declines so does the factor price ratio. Numerical results
1

1—vmax

show that unless ¢ is close t0 {max () , the declining factor price ratio more than offsets
wealth near ¢ = 0, so capital income to laborer income declines in the neighborhood of zero
growth.

To make the key point clear, Figure (8) displays ¢ in the steady state as a function of g; the
kink occurs when the capitalist’s labor supply hits zero. At higher levels of g, where, under

the baseline calibration, capitalists supply positive hours, inequality is decreasing in g, but the

effects are not very large. In this region, the rise in ,,TTg discussed in Proposition (2) is offset by

"Thus, our productivity growth should be interpreted as purely labor-augmenting or as exogenously-accumulating
human capital (see King, Plosser, and Rebelo 1988); with Cobb-Douglas it does not matter whether the productivity

growth affects capital, labor, or both.

15



arise in 2 (g). Remember that z(g) = 2/X. By (27), we know that the denominator of z (g)
is falling. As capital becomes scarce relative to labor, the numerator falls as well. Because € is
not sufficiently larger than 1 in the baseline, the factor price ratio declines faster than the capital-
labor ratio. The dashed line below inequality, labeled ¢ (h = 0) in the figure, shows the behavior
of z (g) more clearly. It plots [% - 1] Q (2 (g);0), the appropriate measure when capitalists do
not work, which only depends on z (g). Notice that this line declines much faster in g than does
actual inequality.

Continuing toward g = 0, we see that steady state income inequality rises slightly after the
kink before descending sharply. To the left of the kink, capitalists do not work, so % has no
direct effect on (. Initially, z (g) is still falling and without a corresponding decline in ﬁ income
inequality rises. Eventually, as g moves closer to 0 and % climbs steeply, the aggressive adjustment
for the factor price takes over and z (g) rises. As before, the dashed line below inequality shows
a counterfactual measure, this time using the measure for when capitalists work. Notice that it
falls more sharply than ¢, highlighting the combined effects of z (¢) and ﬁ falling.

We also plot in Figure (9) the dynamics of ¢ starting from the steady state with g = 0.02;
inequality initially jumps up due to changes in labor supply, then declines monotonically as capital
accumulates. In the first period, income inequality jumps for two reasons. First, because only
capitalists supply labor elastically, the increase in V; is due entirely to capitalists. The wage falls
in response, but not in the same proportion as N; rises, so capitalist’s labor income increases.
Second, although K is inelastic, r; increases, pushing up capital income. Therefore, both sources
of capitalist’s income rise while laborer’s income falls slightly because of lower wages. After the

initial surge in inequality, capitalists accumulate wealth over time, so wages rise and the return

on capital falls. In the new steady state, income inequality is well below its original level.

2.3.4 Conditions for High Inequality with Zero Growth

We have shown that with exogenous growth, zero growth implies extreme levels of income in-
equality, capital relative to output, and capital share of output only when the capital share and
the elasticity of substitution in the production function are high. Next we ask just how large
must these values be and what is implied by empirically plausible estimates in order to produce

extreme inequality and high capital share of income? We solve the model numerically for a

16



wide range of (o, &) combinations and find that for a capital share, «, extreme inequality only
emerges as £ approaches the upper bound placed upon it by balanced growth. Figures 6-7 plot
contour maps % and ¢, respectively, for (o, &) combinations when g = 0.® Locations farther to
the north and east (i.e., higher capital share in production and higher elasticity of substitution)

K (T’+(S)K)

are associated with both greater 3 (and, consequently, ~——). This pattern persists until the

(v, &) combination violates the condition imposed by balanced growth, that is v > %,
where € > &nax (). For instance, at o = 0.36, the maximum elasticity of substitution is roughly
1.44.° At this maximum value, % is 2.8 times larger than it is when the elasticity of substitution
is 1. Likewise, capital share of income goes from 0.36 to 0.99. Notice, however, that for most of
the permissible region, % is much lower and % is not especially high. Again when o = 0.36,
an elasticity of substitution of 1.2 produces a % only 60 percent larger than the ratio with unit
elasticity, and % is 0.57.10, 11,

