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Abstrac t

A w ellknow nresult isthat the G aussianlog-likelihood c anb e expressed asthe sum over
d i®erent frequency components.T hisimpliesthat the likelihood ratio statistic hasa similar
linear d ec omposition.We exploit these observationsto d evise d iagnostic method sthat are
usefulfor interpretingmaximum likelihood parameter estimatesand likelihood ratio tests.
We applythe method sto the estimationand testingoftw o realbusinesscycle mod els.T he
stand ard realbusinesscycle mod elisrejec ted infavor ofanalternative inw hich c apital
investment requiresa planningperiod .
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1 Introd uc tion

Fullinformationeconometric method sinempiric almacroeconomics°ourished inthe early
1980s,stimulated inlarge part by the w ork ofHansenand Sargent (1980 ).Subsequently,
limited informationmethod sb ec ame more popular.A prominent example ofsuch method s
isthe c alib rationmethod ology ad voc ated by K yd land and P resc ott (1982 ).1 T hisshift in
interest re°ec ted inc reased c oncernw ith the notionthat, since mod elsare abstrac tions,
anymod elisnecessarilymisspec ī ed onsome d imensions.A key perc eived shortc omingof
fullinformationmethod sisthat these spec ī c ationerrorshave unpred ic table and hard to
d iagnose implic ationsfor the parameter valuesand for mod el̄ t.2 M ore rec ently,it hasb een
emphasized that limited informationmethod shave their ow nproblems.For example,their
smallsample propertiesmay b e poor c ompared w ith those offullinformationmethod s.3

Consid erationssuch asthese have helped to renew interest infullinformationmethod sin
empiric almac roec onomics.4

O ur ob jec tive isto d raw attentionto the potentialvalue ofthe frequency d omainfor
d iagnosing estimationand testing resultsb ased onfullinformation, G aussianmaximum
likelihood method s.5 Inthe proc essofillustratingthese method s, w e provid e evid ence in
favor ofa particular classofbusinesscycle mod els.

We propose a set oftoolsfor evaluatingthe impac t onparameter estimationand mod el
¯t ofd i®erent frequency componentsofthe d ata.We exploit the w ellknow nfac t that the
log, G aussiand ensity functionhasa linear d ec ompositioninthe frequency d omain.T his
d ecompositionhastw o implications.First,the likelihood ratio statistic for testinga mod el
c anb e represented asthe sum oflikelihood ratiosinthe frequency d omain.Asa result,ifa
mod elisrejec ted b ecause ofa large likelihood ratio statistic ,thenit ispossible to d etermine,

1 O ther,relatedmethods includethosebasedon H ansenand Singleton's (1 982)generalizedmethodof
moments (G M M )framework.T hese includetheexactly identī ed G M M methodologyofChristianoand
Eichenbaum (1 992),andtheoveridentī edG M M knownas simulatedmethodofmoments(D u±eandSin-
gleton1 993).Inaddition,therearethediagnosticmethodsproposedbyW atson(1 993)andD iebold,O hanian
andBerkowitz(1 998).

2A recentexamplebyH ansenandSargent(1 993)illustratestheprinciple.T heyshowhowmisspecī cation
oftheseasonalcomponentofamodelcan,usingmaximum likelihoodmethods,leadtodistortions inthe
estimatedvaluesofallmodelparameters.

3T he1 996 issueoftheJournalofBusiness andEconomicStatisticsreportsevidenceonthesmallsam-
pleproperties oflimited informationmethods basedongeneralizedmethodofmomentestimators.Fora
particularempiricalapplication,Fuhrer, M oore,and Schuh(1 995)madethecasethatthe smallsample
problemsaresoseverethatmaximumlikelihoodperformsbetterthanlimitedinformationmethods,evenin
thepresenceofplausibleformsofspecī cationerror.Cogley(1 998),however,displaysanexampleinwhich
G M M performsbetterthanmaximumlikelihoodwhenthetechnologyshockismisspecī ed.

