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@TT*) |�i |LL*t |L @?@*)3i @ tih�it Lu hi@* M�t�?itt U)U*i 4L_i*t�
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4Sdshuv wkdw xvh pd{lpxp olnholkrrg phwkrgv wr vwxg| jhqhudo htxloleulxp exvlqhvv f|foh prghov lqfoxgh
Dowxj +4<;<,/ Ehqflyhqjd +4<<5,/ Fkulvwldqr +4<;;,/ Fkulvwldqr/ Hlfkhqedxp/ dqg Pduvkdo +4<<4,/ Kdoo
+4<<9,/ Kdqvhq dqg Vdujhqw +4<;3/ 4<<4,/ Luhodqg +4<<</5333/5334,/ Nlp +5333,/ Ohhshu dqg Vlpv +4<<7,/
PfJudwwdq +4<<7,/ PfJudwwdq/ Urjhuvrq/ dqg Zuljkw +4<<:,1

5Iru dq hduo| sdshu h{sorlwlqj wkh dgydqwdjhv ri wkh iuhtxhqf| grpdlq/ vhh Hqjoh +4<:7,1 Rwkhu sdshuv
zklfk h{soruh wkh dgdqwdjhv ri wkh iuhtxhqf| grpdlq 0 wkrxjk qrw lq wkh pd{lpxp olnholkrrg frqwh{w
h{soruhg khuh 0 lqfoxgh Ed{whu dqg Nlqj +4<<<,/ Fkulvwldqr dqg Ilw}jhudog +4<<<, dqg Frjoh| +5334d/e,1

6D uhihuhh kdv srlqwhg rxw wr xv wkdw dq dqdorjrxv ghfrpsrvlwlrq ri wkh olnholkrrg udwlr vwdwlvwlf lv dovr
srvvleoh lq wkh wlph grpdlq1 Wklv frxog eh frqvwuxfwhg xvlqj wkh suhglfwlrq huuru ghfrpsrvlwlrq ri wkh
Jdxvvldq ghqvlw| ixqfwlrq1 Wklv zrxog doorz xv wr gh�qh d fxpxodwlyh olnholkrrg udwlr vwdwlvwlf lq wkh wlph
grpdlq/ dqdorjrxv wr wkh fxpxodwlyh olnholkrrg udwlr vwdwlvwlf gh�qhg lq wkh iuhtxhqf| grpdlq ehorz1 Lw
zrxog eh ri lqwhuhvw wr h{soruh wklv vwdwlvwlf1 Krzhyhu/ wklv lv eh|rqg wkh vfrsh ri wklv sdshu1
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7Wkdw vwdqgdug exvlqhvv f|foh prghov kdyh gl�fxow| dffrxqwlqj iru shuvlvwhqfh lq rxwsxw jurzwk lv zhoo
nqrzq1 Vhh/ iru h{dpsoh/ Fkulvwldqr +4<;;/ s1 5:7,/ Frjoh| dqg Qdvrq +4<<8,/ dqg Zdwvrq +4<<6,1

8Vhh/ iru h{dpsoh/ Kdqvhq dqg Vdujhqw +4<;3d,/ Fkulvwldqr +4<;8,/ Fkulvwldqr dqg Hlfkhqedxp +4<;:,
dqg Fkulvwldqr/ Hlfkhqedxp dqg Pduvkdoo +4<<4,1

9Wkhvh dssurdfkhv wr vshfl�fdwlrq huuru dqdo|vlv duh vlplodu lq vslulw wr wkh hduo| dssurdfk wdnhq lq Vlpv
+4<:5,1 Vhh Ehunrzlw} +5334, iru d uhodwhg glvfxvvlrq1
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�iU|Lhc x��

W? |�i |�L�t�LU! 4L_i*c �i @TThL �4@|i kEu� ��|� @ �f *@} �iU|Lh @�|Lhi}hitt�L?c ��i�c

V�+E�f�� A�i @TTi?_� i T*@�?t ��) |��t �t @ }LL_ @TThL �4@|�L? |L |�i V�+��EDcH�

hi_�Ui_ uLh4 Lu |�i |�L�t�LU! t|h�U|�h@* 4L_i*� �t �? |�i L?i�t�LU! U@tic �i _i?L|i |�i

T@h@4i|iht Lu |�i �?hit|h�U|i_ hi_�Ui_ uLh4 M) x�� A��t �t @ eD�i*i4i?| �iU|Lh�

wi| 8 �E/(x�� _i?L|i |�i tTiU|h@* _i?t�|) Lu +|G

8 �E/( x�� '
�

2Z
kEe3�/�T kEe�/���

A�i uhi^�i?U) _L4@�? @TThL �4@|�L? |L |�i �?hit|h�U|i_ *�!i*��LL_ u�?U|�L? �t E2��� ��|�

8 E/( x� hiT*@Ui_ M) 8 �E/( x���

2�e� ��4�*@|��i w�!i*��LL_ +@|�L

A�i *�!i*��LL_ h@|�L t|@|�t|�U �t

b ' 2Eu� � uo�c

��ihi uo @?_ u� @hi |�i 4@ �4�3i_ �@*�it Lu |�i hit|h�U|i_ @?_ �?hit|h�U|i_ *L} *�!i*��LL_tc

hitTiU|��i*)� N?_ih |�i ?�** �)TL|�it�t |�@| |�i hit|h�U|i_ 4L_i* �t |h�ic |��t t|@|�t|�U �@t @

U���t^�@hi _�t|h�M�|�L? ��|� _i}hiit Lu uhii_L4 i^�@* |L |�i _�gihi?Ui Mi|�ii? |�i ?�4Mih

Lu T@h@4i|iht �? |�i hit|h�U|i_ @?_ �?hit|h�U|i_ 4L_i*t EO@h�i)c �bHbc T� 2�D�� #i�?i

bE/� ' *?
_i|

k
8 oE/( fxo�

l

_i|
k
8 �E/( fx��

l n |o
k�
8 oE/( fxo�3� � 8 �E/( fx��3�

�
UE/�

l
c E2�H�

H



��ihi @ �@| L�ih @ �@h�@M*i �?_�U@|it �|t it|�4@|i_ �@*�i� A�i?c �| �t i@t�*) UL?�h4i_ |�@|c

b '
A3�[
�'f

bE/���

A��t i Thitt�L? U@? Mi t�4T*��i_ MiU@�ti Lu |�i t)44i|h) ThLTih|�it Lu bE/� G�f

bE/A
2
3,
� ' bE/A

2
n,
�c , ' �c 2c ���c

A

2
� ��

A�iti �4T*) |�@| b U@? Mi �h�||i?G

b ' bEf� n 2

A
2
3�[

�'�

bE/�� n bEZ�� E2�b�

A��t �t L�h *�?i@hc uhi^�i?U) _L4@�? _iUL4TLt�|�L? Lu |�i *�!i*��LL_ h@|�L t|@|�t|�U�

Wu b �t *@h}ic |�i? �i t�L�*_ Mi @M*i |L _i|ih4�?i ���U� /�<t @hi hitTL?t�M*i� W| �t �tiu�*

|L _i�?i |�i U�4�*@|��i *�!i*��LL_ h@|�LG

\E/� ' bEf� n 2
[
/�$/

bE/��c f 	 / 	 Z

\Ef� ' bEf�c E2��f�

\EZ� ' b�

� t�@hT �?Uhi@ti �? \E/� �? tL4i hi}�L? Lu /<t t�}?@*t @ uhi^�i?U) M@?_ ��ihi |�i 4L_i*

�|t TLLh*)� �L|i |�@| @*|�L�}� \EZ� � fc �| �t TLtt�M*i uLh \E/� |L _iUhi@ti L�ih �?|ih�@*tc

t�?Ui |�ihi �t ?L|��?} Thi�i?|�?} tL4i bE/��<t uhL4 Mi�?} ?i}@|��i�

�� +it�*|t uLh �?i�5�LU! �L_i*t

A��t tiU|�L? Thiti?|t L�h hit�*|t uLh it|�4@|�?} @?_ |it|�?} |�i L?i�t�LU! �iht�L?t Lu |�i +��

@?_ |�4i |L M��*_ 4L_i*t� A�i Tih�L_L}h@4 Lu |�i _@|@c E2�2�c @?_ |�i tTiU|h@* _i?t�|) Lu

|�i �?hit|h�U|i_ hi_�Ui_ uLh4 @hi �4TLh|@?| �?}hi_�i?|t �? |�i @?@*)t�tc @?_ tL �i Mi}�? M)

43Lpsolflwo|/ zh dvvxph W lv hyhq1 Wkh dgmxvwphqw zkhq W lv rgg lv vwudljkwiruzdug1

b



Thiti?|�?} |�iti� A�i uL**L��?} |�L t�MtiU|�L?t Thiti?| |�i @?@*)t�t Lu |�i +�� @?_ |�i

|�4i |L M��*_ 4L_i*tc hitTiU|��i*)�
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wkdw Iljxuh :e uhsruwv wkh orj ri wkh vshfwuxp,1

