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Sxuli|lqj Pl{hg Vwudwhj| Htxloleuld lq wkh

Vhdufk0Wkhruhwlf Prgho ri Ildw Prqh|�

Udqgdoo Zuljkw

Xqlyhuvlw| ri Shqqv|oydqld

hpdlo= uzuljkwChfrq1vdv1xshqq1hgx

Rfwrehu 48/ 4<<:

Devwudfw

Wkh vlpsoh vhdufk0wkhruhwlf prgho ri �dw prqh| kdv wkuhh v|p0

phwulf Qdvk htxloleuld= doo djhqwv dffhsw prqh| zlwk suredelolw| 4> doo

djhqwv dffhsw prqh| zlwk suredelolw| 3> dqg doo djhqwv dffhsw prqh|

zlwk suredelolw| | 5 +3> 4,1 Khuh zh frqvwuxfw d qrqv|pphwulf sxuh

vwudwhj| htxloleulxp/ sd|r�0htxlydohqw wr wkh v|pphwulf pl{hg vwudw0

hj| htxloleulxp/ zkhuh d iudfwlrq Q 5 +3> 4, ri djhqwv dozd|v dffhsw

prqh| dqg 4 � Q qhyhu dffhsw prqh| 1 Frxqwhu wr zkdw kdv ehhq

frqmhfwxuhg suhylrxvo|/ zh �qgQ A |1 Zh dovr vwxg| hyroxwlrqdu| g|0

qdplfv/ dqg vkrz wkdw wkh hfrqrp| frqyhujhv wr prqhwdu| h{fkdqjh

l� wkh lqlwldo sursruwlrq ri djhqwv dffhswlqj prqh| h{fhhgv Q 1

�L zlvk wr wkdqn Nhq Exughww dqg Shwhu Uxshuw iru khosixo frpphqwv dqg frqyhuvdwlrqv/

dv zhoo dv wkh Qdwlrqdo Vflhqfh Irxqgdwlrq iru �qdqfldo vxssruw1 Wkh xvxdo glvfodlphu