4R ecentexamplesincludeA ltug(1 989);Christiano(1 988);Christiano,Eichenbaum,andM arshal(1 991);
M cG ratten (1 994);H all(1 996);Ireland (1 997);Kim (1 998);L eeperand Sims (1 994);and M cG rattan,
R ogerson,andW right(1 997).

5A notherpaperwhichdoesthis is A ltug(1 989).H ermethodscomplementours.
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arithmetically,w hich frequenciesofthe d ata are responsible for the poor mod el̄ t.Sec ond ,
ifparameter estimateslook s̀trange',thenit ispossible to d etermine w hich frequenciesare
responsible.

We illustrate the method by estimatingand testingsimple realbusinesscycle mod els
usingd ata onaggregate,quarterly,U Soutput grow th.Westart w ith a stand ard realbusiness
cycle mod el,inw hich the technologyshockisa geometric rand om w alk.We ¯rst w orkw ith
a versionofthe mod elinw hich the only free parameter isthe variance ofthe technology
shock.Allother parametersare ¯xed at the estimated valuesreported inChristiano and
E ichenb aum (199 2 ).T he likelihood ratio statistic ,testingthismod elagainst anunrestric ted
alternative,rejec tsthe mod el.W henw e examine the likelihood ratio statistic infrequency
d omain, the reasonfor the rejec tionisclear.T he mod el¯t isvery poor intw o frequency
b and softhe d ata: those c orrespond ingto period sofoscillationinthe range of2 .5- 8 years
and those correspond ingto period sofoscillationinthe range of7- 7.5months.W henw e
free up some ofthe other mod elparameters,our G aussianestimationcriteriond rivesthem
into regionsthat c ause the mod elto c onform b etter to the d ata over allfrequency b and s.
How ever,the estimated parameter valuesappear implausible onother ground s.O verall,our
resultsare c onsistent w ith the ¯nd ingsreported inChristiano (1988, p.2 74 ),Cogley and
Nason(1995),and Watson(1993).T he poor ¯t inthe 2 .5- 8 year range re°ec tsthe d i± culty
the stand ard realbusinesscycle mod elhasingeneratingoutput persistence.

We next c onsid er a versionofthe realbusinesscycle mod elw here capitalinvestment
requiresfour period sto build . We estimate the frac tionofoverallresourc esthat must
b e put into plac e ineach ofthe ¯rst, sec ond , third , and fourth period sofconstruction.
T he parameter estimatesare plausible from the perspec tive ofmicroeconomic stud iesof
investment projec ts.T hey imply that the amount ofresourc esalloc ated inthe early part
ofaninvestment projec t isrelativelysmall.For reasonsexplained inChristiano and Tod d
(1996),incorporatingthisfeature ofinvestment projec tsinto the time to build mod elallow s
that mod elto generate persistence inoutput grow th.T hisinturnhelpsthe mod elto match
the 2 .5 - 8 year component ofthe d ata.Inad d ition,the estimated mod elalso d oesw ellin
matchingthe 7¡7:5month component ofthe d ata.Asa result,our time to build mod elis
not rejec ted by the d ata.

We now consid er the relationship ofour paper to the existingliterature.Severalother
papersexploit the fac t that the G aussiand ensity func tioncanb e d ec omposed inthe fre-
quencyd omain.For example,Altug(1989) d emonstratesitsvaluefor estimatingmod elsw ith
measurement error.O ther papersemphasize itsvalue inthe estimationoftime-aggregated
mod els.6 Christiano and E ichenb aum (1987) and Hansenand Sargent (1993) exploit the d e-

6See,forexample,H ansenandSargent(1 980 a),Christiano(1 985),ChristianoandEichenbaum (1 987)
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c ompositionto evaluate the c onsequencesfor maximum likelihood estimatesofcertaintypes
ofmod elspec ī c ationerror.7

T he value ofcomparingmod eland d ata spec tra hasalso b eenemphasized inthe re-
c ent c ontributionsofWatson(1993) and Dieb old ,O hanianand B erkow itz (1998).Watson
(1993)'sob jec tive isto provid e d escriptive toolsonly,and so hisapproach isnot d esigned
for c ond uctingstatistic alinference.O ursis,since our method sare simply d esigned to help
interpret the resultsofstand ard statisticalestimationand testingproc ed ures.