How reasonable is an elasticity of substitution of 1.447 Chirinko (2008) surveys estimates
from 31 studies. Only two studies support an elasticity above 1.5, and only three additional
studies find evidence for an elasticity above one, while the median is significantly below one.'?
The most extreme estimate in Chirinko (2008) is 3.4, based on Mexican data and long-run tax
reforms; it is unclear whether such an estimate should be applied to the questions at hand. More
recently, Karabarbounis and Neiman (2014), Rognlie (2015), and Semieniuk (2014) argue that the
aggregate elasticity of substitution is likely less than one. We want to draw particular attention
to Rognlie (2015), who demonstrates that the net elasticity — the elasticity substitution between
capital and labor for net output — is always smaller than the one for gross output, which is the

one estimated in practice. We conclude that a growth model where the growth rate is exogenous

8Because when ¢ = 0, ¥ = Tmin, a plot of % looks the same as a plot of %
Gollin (2002) finds that capital’s share of income is roughly one-third, once one takes careful account of self-

employment income; see also Gomme and Rupert (2007).
OFor reference, in the 2013 wave of the Survey of Consumer Finances, the ratio of average real income of the top

quintile to the median is about 5.84. Income in this calculation is measured by the SCF variable ”INCOME.”
HPiketty and Zucman (2015) give an zero-growth example with high inequality and capital share. That example

assumes « = 0.21, substantially smaller than conventional estimates. To reach extreme values of % and %

with this lower capital share of production, the elasticity of substitution must be 1.87.
2Palivos (2008) provides two additional references that find elasticities above one, based on abandoning the CES

structure in favor of a production function with a variable elasticity. These elasticities are just barely above one,

however.
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will not predict explosive inequality if the aggregate production function is calibrated to match

the data.

2.4 Capital Income Taxation

Next we consider the role for fiscal policy to mitigate the effects of inequality. Our goal here is
not to characterize optimal taxation, but rather to examine the connection between fiscal policy
and the growth-inequality relationship'®. We consider two redistributionary fiscal policies. Each
policy taxes capital income at a flat rate, 7, and transfers the revenues lump-sum. In the first
case, the transfer is uniform (i.e., equally shared among all households) while in the second case

the transfer is targeted to only laborer households.

2.4.1 Uniform transfer

Letting 7" denote the lump-sum transfer, in a steady state a laborer household works

P 1 0 T
140 1+0w
and consumes
. w+T
rt = —.
1+46
Government budget balance requires
T=mrK

and thus as capitalists save more, they produce an ever larger wealth effect on laborer hours.
The solution to the capitalist’s problem is more complicated, but once again we can divide
our results into two cases: capitalists work and capitalists do not work, where the steady state

hours decision for a capitalist is

. we—0[(1—71)r—glk—0T
h —max{ (1% 0)we ,00.
Now equation (21) changes slightly
_(A+97-8
(1-7)8

!3See Farhi and Werning (2014), Krusell (2002), and Straub and Werning (2015) for discussions of optimal policy

in related models.
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SO
1 1-8

Tmin = —
min 1_7_ 5

This expression makes clear the important distinction between both the zero capital tax case and

(32)

the one here: given preferences 8 and o, the long-run growth rate determines the unique steady

state after-tax return on capital,

(1+9)7 -8
—

The general equilibrium expressions for household decisions are too complicated to be signed

r=1—-7)r=

analytically so we solve for them numerically. Figures (10) and Figure (11) show the steady-state
Laffer curves for our economy. As capital’s share of production, «, increases the peak increases
and moves to the left (i.e., the maximum is greater and occurs at a lower tax rate); increasing the
elasticity of substitution has the same effect. For the remainder of the discussion, we will assume
that 7 is always to the left of the peak so % > 0.