dssolhv1
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4 Lqwurgxfwlrq

D vlpsoh vhdufk0wkhruhwlf prgho ri prqhwdu| h{fkdqjh edvhg rq wkh �grxeoh

frlqflghqfh ri zdqwv� sureohp zlwk gluhfw eduwhu lv suhvhqwhg lq Nl|rwdnl

dqg Zuljkw +4<<6,1 Wkh prgho kdv h{dfwo| wkuhh v|pphwulf/ vwhdg| vwdwh/

Qdvk htxloleuld= d sxuh vwudwhj| prqhwdu| htxloleulxp zkhuh hyhu| djhqw

dffhswv �dw prqh| zlwk suredelolw| �> d sxuh vwudwhj| qrqprqhwdu| htxlole0

ulxp zkhuh hyhu| djhqw dffhswv �dw prqh| zlwk suredelolw| f> dqg d pl{hg

vwudwhj| htxloleulxp zkhuh hyhu| djhqw dffhswv �dw prqh| zlwk suredelolw|

+ 5 Efc ��/ zkhuh + lv d sdudphwhu uhsuhvhqwlqj wkh hdvh ri gluhfw eduwhu1 Lq

wkh pl{hg vwudwhj| htxloleulxp djhqwv duh lqgl�huhqw ehwzhhq wu|lqj wr wudgh

xvlqj prqh| ru gluhfw eduwhu1 Wkh iroorzlqj fodlp lv pdgh lq Nl|rwdnl dqg

Zuljkw +4<<6,/ edvhg rq d vlplodu fodlp lq Nl|rwdnl dqg Zuljkw +4<<4,= wkh

v|pphwulf pl{hg vwudwhj| htxloleulxp lv htxlydohqw wr d qrqv|pphwulf sxuh

vwudwhj| htxloleulxp lq zklfk d iudfwlrq + ri wkh djhqwv dffhsw prqh| zlwk

suredelolw| � dqg d iudfwlrq � � + ri wkh djhqwv dffhsw prqh| zlwk sure0

delolw| f +l1h1/ lw lv fodlphg wkdw wkhuh h{lvwv d qrqv|pphwulf sxuh vwudwhj|

htxloleulxp lq zklfk wkh iudfwlrq ri djhqwv zkr dffhsw prqh| lv wkh vdph dv

wkh suredelolw| wkdw hdfk djhqw dffhswv lw lq wkh v|pphwulf pl{hg vwudwhj|

htxloleulxp,1

Lw lv vkrzq khuh wkdw wklv fodlp lv zurqj1 Lw lv lqghhg wuxh wkdw wkhuh

h{lvwv d qrqv|pphwulf sxuh vwudwhj| htxloleulxp wkdw lv sd|r�0htxlydohqw wr

wkh v|pphwulf pl{hg vwudwhj| htxloleulxp lq zklfk d iudfwlrq � ri wkh djhqwv

dffhsw �dw prqh| zlwk suredelolw| � dqg d iudfwlrq ��� dffhsw �dw prqh|

zlwk suredelolw| f> exw lw wxuqv rxw wkdw � : +1 Wkdw lv/ wkh iudfwlrq ri wkh

srsxodwlrq zkr dffhsw prqh| lq wkh sxuh vwudwhj| htxloleulxp h{fhhgv wkh

suredelolw| wkdw dq| lqglylgxdo dffhswv prqh| lq wkh v|pphwulf pl{hg vwudw0

hj| htxloleulxp1 Wkh lqwxlwlrq lv vlpsoh1 Zkdw lv uhohydqw wr |rxu ghflvlrq

wr dffhsw prqh| lv wkh suredelolw| wkdw wkh qh{w lqglylgxdo |rx phhw dffhswv

prqh| jlyhq wkdw kh kdv jrrgv iru vdoh1 Lq wkh qrqv|pphwulf htxloleulxp/
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djhqwv zkr dffhsw prqh| duh ohvv olnho| wr kdyh jrrgv iru vdoh wkdq djhqwv

zkr gr qrw dffhsw prqh|/ dqg vr wkh iudfwlrq ri djhqwv zkr dffhsw prqh|

kdv wr h{fhhg + lq rughu wr pdnh |rx lqgl�huhqw ehwzhhq wudglqj zlwk prqh|

dqg gluhfw eduwhu1 Lq d pruh jhqhudo frqwh{w/ wklv h{dpsoh vkrzv wkdw sxul0

i|lqj pl{hg vwudwhj| htxloleuld lv qrw dv vwudljkwiruzdug lq g|qdplf jdphv

dv lw lv lq vwdwlf jdphv1

Jlyhq wkdw zh h{solflwo| ghulyh wkh sd|r�v wr iroorzlqj qrqv|pphwulf

vwudwhjlhv/ zh duh wkhq deoh wr hdvlo| xqghuwdnh dq hyroxwlrqdu| g|qdplf

dqdo|vlv ri prqhwdu| h{fkdqjh1 Wkdw lv/ zh fdq duelwudulo| dvvljq wkh vwudwh0

jlhv ri hlwkhu xvlqj prqh| ru qrw xvlqj prqh| wr gl�huhqw vxevhwv ri wkh

srsxodwlrq/ dqg wkhq revhuyh krz wkh hfrqrp| hyroyhv xqghu wkh dvvxps0

wlrq wkdw w|shv +l1h1/ vwudwhjlhv, zlwk kljkhu sd|r�v uhsurgxfh pruh txlfno|1

Wkh vwdelolw| surshuwlhv ri wkh gl�huhqw htxloleuld duh idluo| lqwxlwlyh> iru h{0