O ur approach ismost closelyrelated to that ofDieb old ,O hanianand B erkow itz (1998).
T heyalso d o estimationusingthe frequency d omaind ec ompositionofthe G aussiand ensity
func tion. T heir paper d i®ersfrom oursinthree respec ts. First, they use the frequency
d omaind ec ompositionasa c onvenient w ay to exclud e frequency b and sfrom the analysis.
We incorporate allfrequencyb and sinto our analysis,and use the frequency d omaind ec om-
positionasa d evic e for gaininginsight into the resultsofanalysisb ased onallfrequencies.
Second , their approach to testingisd i®erent from ours.We focusonthe likelihood ratio
statistic and the value ofthe frequency d omainfor d iagnosingitsmagnitud e. T hird , the
applicationw e use to illustrate the method d i®ersfrom theirs.

T he follow ingsectionpresentsour ec onometric framew ork.Sec tion3presentsthe results.
Sec tion4 c onclud es.

2 E c onometric Framew ork

T hissec tiond esc rib esthe ec onometric framew ork ofour analysis. First, w e d isplay the
frequency d omaind ec ompositionofthe G aussiand ensity func tion.Second , w e d erive the
log-likelihood func tionofthe unrestric ted representationofthe d ata.T hird ,w e d isplay the
likelihood ofthe representationrestric ted by the variousrealbusinesscycle mod elsthat w e
c onsid er.Finally,w e d isplay the linear,frequency d omaind ec ompositionofthe likelihood
ratio statistic.

2 .1 Spec tralDecompositionofthe G aussianLikelihood

T he logarithm ofthe G aussiand ensityfunc tionfor a T d imensionalvec tor ofobservations,
y1;:::;yT ; is:

L(y) = ¡T
2
log2 ¼ ¡1

2
logjV j¡1

2
y0V ¡1y

andChristiano,EichenbaumandM arshall(1 991).
7T heseapproachestospecī cationerroranalysisaresimilarinspirittotheearlyapproachtakeninSims

(1 972).
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w here V isthe T byT c ovariance matrixofy= [y1;:::;yT]0.It isw ellknow n(Harvey,1989,
p.193) that for T large,thisexpressionis,approximately,

L(y) = ¡1
2

T¡1X

j= 0

"
2 log2 ¼ + logf(!j)+

I (!j)
f (!j)

#
(1)

w here I (!) isthe period ogram ofthe d ata:

I (!) =
1
2 ¼T

j
TX

t= 1
ytexp(¡i!t)j; (2 )

and
!j=

2 ¼j
T

; j= 0 ;1;:::;T ¡1:

Finally,f(!) isthe spec trald ensityofy at frequency! implied by V for large T:8

We ¯nd it convenient,for later purposes,to expressthe likelihood func tionasa w eighted
likelihood ,asinDieb old ,O hanianand B erkow itz (1998):

L(y) = ¡1
2

T¡1X

j= 0
wj

"
2 log2 ¼ + logf (!j)+

I (!j)
f(!j)

#
: (3)

Inour analysis,w e w illconsid er wj2f0 ;1g:

2 .2 Likelihood Func tionfor T he Struc turalM od el

T hissubsec tiond erivesthe restric ted red uced form representationfor output grow th implied
by tw o struc turalmod els,and their associated loglikelihood func tions.