Figure (12) shows how inequality in a zero growth steady state is affected by the capital
income tax. For all values of &, inequality declines in the tax level. To understand this result, it
is helpful to point out a few features of the model. First, k falls in 7 and thus so does after-tax
capital income. Although this result is not surprising, it is worth highlighting because it helps

to understand how hours behave. It is clear from (32) that d’;i%i“ > 0, from which it follows that

1 0

du’d’% < 0 and dilT (%) < 0. Second, laborer hours, I* = 5 — umﬁ, necessarily fall as

T increases so laborer’s pre-transfer income is reduced by the tax. Meanwhile, the response of
capitalist hours to an increase in the tax depends upon the value of £&. When the lower bound

on hours in not binding,
1

[ ——
1496

[1—(1+u—7)ermmk].

wmax

Differentiating with respect to 7,

dh* Pimin Prin dk A=
= —0(1 — — _ Wmax |
dT meax k 9 ( + K 7-) |:wmax dT dT k{|

Because capitalists pay the entire tax but only receive a fraction of the revenues, higher tax
rates produce a negative wealth effect, pushing hours up. An additional negative wealth effect

comes from the downward adjustment in wealth (g—f < 0). On the other hand, greater 7 increases
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the factor price ratio ﬁ, which encourages capitalists to consume more leisure. In order for the
net effect on hours to be negative, factor prices must be very responsive to the tax, meaning that
capital and labor are strong complements in production. Figure (14) plots the tax/hours curve
across various different values of &; if hours decline they do not decline much unless the tax rate
is past the peak of the Laffer curve, while for high values of £ the rise in capitalist hours is quite
pronounced.

The capital income tax reduces inequality. After-tax income falls for both types of households,
but capitalist income is reduced by a greater percentage. For capitalists, capital income (net of
taxes and transfers) and labor income decline, despite the general tendency for capitalists to
increase hours in response to the tax. The decline in the equilibrium wage more than offsets the
positive hours response..

Finally, adding capital income taxes does not alter our finding that & must be significantly
greater than 1 in order for steady inequality to be higher under zero growth. Figure (13), plots
the cutoff value of ¢ after which ¢ (0) > ((g) (¢ > 0) under the baseline calibration. For tax
rates from 0 to 70 percent, the required elasticity of substitution is between 1.3 and 1.4, which
is a relatively small range and still well above most estimates. Also, except for a small range of

values below 20 percent, the required £ is increasing with 7.

2.4.2 Targeted Transfer

Now consider the consequences of giving the transfer only to laborer households. Government

budget balance implies
1K

_1_#7

so the wealth effect on hours will be stronger for both household types: negative for laborers and

positive for capitalists.'* If the parameter values are such that capitalists do not work, then

_ (-pmE
K= (14+0)z(g;7) + 07’
N (A—pz(gT)

(1+60)z(g;7) + 01

M The Laffer curves for the targeted transfer case are very similar to those for the uniform transfer case, so we

do not explicitly plot them.

20



w (7)
(1+6)z(g;7) + 61

[< 1;;“5)6 — (& +9)

T=r

where

z(g;7) =

=

is the equivalent of (30) with taxation.

Some algebra shows that inequality is

C: r+8\&
po (= );%r+6>%_7
l=p 1-7
opoz(gT) AT
Furthermore,
- -1

ac 7 ¢ 1—p = +90
- =— — 5 5 < 05

dr ~ ap(1—7) <<f;+5>£_(’f+ 6))

that is, inequality falls as the tax rate rises (again, supposing we are on the upward-sloping side
of the Laffer curve).

In contrast, if capitalists are supplying labor,

(1~ pi+ pe) 47

&

K = .
(1+6)z(g;7) + 0—(T;g)

(1= p+ pe) 2(g;7)
(1—#9)2(9;7’)—#0M7

T

ro T (_O-ptpeuw@
L=r N+ 0) 2 (g5m) + 0552 )

N =

and

Inequality is

C1—p ) pl4+0)z(gT)+1+0—7le+ (1 —p) (1 -7+ 6%)
¢= = . (33)
" per + (1= ) [(1+0) 2 (g;7) + 052 + 7|

The expression in Equation (33) is formidable and, as a result, the derivative cannot easily be

signed; however, we can show that inequality decreases in the tax rate locally at 0.
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Proposition 7. A targeted transfer decreases inequality. In other words, ¢ (1) < ¢ (0).

The proof can be found in the appendix. As was the case with uniform transfers, a targeted
transfer does not undo our result that a high elasticity of substitution between capital and labor

is necessary for higher inequality in a zero-growth steady state.

3 Endogenous Growth

Here we consider two extensions that allow for long-run growth to be endogenous. As noted
above, the positive comovement between growth rates and returns is crucial — as growth falls,
returns also fall, and thus unless capital moves a lot relative to labor inequality cannot move
significantly. ~We ask the natural question now — if growth is endogenous, does this positive

comovement still obtain?