59Udlvlqj �j lv sduwlfxoduo| h�hfwlyh lq uhgxflqj frkhuhqfh iru d vhfrqg uhdvrq1 Lq wkh prgho/ jryhuqphqw
vshqglqj vkrfnv jhqhudwh d qhjdwlyh fruuhodwlrq ehwzhhq lqyhvwphqw dqg rxwsxw/ zkloh wkh whfkqrorj| vkrfn
jhqhudwhv d srvlwlyh fruuhodwlrq1 Iru d ixuwkhu glvfxvvlrq ri wklv surshuw| ri wkh prgho/ vhh Fkulvwldqr dqg
Wrgg +4<<9,1

5:Wkh frkhuhqfh ixqfwlrq vxjjhvwv d vlpsoh phdvxuhphqw huuru prgho zklfk zh dovr h{soruhg lq uhvxowv
qrw uhsruwhg lq wkh sdshu1 Zh prgl�hg wkh FW prgho e| wuhdwlqj revhuydwlrqv rq orj rxwsxw dqg orj
lqyhvwphqw dv wkh vxp ri wkh wuxh gdwd dqg ruwkrjrqdo phdvxuhphqw huuru1 Zh wkhq hvwlpdwhg wkh yduldqfhv
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ri wkh phdvxuhphqw huuru surfhvv e| pd{lpxp olnholkrrg1 Dv h{shfwhg/ wkh uhvxowlqj prgho uhsurgxfhv
wkh vwhhs vorsh lq wkh hvwlpdwhg frkhuhqfh ixqfwlrq1 Krzhyhu/ wkh phdvxuhphqw dovr fdxvhv wkh prgho
wr ryhuvwdwh wkh kljk iuhtxhqf| frpsrqhqw ri wkh vshfwuxp ri orj+Lw@\w,1 Wklv prgho lv uhmhfwhg zlwk d
olnholkrrg udwlr vwdwlvwlf lq wkh qhljkerukrrg ri 48331

5;Iljxuh :e pd| dsshdu wr lqglfdwh wkh rssrvlwh/ wkdw wkh plvv lv odujhu lq wkh kljkhu iuhtxhqflhv1 Krzhyhu/
uhfdoo wkdw Iljxuh :e glvsod|v wkh orj ri wkh vshfwuxp ri orj+Lw@\w,> qrw lwv ohyho1 Dv hpskdvl}hg lq dq hduolhu
irrwqrwh/ lw lv wkh ohyho wkdw hqwhuv wkh hvwlpdwlrq fulwhulrq1

5<Wklv lv krz zh duulyhg dw wklv fdofxodwlrq ri wkh qxpehu ri ghjuhhv ri iuhhgrp1 Lq vhfwlrq 516/ zh dujxhg
wkdw wkh wzr0vkrfn prgho lv d uhvwulfwhg YDUPD +8/;, prgho/ zklfk zh dssur{lpdwh zlwk d YDU +43,1 Wkh
xquhvwulfwhg YDUPD +8/;, prgho kdv 43@8�5 dxwruhjuhvvlyh dqg 65@;�7 prylqj dyhudjh sdudphwhuv1 Lq
dgglwlrq/ wkhuh duh 6 sdudphwhuv jryhuqlqj wkh yduldqfh0fryduldqfh ri wkh vkrfnv/ iru d wrwdo ri 78 sdudphwhuv1
Vxewudfw iurp wklv wkh 9 hvwlpdwhg sdudphwhuv/ �x> �j> �j > !4> !5> !6= Wklv eulqjv wkh wrwdo qxpehu ri ghjuhhv
ri iuhhgrp wr 6<1

63Wkh dgmxvwhg fxpxodwlyh olnholkrrg udwlr lv frpsxwhg dv iroorzv1 Zh �w d uhjuhvvlrq olqh/ d.e$> wkurxjk
wkh fxpxodwlyh olnholkrrg udwlr ixqfwlrq ryhu wkh udqjh ri iuhtxhqflhv/ $ 5 +=9> �,= Wkh dgmxvwhg fxpxodwlyh
olnholkrrg udwlr lv=