2 .2 .1 R ealB usinessCycle M od el

T he representative agent inour mod elhaspreferences,E0
P 1

t= 0 ¯t[log(C t)+ Ã log(1¡nt)];
w here C t d enotesconsumptionand nt d enoteshoursw orked .T he time end ow ment isnor-
malized to unity and the parameters¯ and Ã satisfy 0 < ¯ < 1; Ã > 0:T he resource
c onstraint isC t+ It·Yt; w here

Yt= K µ
t(z tnt)

(1¡µ) ; 0 < µ < 1;

w ith a technologyshock z t
8 L etVlj denotethejthelementofthelthrowofV:T hen,

f(!)=Vll+ 2
1X

j=l+ 1

Vljcos(!(j¡l));

foranyl:
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log(z t) = log(z t¡1)+ ´t

w here ´tisi.i.d .Normalw ith mean¹ and variance ¾ 2.Inthe realbusinesscycle (R B C)
versionofthismod el,

Kt+ 1¡(1¡±)Kt= It; 0 < ± < 1:

We d enote the unknow nparameter valuesofthe RB C mod elby the vec tor ©:Inthe next
sec tion'sestimationexerc ise, w e c onsid er tw o c ases. Inone, µ = 0:34 4 ; Ã = 3:92 ; ± =
0:0 2 1;¯ = 1:0 3¡0:2 5 and © = ¾´:Inthe other, Ã = 3:92 ; ¯ = 1:03¡0:2 5 and © = (¾´;±;µ):
T hese choicesare mad e to enhance the illustrative value ofthe applic ationstud ied inSec tion
T hree.

2 .2 .2 T ime to B uild M od el

T he time to build mod eld i®ersfrom the R B C mod elonly inthe investment technology.
P eriod tinvestment is:

It= Á1xt+ Á 2 xt¡1 + Á3xt¡2 + Á 4 xt¡3;

w here Ái¸0 for i= 1;2 ;3;4 ; and

Á1 + Á 2 + Á3+ Á 4 ´1:

T he investment technology requiresthat ifxtunitsofnet investment are to oc cur d uring
period t+ 3,i.e.,

Kt+ 4 ¡(1¡±)Kt+ 3 = xt;

then, resourc esinthe amount Á1xtmust b e applied inperiod t, Á 2 xtmust b e applied in
period t+ 1; Á3xtmust b e applied inperiod t+ 2 ,and ¯nallyÁ 4 xtmust b e applied inperiod
t+ 3:O nce initiated , aninvestment projec t'sscale cannot b e expand ed or contrac ted .As
inthe R B C mod el, © d enotesthe vec tor ofparametersto b e estimated :Inour analysis,
© = (¾´;Á1;Á 2 ;Á3).

2 .2 .3 R ed uced Form R epresentationand Likelihood Function

We used the und etermined coe± cient method d esc rib ed inChristiano (1998) to approximate
the policyrulesfor employment and c apitalthat solve the planningproblem assoc iated w ith
the ab ove tw o mod eleconomies.We manipulated these approximate policy rulesto ob tain
a red uc ed form representationfor yt= log(Yt=Yt¡1):

yt= ®(L;© )́ t= ® 0 (© )́ t+ ® 1(© )́ t¡1 + ® 2 (© )́ t¡2 + ::::: (4 )
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T hisrepresentationisa restric ted AR M A(4 ;8) mod el9.T hat is,®(L;© ) isthe ratio ofan
8th ord er polynomialinthe lagoperator,L; and a 4 th ord er polynomialinL.We restric t ©
so that 1X

i= 0
®i(© )2 < 1 ;

guaranteeingthat the spec trald ensity ofytexists.We also restric t © so that ® (z ;© ) = 0
impliesjz j̧ 1:

T he spec trald ensityofytat frequency! is

fr(!;© ) =
¾ 2´
2 ¼

®(e¡i!;© )® (ei!;© );

w here the supersc ript, r; ind ic atesthe restric ted mod elfor yt:T he frequency d omainap-
proximationto the restric ted likelihood functionis(1) w ith f(!) replaced byfr(!;© ):

2 .3 U nrestric ted R ed uc ed Form Likelihood

Inord er to test our mod el,w e need to estimate anunrestric ted versionof(4 ):

yt= ®u(L)"t; (5)

w here
®u(L) = 1 + ®u1L + ®u2 L

2 + ::::