3.1 Endogenous Growth without Productivity Growth

One model of endogenous growth fits directly into our above framework — if v > 0, as we have
noted before is important for our results, the marginal product of capital can be bounded away

from zero.'> Suppose there is no exogenous productivity growth. Then we have

so that

r:Aa%—é

w = (1—0()140(1%,

which are both constant; note that our result above regarding the existence of a balanced-growth
path is related to the requirement that r can approach zero. Using the Euler equation of the

capitalist and supposing that parameters are such that h = 0, we get

/ 1

1—1—92%:(5(1—1-14@%—5));;

!5 Jones and Manuelli (1990) discuss this model and related ones in which balanced growth obtains only asymp-

totically.
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the resource constraint then requires that worker consumption, capital, and output both asymp-
totically grow at this same constant rate. However, this condition is impossible, since wages are
constant and hours are bounded, meaning that the economy cannot display balanced growth. In

this case, inequality explodes to infinity over time if and only if g > 0. Since

0 1 52 av

99 _ = (5(1+Aa%—5>> 2 5AIn (a) > 0,

ov o V2
the more substitutable capital is for labor the faster inequality explodes, just as in the exogenous
growth case. Moreover, g—; > 0, so even if parameters are such that g = 0, the return on capital

will be low and inequality will be low as well.

3.2 Romer Externality Model

Next we consider Romer (1986) where a production externality renders the production function, in
the aggregate, constant returns to scale in capital. For exposition, we restrict our analysis again
to the case where capitalists do not supply labor.'® The household problem is not meaningfully
different from the exogenous growth case above so we focus on the firm’s problem. The individual
firm solves the problem

max {A(K” +(1-a) (SNY)» —rK — wN'}

)

taking as given the externality term S. We suppose that
S=K
in equilibrium, which leads to the factor price conditions

r:aA(a+(1—a)N”)FTV—5

1—v

w=(1-a)A(aN""+1-a) ¥ K.

We can define a 'deflated wage’ (relative to K) and label it w:

1—v

w=(1-a)A(aN"+1-0a) ¥ .

16 A5 long as the wealth effect reduces hours, in any environment where capital income becomes explosively large

capitalists would not work anyway.
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The Euler equation of the capitalist determines the endogenous growth rate:

tra=s(1ran(ara-o (155)) 7 ).

Because this economy does not feature transitional dynamics, it is always on the balanced-growth

path. Along this balanced-growth path, it is easy to see that g—g > 0, and therefore % > 0.

We can therefore expect that our previous results will hold — if a decline in TFP leads to lower
growth it will also lead to lower returns, and therefore the quantitative effect on inequality will
depend critically on the production elasticity.

To see this result formally, long-run income inequality when capitalists do not work is

K 1
N N
= = o
r+0 o
As before,
1
(= N _ ﬂi]\[%‘l
_w_ no1l—a
r+0
where
I—p
N=—
146

is constant and less than 1. Once again, long-run income inequality will only be high if the
K

elasticity of substitution is well above 1. Moreover, the upper bound on inequality, 4, does not

depend upon A so even if growth changes due to a productivity shock, inequality cannot rise too

far as a result.

4 Conclusion

This two-household model has shown that the parameters that primarily govern the behavior of
inequality in a zero growth steady state are related to production. The capital share and the
elasticity of substitution between capital and labor control how quickly both the steady state
wage rate and wealth rise as ¢ nears zero. In addition, they change the response of hours.
Generally, steady state hours are higher when g = 0, but if both o and v are sufficiently high,
hours are lower (perhaps zero) in low growth steady states and rise as g increases. Unless the
capital and labor are sufficiently strong substitutes in production, steady state inequality is lower

under zero growth than it is in a steady state with positive growth. Steady states with extreme
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values of capital to income, capital’s share of income, and income inequality only arise when the
elasticity of substitution between capital and labor and capital share in production are jointly
very near to values which violate balanced growth. These results continue to hold in the presence
of endogenous growth.