dpsoh/ lw lv pruh olnho| wkdw prqhwdu| h{fkdqjh zloo hyroyh li gluhfw eduwhu

lv gl!fxow ru wkh vwrfn ri prqh| lv qrw wrr elj1 Zkdw lv lqwhuhvwlqj lv wkdw

wkh hfrqrp| qhhgv wr vwduw r� zlwk d uhodwlyho| kljk sursruwlrq ri djhqwv df0

fhswlqj �dw prqh| � wr eh suhflvh/ wkh lqlwldo sursruwlrq kdv wr eh pruh wkdq

� / dqg qrw mxvw pruh wkdq + � lq rughu iru prqhwdu| h{fkdqjh wr vxuylyh

lq wkh orqj uxq1 Wkh uhdvrq lv vlplodu wr wkh lqwxlwlrq jlyhq deryh iru zk|

wkh qrqv|pphwulf sxuh vwudwhj| htxloleulxp kdg wr kdyh � : += zkhq vrph

djhqwv duh dozd|v dffhswlqj prqh| dqg rwkhuv duh qhyhu dffhswlqj prqh|/

wkh iruphu jurxs lv ohvv olnho| wr kdyh jrrgv iru vdoh/ zklfk whqgv wr uhgxfh

wkh ydoxh ri prqh|1
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5 Wkh Prgho

Wkh edvlf hqylurqphqw lv d yhu| vlpsoh yhuvlrq ri wkh vwdqgdug vhdufk0

wkhruhwlf prgho ri prqhwdu| h{fkdqjh/ dqg vr wkh ghvfulswlrq zloo eh uho0

dwlyho| eulhi +iru pruh ghwdlov/ vhh Nl|rwdnl dqg Zuljkw ^4<<4` dqg wkh uhihu0

hqfhv wkhuhlq,1 Wkhuh lv d dfc �o frqwlqxxp ri djhqwv1 Wkhuh duh pdq| ydulhwlhv

ri lqglylvleoh frqvxpswlrq jrrgv1 Wkhuh lv dq h{rjhqrxv txdqwlw| � 5 Efc ��

ri lqglylvleoh xqlwv ri �dw prqh|1 Jrrgv dqg prqh| duh frvwohvvo| vwrudeoh/

exw hdfk djhqw fdq krog qr pruh wkdq rqh lqglylvleoh xqlw ri prqh| ru rqh

frqvxpswlrq jrrg +dqg qrw erwk, dw d wlph1 Lqlwldoo|/ wkh prqh| lv udqgrpo|

hqgrzhg dfurvv � djhqwv/ dqg wkh uhpdlqlqj � ' ��� djhqwv duh hqgrzhg

zlwk jrrgv1 Djhqwv fdqqrw glvsrvh ri jrrgv ru prqh| h{fhsw e| wudgh1 Zh

dvvxph wkdw djhqwv gr qrw frqvxph wkh jrrgv zlwk zklfk wkh| duh hqgrzhg/

dqg wkhuhiruh wkhuh lv d ghvluh wr wudgh1

Wudgh rffxuv lq d elodwhudo/ dqrq|prxv/ udqgrp pdwfklqj surfhvv/ zkhuh

djhqwv phhw dffruglqj wr d Srlvvrq surfhvv zlwk sdudphwhu q1 Vxssrvh |rx

kdyh d jrrg dqg phhw vrphrqh zkr dovr kdv d jrrg +dv rssrvhg wr prqh|,1

Wkhq lw lv dvvxphg wkdw |rx zdqw wr frqvxph zkdw kh kdv zlwk suredelolw|

% 5 Efc �o/ dqg/ frqglwlrqdo rq wklv/ kh dovr zdqwv wr frqvxph zkdw |rx kdyh

zlwk suredelolw| + 5 Efc ��1 Wkh suredelolw| ri d grxeoh frlqflghqfh ri zdqwv

lv wkhuhiruh %+14 Dq lqglylgxdo dffhswv d jrrg zkhq lw lv r�huhg lq wudgh

li dqg rqo| li lw lv d jrrg wkdw kh zdqwv wr frqvxph1 Zkhq kh jhwv vxfk d

jrrg kh lpphgldwho| frqvxphv lw/ zklfk jhqhudwhv lqvwdqwdqhrxv xwlolw| �/

dqg lv wkhq hqgrzhg zlwk d qhz jrrg1 Wkh lqwhuhvwlqj ghflvlrq lq wkh prgho

lv zkhwkhu wr dffhsw �dw prqh| zkhq lw lv r�huhg lq wudgh1 Lq wklv sdshu

zh rqo| frqvlghu vwhdg| vwdwh htxloleuld/ zkhuh wklv ghflvlrq lv frqvwdqw ryhu

wlph +dowkrxjk rwkhu htxloleuld duh srvvleoh,1

Zh ehjlq e| orrnlqj iru v|pphwulf htxloleuld/ zkhuh doo djhqwv iroorz wkh

4Pdq| sdshuv lq wklv olwhudwxuh frqvlghu wkh vshfldo fdvh zkhuh | @ {/ vr wkdw wkh