Also,
1X

i= 0
(®ui)

2 < 1 ;

and ®u(z ) = 0 impliesjz j̧ 1:T hese c orrespond to the analogousrestric tionsimposed onthe
restric ted red uc ed form.T he polynomialinL; ®u(L); isthe ratio ofan8th ord er polynomial
and a 4 th ord er polynomial, w ith c onstant termsnormalized to unity. T hisspec ī c ation
neststhe realbusinesscycle mod eland the time to build mod el.It has13free parameters:
the 12 parametersof®u(L); and ¾":We d enote these by the 13 d imensionalvec tor,°:Let
fu(!;°) d enote the spec trald ensityofyt:

fu(!;°) =
®u(e¡i!)®u(ei!)

2 ¼
¾ 2";

T he frequencyd omainapproximationto the unrestric ted likelihood func tionis(1) w ith f(!)
replaced byfu(!;°):

9T heappendixpresentsthederivationofthis A R M A representation.
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2 .4 Cumulative Likelihood R atio

T he likelihood ratio statistic is
¸ = 2 (Lu¡Lr);

w here Lr and Luare the maximized valuesofthe restric ted and unrestric ted loglikelihood s,
respec tively.U nd er the nullhypothesisthat the restric ted mod elistrue,thisstatistic hasa
chi-square d istributionw ith d egreesoffreed om equalto the d i®erence b etw eenthe numb er
ofparametersinthe restric ted and unrestric ted mod els(Harvey,1989,p.2 35).De¯ne

¸(!) = log
fr(!;b© )
fu(!;b°)

+ I (!)
"

1
fr(!;b© )

¡ 1
fu(!;b°)

#
; (6)

w here a hat over a variable ind ic atesitsestimated value.T hen,it iseasily con̄rmed that,

¸ =
T¡1X

j= 0
¸(!j):

T hisexpressioncanb e simplī ed b ec ause ofthe symmetrypropertiesof̧ (!) :

¸(! T
2 ¡l
) = ¸(! T

2 + l
); l= 1;2 ;:::;

T
2
¡1:

T hese imply that ¸ c anb e w ritten:

¸ = ¸(0 )+ 2
T
2 ¡1X

j= 1
¸(!j)+ ¸(¼): (7)

T hisisour linear,frequency d omaind ec ompositionofthe likelihood ratio statistic.
If̧ islarge,thenw e should b e able to d etermine w hich !j'sare responsible for this.To

assist inthis,w e d e¯ne the cumulative likelihood ratio:

¤ (!) = ¸(0 )+ 2
X

!j·!
¸(!j); 0 < ! < ¼

¤ (0 ) = ¸(0 ); (8)

¤ (¼) = ¸:

A sharp increase in¤(!) insome regionof!'ssignalsa frequency b and w here the mod el
¯tspoorly.

3 R esults

T hissec tionpresentsour resultsfor estimating and testing the R B C and time to build
mod els. T he period ogram ofthe d ata, (2 ), and the spec trald ensity ofthe unrestric ted
red uc ed form are important ingred ientsinthe analysis,and so w e b eginbypresentingthese.
T he follow ingtw o subsec tionspresent the analysisofthe R B C and the time to build mod els,
respec tively.
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3.1 P eriod ogram and Spec trum ofU nrestric ted R ed uc ed Form

Figure 1 presentsa smoothed versionofI (!) for ! 2 (0 ;2 ¼); b ased on(2 ).10 T he thicksolid
line inFigure 1 isthe spec trum ofour unrestric ted AR M A(4 ;8) representationofU S G DP
grow th.Note how similar these are.T hisisto b e expec ted ,since b oth represent c onsistent
estimatesofthe spec trum ofthe d ata.