In ongoing work we are exploring environments where interest rates, growth rates, and rates
of time preference are not so tightly linked, in particular models with idiosyncratic risk. Our
preliminary findings regarding these models is that explosive inequality can obtain, but it requires
that idiosyncratic risk be very large (to open a big gap between the three rates) and that pre-
cautionary savings should decline in response to changes in growth (perhaps through financial

development).
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5 Appendix: Proofs

Proof of Proposition 1

Proof. Because e > 0 and p € (0,1), we only need to show that
Q(z(g);0) > 0.

Notice first, that % € [0,1). If o > 1, then the min 5 = 1 for non-negative growth rates,

since the limg_,oo 77> = 1. Finally, 2 (g) > 0, so for finite ¢, Q (2 (0);6) > 0, and min¢ =e. O
Proof of Proposition 2

Proof. 1t is immediate that

Proof of Proposition 3

Proof. A larger 6 implies less willingness to work on the part of households. The steady state

interest rate and z (g) are independent of §. Then

dQ _ dQ dify
de di@ df
3 % (9) + 75 1
- | 2 2
r (2 1+6
(ﬁz (9) + 1+9> ( )
<0
Inequality rises as 6 falls. O

Proof of Proposition 4
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Proof. Consider § such that forall @ > 6, h=0,and all# <8, h > 0. Let 0 < 6; < § < 6. Then
since 1% € [0,1) is continuous, strictly monotonic, and decreasing in 6, and since @ is decreasing

in 0,

=1+%Q(z(9);9)
<1+%Q<z<g>;el>

<1+%Q@@%®

1

=1
T

oo s

where the first equality holds because h = 0 at 62, and the second line follows from the continuity
of Q in 6. Because capitalists do not work in a steady state with 6 > 6, inequality will be
unaffected by increasing 6 beyond . Therefore, for any # > 0, (s is bounded below by the

[1_—“] —L_and above by 1 +

1
n | z(g) 2(g)" O

1
nz(g
Proof of Proposition 5

Proof. Fix 6. Then

T

%
gy =5 _ T
Q00 = =2

Because steady state r is invariant to changes in a and &, all that matters for inequality is z (g).

()"~ )+ 0)

+

z(g9) = 9
BCROEDEAOED]
X r(g) +0
1

=< [oz_5 (r(g)+0)5" - 1} :

Because £ > 0, a greater capital’s share decreases z and increases steady state inequality. Likewise

steady state inequality will be greater for larger elasticities of substitution since

dz (g) 1 —a—(r 100 (1 _ log (@)
3 _x{ (rg) +9) lg(@)+®[1 bg&@)+®}}<0
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where the strict inequality holds since r +§ < a < 1. O
Proof of Proposition 6

Proof. First, in order for ¢ (g) < ¢(0), 2(0) < z(g). There are four cases to consider: (1)
h(g) =0, 1 (0) = 0; (2) h(g) >0, h(0)>0; (3) h(g) >0, h(0) = 0;and (4) h(g) =0, h(0) >0
It will be shown that the fourth case cannot obtain. The first case is obvious since ¢ (g) < ¢ (0)

implies

r(g) _L 1—

r(g)—g 140 0
r 0 -
iz (9) + PRTE <> 4o

By Proposition 2,

SO

For the third case,

L T 1-p\ 1
T < 2(0)°
M2 0+ 5 a

If this is true, then by Proposition 2 and Proposition 3

R o 11— | -
1+ — ((5‘7) +9 <l4-= B <14 - T(T;f)_g +9
H =+ 9+ 1 pz(0)+ 1 =70+ 153

1 1 0
h = max 0, m 1—— (9) 1+6 0
Mg 9) + 19
Because h(g) = 0 and h (0) > 0
. 0 0
- 40 s 01+9 i
it 9) + 15 20+ 1
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r(9)
r(9) -9
We can see from the (31), for each growth rate, there is a 6 (g) such that

z(0) > z(g) > 2 (9)-

h(g)=0Y6>0(g)
>0V0<0(g).