suredelolw| ri d grxeoh frlqflghqfh lv {5/ ru wkh fdvh zkhuh | @ 3/ vr wkdw wkhuh lv qr

gluhfw eduwhu1
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vdph vwudwhj|1 Ohw � ghqrwh wkh suredelolw| wkdw hyhu| rwkhu djhqw dffhswv

prqh|/ ohw Z ghqrwh wkh ehvw uhvsrqvh ri d jlyhq lqglylgxdo/ dqg ohw T6 dqg

T} ghqrwh wkh sd|r� ru ydoxh ixqfwlrqv iru djhqwv zlwk prqh| dqg jrrgv/

uhvshfwlyho|1 Wkhq wkh xvxdo Ehoopdq*v htxdwlrqv duh

oT6 ' qE����%�E�n T} � T6�

oT} ' qE����%+�n q� 4@ 
Z

ZET6 � T}�c

zkhuh o lv wkh udwh ri wlph suhihuhqfh1 Wkh �uvw htxdwlrq vhwv wkh  rz uhwxuq

iru dq djhqw fxuuhqwo| kroglqj prqh|/ oT6/ htxdo wr wkh udwh dw zklfk kh

phhwv rwkhu djhqwv/ q/ wlphv wkh suredelolw| wkdw wkh| kdyh d jrrg/ ��� /

wlphv wkh suredelolw| wkdw lw lv d jrrg wkh djhqw zlwk prqh| zdqwv/ %/ wlphv

wkh suredelolw| wkdw wkh djhqw zlwk wkh jrrg dffhswv prqh|/ �/ wlphv wkh

jdlq iurp wudgh/ � n T} � T61 Vlploduo|/ wkh vhfrqg htxdwlrq vhwv wkh  rz

uhwxuq iru dq djhqw zlwk d jrrg htxdo wr wkh h{shfwhg jdlq iurp d eduwhu

wudgh soxv wkh h{shfwhg jdlq iurp wudglqj iru prqh| zlwk suredelolw| Z1

Ohw { ' T6� T} eh wkh jdlq iurp wudglqj iru prqh|1 Wkhq d v|pphwulf

Qdvk htxloleulxp rffxuv dw d ydoxh ri Z ' � vxfk wkdw hlwkhu= +d, � ' �

dqg { � f> +e, � ' f dqg { � f> ru +f, f 	 � 	 � dqg { ' f1 Lw lv d

vlpsoh pdwwhu wr yhuli| wkdw/ iru doo sdudphwhu ydoxhv/ wkhuh duh h{dfwo| wkuhh

vxfk htxloleuld= d sxuh vwudwhj| htxloleulxp zkhuh � ' f> d sxuh vwudwhj|

htxloleulxp zkhuh � ' �> dqg d pl{hg vwudwhj| htxloleulxp zkhuh � ' +1

Lq wkh pl{hg vwudwhj| htxloleulxp/ hyhu| djhqw dffhswv prqh| dqg jrrgv

zlwk wkh vdph suredelolw|/ +/ dqg vr |rx duh lqgl�huhqw ehwzhhq wu|lqj wr

wudgh xvlqj eduwhu ru prqh|/ dqg wkhuhiruh dq| Z 5 dfc �o lv d ehvw uhvsrqvh/

lqfoxglqj Z ' +1

Zh qrz zdqw wr frqvwuxfw dq htxloleulxp lq sxuh/ exw qrw qhfhvvdulo|

v|pphwulf/ vwudwhjlhv1 Ohw xv glylgh wkh vhw ri djhqwv lqwr d vxevhw zlwk

phdvxuh � zkr dffhsw prqh| zlwk suredelolw| �/ dqg d vxevhw zlwk phdvxuh

��� zkr dffhsw prqh| zlwk suredelolw| f1 Ohw �� eh wkh iudfwlrq ri wkrvh

lq wkh iruphu vxevhw zkr fxuuhqwo| kdyh jrrgv udwkhu wkdq prqh| lq wkhlu
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srvvhvvlrq/ dqg ohw �f eh wkh iudfwlrq ri wkrvh lq wkh odwwhu vxevhw zkr fxu0