Vertic alb arsd raw attentionto three frequency b and s,the low frequencies(those c orre-
spond ingto period 8 yearsto in̄nity), the businesscycle frequencies(period 1 year to 8
years) and the highfrequencies(period 2 quartersto 1 year).Note that the low and business
cycle frequencieshave high pow er.Inad d ition, the spec trum haspronounced d ipsinthe
7¡7:5months(near ! = 2 :5) range and inthe higher frequency component ofthe business
cycle (near ! = 1:5):

Figure 1: E stimated Spec tralDensity
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3.2 E stimationand TestingofR B C M od el

We b eginbyestimatingthe versionofthe R B C mod elinw hich onlythe innovationvariance
ofthe technologyshock,¾´; isfree.We c allthisthe r̀estric ted R B C'mod el.We thenturn
to the version(the ùnrestric ted R B C'mod el) inw hich ± and µ are also free.

T he spec trum ofthe estimated restric ted R B C mod elisd isplayed inFigure 2 .For c onve-
nience,Figure 2 reprod uc esthe spec trum ofthe unrestric ted AR M A(4 ;8) representationof
the d ata from Figure 1.Asemphasized inWatson(1993),the spec trum ofthe R B C mod el

1 0 T hedataareseasonallyadjusted,covertheperiod1 955Q 3 to1 997Q 1 ,andarefromtheCitibasedatabase.
T hesamplemeanofyt is subtractedfrom thedata,sothatI(0 )is zero.W epresentthesmoothedversion
oftheperiodogrambecause,asiswellknown,theunsmoothedperiodogram isquitevolatile.T hesmoothed
periodogramatfrequency!j isacentered,equallyweightedaverage,

P 3
i=¡3I(!j+ i)=7:
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isessentially°at.To a ¯rst approximation,the mod elimpliesthat aggregate output inherits
the persistence propertiesofthe technologyshock,w hich isa rand om w alkbyassumption.

Figure 2 Spec tra R elevant to the Analysisofthe R B C M od el
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For a formalevaluationofmod el¯t, c onsid er Figure 3 w hich d isplaysthe cumulative
likelihood ratio, (8).Note that ¸ isjust und er 2 5 (see the cumulative likelihood ratio for
! = ¼).U nd er the nullhypothesisthat the restric ted R B C mod elistrue,¸ isthe realization
ofa chi-square statistic w ith 12 d egreesoffreed om.T he statistic hasa p-value of1.5perc ent
and hence the mod elisrejec ted at the ¯ve perc ent signī c ance level.To see w hy the mod el
isrejec ted , note that the cumulative likelihood ratio d isplayssharp increasesinthe low
frequency component ofthe businesscycle,and inthe frequenciescorrespond ingto period s
7-7.5months.

Figure 3:Cumulative Likelihood R atio
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We now turnto the unrestric ted R B C mod el.T he estimated parameter valuesare bµ =
0:37and b± = 0:73:Althoughthe estimated value ofcapital'sshare isreasonable,the estimated
value of± ismuch larger thanseemsplausible inlight ofd ata oninvestment and the stock
ofcapital(Christiano and E ichenb aum,1992 ).To see w hat frequencycomponent ofthe d ata
d rivesthisresult,w e recomputed bµ;b± severaltimesusingalternative w eightsinthe w eighted
likelihood func tion,(3).T he estimationresultsare d isplayed inTable 1 and Figure 2 .

Table 1:Weighted Likelihood E stimationR esults
Frequencies µ ± ¾´ ¸ ¸w O bservations

U sed
High 0.2 5 0.99 0.0 12 6 9.6 3.7 50 %
B usinessCycle 0.51 0.99 0.0 170 2 6.1 2 .3 4 3%
Low 0.15 0 0.0 10 0 37.3 -0.2 7%
All 0.37 0.73 0.0 14 4 8.5 8.5 10 0 %

²Notes:T hesearetheresultsofestimatingtheunrestrictedR BCmodelbyweightedmaxi-
mum likelihood(i.e.,bymaximizing(3)).L owfrequencies:wjequals 1 onlyforwj's that
belongtofrequenciescorrespondingtoperiods8 yearsandup.Businesscyclefrequencies:wj
equals 1 onlyforwj'sthatbelongtofrequenciescorrespondingtoperiods 1 to8 years.H igh
frequencies:wjequals 1 onlyforwj's thatbelongtofrequencies correspondingtoperiods
2 quarters to1 year;A llfrequencies:wjequals 1 forallj.Percentofobservations used:
fractionofj2 f0 ;1;:::;T ¡1g equaltounity in theweighted likelihoodestimation. ¸:
likelihoodratiostatistic.¸w:likelihoodratiostatisticbasedonlyonthesubintervalforthe
weightedlikelihoodfunction.