In order for h(0) > h(g) = 0 at 6, it would have to be the case that 6(g) < 6(0), and 6 €
[6(g),0(0)]. Additionally, ¢ (g) must be at its minimum

o) = <MT_1> Z(lg)

<> (%1) o

We know from case (1), that min [¢ (¢)] < min [¢ (0)], which implies that z (¢) < z(0). Because z

while

is invariant to #, it cannot be the case that z (0) > 2z (g), so case (4) cannot obtain. Simply put,

6 (0) < (g) . Therefore whenever ¢ (g) < ¢ (0), z(g) > z(0). Now to close the proof

o) = — (o€ (r -1 _

@)= [0 @+ 1]

where again y = T{;ﬁ&. If ¢ (0) > ((g), then
LI PO -1 4] o L[ -1 _
@ [ O+ ] < a9 + 9T 1]

Because x is increasing in g,
(r(0)+8)" < (r(g) + )"

Now since 7 (g) > r (0) = 7'min, this condition can only hold if £ > 1. O
Proof of Proposition 7

Proof. There are two cases: h =0 or h > 0. In the first case,
1l—p 1-—7

pooz(gT) 4T
1—p (I—7)

7 13
I*T+6 7
Iu ( [e3 ) _(1774‘6)
7 +7

(=

31



Differentiating with respect to 7,

7 £-1
1 1—T+6 .
= <O0Vr, we.iff £>0,

When h > 0,

~we—0((1—-71)r—g)k
¢= o T +(1+6)
Ze+t(l—1)r+46g

w K
% + 1_u7'7“

(I—7)rk
w+T

Converting this to after-tax returns using

and simplifying yields

where

S R )

7 5 3 -
m‘M(“*‘”(lj ) 1T<1+9>Mg)

We want to show ¢ (7) < ¢(0), 7 > 0. Notice that since ;7= is monotonically increasing in 7,

A(r)e+7+0g _A(r)e T+ 0g .
< .€. = 0.
AN+ Bt = A(r) A+ L= VeIIT=0
Next we show that
T+ 0g T+ 0g
6+A(T)+ﬁ%f<e+ A(0)

when 7 > 0. In other words,




Substituting in for A (7) and A (0) and simplifying, we have

7 § - -
= +9 P (A=) fpe) T AN
(1+9)< o 1—7‘+ 1—p 1—7‘T>(1+9) o "
7 i3 1— ((A—p)+pe) B ¢
= 0 ( - ) ) _
(1—|—9)< 5 T, 7> (1+6) " T
F §
r +5 ~ &
(1+9)<1—T > —f>(1+9)<7”+5> _F
a a
r S 7
1—71 "

which is obviously true. The penultimate step holds because

(1 - it )

1—7

<1

Therefore if 7 > 0
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Figure 1: Equilibrium Wage in g = 0 Steady State
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Figure 2: Steady State Inequality
Steady state income inequality
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Figure 3: Steady State Inequality

Steady state income inequality
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Figure 4: Steady State Wealth
Steady state wealth
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Figure 5: Steady State Wealth

Steady state wealth
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Figure 6: Capital to Income Ratio in a Zero Growth Steady State
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Figure 7: Capital Share of Income in a Zero Growth Steady State

Income inequality in a zero growth steady state (maximum 12)
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Figure 8: Steady State Inequality

Income inequality and capitalist's hours
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Figure 9: Dynamics of Inequality
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Figure 10: Laffer Curve
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Figure 11: Laffer Curve
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Figure 12: Long run inequality under capital income taxation and zero growth

Steady state inequality (g = 0)
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Figure 13: Necessary elasticity of substitution to cause higher inequality with zero growth
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Figure 14: Capitalist Hours

Capitalist hours

0.451 7

0.4}
ol T
03}
0.25}
0.2t

0.15F  Uniform Transfer

§=00
ol
oosf
0
_0'05 | | | | | | | | |
0 ol 02 03 04 05 06 07 08 09 1

tax

47



	Introduction
	Model
	Household Problems
	Laborers
	Capitalists

	The Firm
	General Equilibrium

	Steady State
	Case 1: Capitalists Work
	Case 2: Capitalists Do Not Work
	How Income Inequality Changes with Growth
	Conditions for High Inequality with Zero Growth

	Capital Income Taxation
	Uniform transfer
	Targeted Transfer


	Endogenous Growth
	Endogenous Growth without Productivity Growth
	Romer Externality Model

	Conclusion
	Appendix: Proofs