uhqwo| kdyh jrrgv lq wkhlu srvvhvvlrq +qrwh wkdw �f pd| eh ohvv wkdq � ehfdxvh

hyhq li dq djhqw grhv qrw dffhsw prqh| kh vwloo pd| kdyh lw lq klv srvvhvvlrq

li kh zdv hqgrzhg zlwk lw,1 Wkxv/ wkh suredelolw| ri d udqgrp djhqw ehlqj

vrphrqh zlwk jrrgv zkr dffhswv prqh| lv ���/ zkloh wkh suredelolw| ri klp

ehlqj vrphrqh zlwk jrrgv zkr grhv qrw dffhsw prqh| lv E�� ���f1 Jlyhq

wkdw zh dvvxph djhqwv fdqqrw glvsrvh ri remhfwv h{fhsw e| wudgh/ lq vwhdg|

vwdwh zh kdyh=

�f '

;?
=

� iru � � �
�3�

�3�
iru � : �

�� '

;?
=

�3�

�
iru � � �

f iru � : �

Qrwlfh wkdw zkhq � : � wkhuh duh qrw hqrxjk djhqwv zkr dffhsw prqh| lq

wudgh wr dffrpprgdwh wkh hqwluh prqh| vxsso|/ dqg vrph djhqwv zkr gr qrw

dffhsw prqh| exw zhuh hqgrzhg zlwk prqh| hqg xs vwxfn zlwk lw15

Ohw T�6 dqg T�} eh wkh ydoxh ixqfwlrqv iru wkh w|sh zkr dffhsw prqh|

zkhq wkh| fxuuhqwo| kdyh prqh| lq wkhlu srvvhvvlrq dqg zkhq wkh| fxuuhqwo|

kdyh jrrgv lq wkhlu srvvhvvlrq/ uhvshfwlyho|1 Vlploduo|/ ohw Tf6 dqg Tf} eh wkh

dqdorjrxv ydoxh ixqfwlrqv iru wkh w|sh zkr gr qrw dffhsw prqh|1 Wkhq wkh

Ehoopdq htxdwlrqv duh=

oT�6 ' q%���E�n T�} � T�6�

oT�} ' q%d��� n E�����fo+�n q%d����� � E�����foET�6 � T�}�

oTf6 ' q%���E�n Tf} � Tf6�

oTf} ' q%d��� n E�����fo+��

5Li zh dowhuqdwlyho| dvvxph wkdw djhqwv zkr gr qrw dffhsw prqh| lq wudgh glvsrvh ri lw

zkhq wkh| duh hqgrzhg zlwk lw/ wkhq zh pxvw kdyh P � Q 1 Lw vlpsol�hv wkh suhvhqwdwlrq

khuh wr uxoh rxw glvsrvlqj ri remhfwv +h{fhsw e| wudgh,/ exw wkh edvlf srlqwv gr qrw ghshqg

rq wklv dvvxpswlrq1
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Iru h{dpsoh/ wkh �uvw htxdwlrq vhwv wkh  rz uhwxuq wr dq djhqw zkr dffhswv

prqh| dqg lv fxuuhqwo| kroglqj prqh|/ oT�6/ htxdo wr wkh udwh dw zklfk

kh phhwv rwkhu djhqwv zkr dffhsw prqh| dqg kdyh d jrrg wkdw kh zdqwv/

q���%/ wlphv klv jdlq iurp wudgh/ �n T�} � T�61

Rqh fdq lqvhuw wkh vwhdg| vwdwh h{suhvvlrqv iru �f dqg ��/ dqg wkhq vroyh

wkh Ehoopdq htxdwlrqv/ wr zulwh sd|r�v dv ixqfwlrqv ri sdudphwhuv dqg � 1

Lq rughu wr uhgxfh qrwdwlrq/ zh qrupdol}h wlph +zlwk qr orvv lq jhqhudolw|,

vr wkdw wkh duulydo udwh lv q ' �*%1 Wkhq wkh vroxwlrq lv=

T�6 '