T he businesscycle and high frequency componentsofthe d ata d rive ± to nearlyunity.
W ith ± near one,the mod elred ucesto the scalar versionofthe mod elinLongand P losser
(1983),inw hich output grow th isa ¯rst ord er autoregressionw ith autoregressive parameter
µ:W ith the spec trum ofthisproc ess,proportionalto 1=(1 + µ2 ¡2 µ c os(!)); the mod elis
able to match the shape ofthe d ata spec trum inthe businesscycle and high frequencies(see
Ù nrestric ted R B C,B usinessCycle' and Ù nrestric ted R B C,High' inFigure 2 ).How ever,
d i®erent valuesofµ w orkb etter inthe tw o frequency ranges.

To match the low frequencies,a very d i®erent parameterizationisneed ed ,w ith ± nearly
0 and µ small(see Ù nrestric ted R B C,Low 'inFigure 2 ).T he parameter estimatesb ased on
allfrequenciesare roughlyanaverage ofthe resultsover the variousfrequencies.

3.3 T ime To B uild M od el

R esultsfor estimatingthe time to build mod elare d isplayed inFigure 4 .For convenience,
Figure 4 d isplaysthe spec trum ofthe restric ted R B C mod el,and ofthe d ata.B oth ofthese
are takend irec tly from Figure 2 .O ur estimatesofthe w eightsare: Á1 = 0:0 1, Á 2 = 0:2 8,
Á3 = 0:4 8; and Á 4 = 0:2 3:Note that the ¯rst w eight isalmost zero.T hisimpliesthat in
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the ¯rst period ofaninvestment projec t,essentiallyno resourc esare used .T hismotivates
referringto this¯rst period asa planningperiod ,one inw hich plansare d raw nup,permits
are secured ,etc.11 We refer to thisasthe estimated time to planmod el.

Note how w ellthe spec trum ofthe time to planmod elconformsw ith the spec trum of
the d ata.T he time to planmod elevenmatchesthe d ip inthe spec trum inthe 7-7.5month
range.T hisisre°ec ted inthe good performance ofthe mod el'scumulative likelihood ratio
(see Figure 3).T he cumulative likelihood ratio risesslow ly w ith frequency and achievesa
maximum value just und er 10.U nd er the nullhypothesisthat the mod elistrue,thisisthe
realizationofa chi-square d istributionw ith 9 d egreesoffreed om.U nd er these c ond itions,
the p-value is35percent.Asa result,the mod elisnot rejec ted at c onventionallevels.

Figure 4 E stimationR esultsfor the T ime to B uild M od el
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We compare the estimated time to build mod elw ith tw o others:the time to build mod el
suggested inK yd land and P rescott (1982 ),w here Ái= 0:2 5; i= 1;2 ;3;4 ;and the versionof
the time to planmod elanalyzed inChristiano and Tod d (1996),w here Á1 ¼ 0 ; Ái = 1=3,
i= 2 ;3;4:We d o not d isplaythespec trum implied byK yd land and P resc ott'smod el,b ec ause
that essentially coincid esw ith the spec trum ofthe restric ted R B C mod el(K ing,1995).As
a result, K yd land and P rescott'smod elisrejec ted like the restric ted R B C mod el. For a
d etailed d iscussionofthe similarity ofthese mod els,see Christiano and T od d (1996) and
R ouw enhorst (1991).T he Christiano and Tod d (1996) parameterizationofthe time to plan
mod elisanimprovement over the restric ted R B C mod elinthe businesscycle components
ofthe d ata (Figure 3).O ver allfrequencies,the tw o mod els,how ever,have a c omparable ¯t.