��+$, @

�
�+$,� d $ 5 +=9> �,

e$ $ 5 +3> =9,
>

zkhuh �+$, lv wkh dfwxdo fxpxodwlyh olnholkrrg udwlr/ gh�qhg lq +5143,1
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Figure 1: Spectrum of ln(Yt/Yt−1)
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Figure 2: Diagnosing Fit of One-Shock RBC Models
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Notes: (i) Unrestricted RBC, Low ∼ results of estimation of one-shock RBC model
with three free parameters estimated with vj 6= 0 in (2.3) only for low frequencies.
High ∼ vj 6= 0 only for high frequencies; Business Cycles ∼ vj 6= 0 only for business
frequencies; All ∼ vj 6= 0 for all frequencies.
(ii) Restricted RBC ∼ results of estimation of one-shock RBC model with only shock
innovation variance free and vj = 1 for all j.
(iii) Unrestricted ARMA(4,8) ∼ results for unrestricted reduced form. Reproduced from Figure 1.
(iv) Grey area ∼ 95% confidence interval for unrestricted ARMA(4,8). Reproduced from Figure 1.
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Figure 3: Cumulative Likelihood Ratio, One Shock Case
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Notes: (i) Figure displays (2.10) for each of the three indicated models.
(ii) Christiano-Todd ∼ time-to-build model with σz estimated with vj = 1 in (2.3) for all frequencies
and φ1 = 0.01 and φ2 = φ3 = φ4 = 0.33.
(iii) Estimated Time-to-Build ∼ time-to-build model with {σz, φ1, φ2, φ3} estimated with
vj = 1 in (2.3) for all frequencies.
(iv) Restricted RBC ∼ See notes to Figure 2.
(v) CV ∼ critical values for Chi-square distribution with 12 degrees of freedom.
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Figure 4: Diagnosing Fit of Estimated Time-to-Build Model
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Notes: (i)Unrestricted ARMA(4,8) ∼ results for unrestricted reduced form. Reproduced from Figure 1.
(ii) Grey area ∼ 95% confidence interval for unrestricted ARMA(4,8). Reproduced from Figure 1.
(iii) Restricted RBC ∼ Reproduced from Figure 2.
(iv) Estimated Time-to-Build ∼ See notes to Figure 3.
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Figure 5a: Spectrum of ln (Yt/Yt−1) Figure 5b: Spectrum of ln (It/Yt)
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Figure 5c: Coherence For ln (Yt) and ln (It) Figure 5d: The Phase Relationship in units of time
For ln (It) and ln (Yt−k)
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Notes: (i) Unrestricted VAR(10) ∼ thick line. (ii) Confidence Intervals ∼ Grey Area.
(iii) Periodogram ∼ x’s. Periodogram from Figure 5a reproduced from Figure 1.
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Figure 6a: Correlation Between Figure 6b: Gain of Cross-Spectrum
HP-Filtered ln (It) and ln (Yt−k) Between ln (It) and ln (Yt)

−15 −10 −5 0 5 10 15
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

k

co
rr

(I
,Y

)

0 0.5 1 1.5 2 2.5 3
−10

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

lo
g(

r(
 ω

))

 ω

Notes: (i) Unrestricted VAR(10) ∼ thick line. (ii) Estimated Model ∼ thin line.
(iii) CT ∼ circles. (iv) KP ∼ squares.
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Figure 7a: Spectrum of ln (Yt/Yt−1) Figure 7b: Spectrum of ln (It/Yt)
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Figure 7c: Coherence For ln (Yt) and ln (It) Figure 7d: The Phase Relationship in units of time
For ln (Yt) and ln (It)
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Notes: (i) Unrestricted VAR(10) ∼ thick line. (ii) Estimated Model ∼ thin line.
(iii) CT ∼ circles. (iv) KP ∼ squares.
(v) Confidence Interval and VAR(10) reproduced from Figure 5.
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Figure 8: Cumulative Likelihood Ratio, Two-Shock Case
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Notes (i) Actual Cumulative Likelihood Ratio ∼ Equation (2.10) evaluated at the
indicated frequencies. (ii) Adjusted Cumulative Likelihood Ratio ∼ See text.
(iii) CV ∼ critical values for Chi-square distribution with 39 degrees of freedom.
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Figure 9: Cumulative Likelihood Ratio Two-Shock Case, Log(I/Y)
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Note: Actual Cumulative Likelihood Ratio ∼ Equation (2.10) evaluated at the
indicated frequencies using the univariate spectra for log(I/Y).
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Figure 10: Various Measures of the Phase Angle,As a Function of Frequency

0 0.5 1 1.5 2 2.5 3
ω

      

−8π 

−6π 

−4π 

−2π 

−π  

   0  

π   

2π  

Notes: Solid Lines ∼ θ21(ω; 0). Stars ∼ θ21(ω; 0.06);. ∼ θ21(ω; 0.3).
(ii) For further discussion, see Appendix A.
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Figure 11: Covariance Function for the Data

Notes: (i) C21(k; ω) = Ey2,ty1,t−k, where y1t is frequency-ω component of ln(Yt)
and y2t is frequency-ω component of ln(It). (ii) Stars ∼ k21(ω; 0.15).
(iii) For further discussion, see Appendix A.
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