1 1 SeeChristianoand Todd(1 996),whoarguethatthenotionofaplanningperiodconforms wellwith
studiesofinvestmentprojects.
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4 Conclusions

We have d escrib ed some ad vantages,for d iagnosingmod elestimatesand ¯t, ofusingthe
frequency d omaind ecompositionofthe likelihood function. We illustrate the approach
w ith anempiricalanalysisofthe stand ard R B C mod eland a versionw ith a time to build
technology.We rejec t the former infavor ofthe latter.T he time to build technologythat ¯ts
the d ata b est appearsto b e one inw hich investment projec tsb eginw ith a planningperiod ,
d uringw hich relativelyfew resourc esare expend ed .Christiano and Tod d (1996) emphasize
that thisspec ī c ationconformsw ellw ith mic roec onomic stud iesofinvestment projec ts,and
d iscussother ad vantagesto thismod elfor businesscycle analysis.

5 Append ix:Show ingthat y isanAR M A(4 ,8)

T he policyrulesthat solve the time-to-b uild mod elare linear equationsinthe logofcapital
lnK and ofhours-w orked lnn and the technologyshocks(w here lnz tequalslnz t¡1 + ´t).

lnKt = (1¡A(1))lnK + A(L)lnKt+ (1¡A(L))lnz t¡4 + + B (L)(́ t¡4 ¡¹)

lnnt = lnn ¡C (1)lnk+ C (L)lnKt+ 4 ¡C (L)lnz t+ D(L)(́ t¡¹)

T he termsA(L) and B (L) are polynomialsofd egree four and C (L) and D (L) are poly-
nomialsofd egree three inthe lagoperator.Capitalisa functionofthe past capitaland the
shocksto technologyfrom four to eight period sago.Hoursw orked isa functionoffuture
c apital(since youhave to w orkfor the investment that youhave alread yc ommitted to mak-
ing) and the current and lagged shocks.T he variab lesw ithout the time subscript are the
variablesat stead ystate.

Takingthe ¯rst d i®erence ofthe ab ove tw o equationseliminatesthe stead ystate values.

4 lnKt = A(L)4 lnKt+ (1¡A(L))4 lnz t¡4 + B (L)4 (́ t¡4 ¡¹)

=
(1¡A(L)+ B (L)(1¡L))L4

1¡A(L)
´t

4 lnnt = C (L)4 lnKt+ 4 ¡C (L)4 lnz t+ D(L)4 (́ t¡¹)

=
Ã
C (L)B (L)(1¡L)

1¡A(L)
+ D(L)(1¡L)

!
´t

T he next step isto d erive anequationfor y:O utput isprod uced usinga Cob b -Douglas
prod uc tionfunction.Hence,output c anb e w rittenas

12



lnYt= µlnKt+ (1¡µ)lnnt+ (1¡µ)lnz t

Takingthe ¯rst d i®erence

yt= 4 lnYt= µ4 lnKt+ (1¡µ)4 lnnt+ (1¡µ)´t

Substitutinginthe valuesfor 4 lnKtand 4 lnntw e have

(1¡A(L))yt=
Ã

µ (1¡A(L)+ B (L)(1¡L))L4 +
(1¡µ)(C (L)B (L)(1¡L)+ (1¡A(L))D(L)(1¡L)+ 1)

!
´t

T he polynomialsA and C are fourth ord er and the polynomialsD and B are third ord er.
Asthe ¯rst d i®erence operator isalso present,the movingaverage c omponent isaneighth
ord er polynomial.T he autoregressive term isthe same ord er asA.T he time-to-build mod el,
therefore, canb e charac terized asa restric ted versionofanAR M A(4 ,8) mod el.T he R B C
mod elnestsinsid e thisspec ī c ation.

13
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