;?
=

don�nE�3��+oE�3���

oEon��
iru � � �

f iru � : �

T�} '

;?
=

d�E�3��nEon�3��E�3��+o�

oEon��
iru � � �

E�3��+�

on�
iru � : �

Tf6 '

;?
=

E�3��donE�3��+o�

oEon�3��
iru � � �

f iru � : �

Tf} '
E����+�

o
iru doo �c� 1

Iru ixwxuh uhihuhqfh/ zh dovr gh�qh wkh +dyhudjh, zhoiduh ri wkh wzr w|shv/

`� ' ��T�} n E� � ���T�6/ � ' fc �1 Lqvhuwlrq ri wkh ydoxh ixqfwlrqv dqg

vlpsol�fdwlrq |lhogv=

`� '

;?
=

E�3��d�nE�3��+o�

o�
iru � � �

f iru � : �

`f '

;?
=

E�3��+�

o
iru � � �

E�3��2+�

E�3��o
iru � : �

Fohduo| wkhuh lv dq htxloleulxp zkhuh � ' � dqg { � f dqg dovr dq

htxloleulxp zkhuh � ' f dqg { � f/ vlqfh wkhvh fruuhvsrqg h{dfwo| wr wkh

wzr sxuh vwudwhj| htxloleuld irxqg hduolhu1 Zkdw zh duh lqwhuhvwhg lq qrz

lv dq htxloleulxp zlwk � 5 Efc ��/ zklfk uhtxluhv { ' f +vr wkdw djhqwv

duh lqgl�huhqw ehwzhhq dffhswlqj dqg uhmhfwlqj prqh|,1 Lq idfw/ zh qhhg

:



� 5 E�c ��/ vlqfh rwkhuzlvh { ' f lv qrw srvvleoh1 Vroylqj { ' f iru �

|lhogv �W ' +nE��+�� 1 Qrwlfh wkdw �W : � / vr wkhuh duh qhfhvvdulo| pruh

djhqwv dffhswlqj prqh| wkdq wkhuh duh xqlwv ri prqh|1 Pruhryhu/ qrwlfh wkdw

�W : + iru doo + 	 �1 Wklv odvw uhvxow frqwudglfwv wkh fodlp lq Nl|rwdnl dqg

Zuljkw +4<<6, wkdw wkhuh lv d qrqv|pphwulf sxuh vwudwhj| htxloleulxp zkhuh

wkh iudfwlrq ri wkh srsxodwlrq wkdw dffhswv prqh| lv � ' +1

Wkh jhqhvlv ri wkh lqfruuhfw fodlp zdv wkh qrwlrq wkdw zkdw |rx fduh

derxw lv wkh suredelolw| wkdw wkh qh{w djhqw |rx phhw lq wkh udqgrppdwfklqj

surfhvv zloo dffhsw prqh|/ dqg qrw zkhwkhu wkdw suredelolw| frphv iurp doo

djhqwv udqgrpl}lqj ru gl�huhqw djhqwv xvlqj gl�huhqw vwudwhjlhv1 Exw zkdw

wklv idlov wr wdnh lqwr dffrxqw lv wkdw |rx rqo| fduh derxw wkh suredelolw| wkdw

wkh qh{w djhqw |rx phhw dffhswv prqh| li kh lv fxuuhqwo| kroglqj d jrrg +dqg

qrw li kh lv kroglqj prqh|,1 Li vrph djhqwv dozd|v dqg rwkhu djhqwv qhyhu

dffhsw prqh|/ wkhq wkh suredelolw| wkdw d wudghu dffhswv prqh| frqglwlrqdo

rq klp kdylqj jrrgv lv gl�huhqw iurp wkh xqfrqglwlrqdo suredelolw| +vlqfh/

h1j1/ dq djhqw zkr dffhswv prqh| lv ohvv olnho| wr eh kroglqj jrrgv wkdq rqh

zkr grhv qrw dffhsw prqh|,1 Khqfh/ zh qhhg wr vhw � : + lq rughu wr |lhog

wkh vdph suredelolw| ri phhwlqj dq djhqw zlwk jrrgv zkr dffhswv prqh| lq

wkh qrqv|pphwulf sxuh vwudwhj| htxloleulxp dv lq wkh qrqv|pphwulf pl{hg

vwudwhj| htxloleulxp1 Wklv suredelolw| lv lq erwk fdvhv E� � ��+/ dqg wkh

idfw wkdw lw lv wkh vdph lq wkh wzr htxloleuld pdnhv wkhp sd|r�0htxlydohqw16

6Lq wkh v|pphwulf pl{hg vwudwhj| htxloleulxp/ wkh d udqgrp djhqw kdv jrrgv dqg dffhsw

prqh| zlwk suredelolw| +4�P,� @ +4�P,|/ zkloh lq wkh qrqv|pphwulf sxuh vwudwhj|

htxloleulxp/ lw lv Q�4 @ +4�P,|1 Lq erwk fdvhv/ Y4p @ Y4j @ Y3p @ Y3j @ +4�P,|x@u1

;



6 H{whqvlrqv

Lq wklv vhfwlrq/ zh gr wzr wklqjv1 Iluvw zh dgg d frvw ri surgxfwlrq S : f/ lq

whupv ri glvxwlolw| vx�huhg e| d wudghu zkhqhyhu kh gholyhuv d jrrg wr dqrwkhu

djhqw/ dv zhoo dv d vwrudjh frvw wr kroglqj prqh| &/ zklfk fdq dowhuqdwlyho|

eh lqwhusuhwhg dv d glylghqg iurp kroglqj prqh| li & 	 f1 Wkhq zh dqdo|}h

wkh hyroxwlrq ri prqhwdu| h{fkdqjh1

Jlyhq wkh frvwv S dqg &/ dqg jlyhq wkdw doo djhqwv xv wkh vdph vwudwhj|

�/ Ehoopdq*v htxdwlrqv duh

oT6 ' qE����%�E�n T} � T6�� &

oT} ' qE����%+E�� S� n q� 4@ 
Z

ZET6 � T} � S�c

xvlqj wkh qrupdol}dwlrq q% ' �1 Dq htxloleulxp lv gh�qhg dv ehiruh/ h{fhsw

wkdw qrz wkh qhw jdlq iurp wudglqj d jrrg iru prqh| lv { ' T6 � T} � S1

Lw lv hdv| wr yhuli| wkdw wkhuh lv dq htxloleulxp zlwk � ' � l� + � 	+> wkhuh

lv dq htxloleulxp zlwk � ' f l� + � 	+ n �> dqg wkhuh lv d pl{hg vwudwhj|

htxloleulxp zlwk � ' �W 5 Efc �� l� + 5 E	+ � �c 	+�/ zkhuh 	+ ' �� oSn&

E�3��E�3S�

dqg

�W ' + n
oSn &

E����E�� S�
�

Wr uhfryhu wkh uhvxowv lq wkh suhylrxv vhfwlrq/ qrwh wkdw S ' & ' f lpsolhv

	+ ' � dqg �W ' +1

Qrz dowhuqdwlyho| vxssrvh wkdw � djhqwv vhw � ' � dqg ��� vhw � ' f1

Ehoopdq*v htxdwlrqv iru wkh wzr w|shv duh

oT�6 ' ���E�n T�} � T�6�� &

oT�} ' d��� n E�����fo+E�� S� n d����� � E�����foET�6 � T�} � S�

oTf6 ' ���E�n Tf} � Tf6�� &

oTf} ' d��� n E�����fo+E�� S��

<





Iljxuh 4= Htxloleulxp � dqg � dv Ixqfwlrqv ri �

Dv deryh/ zh zdqw wr �qg dq htxloleulxp zkhuh � 5 E�c �� dqg { ' f1

Xvlqj wkh vwhdg| vwdwh frqglwlrqv iru �� +zklfk duh xqd�hfwhg e| dgglqj

surgxfwlrq dqg vwrudjh frvwv,/ zh �qg iurp vhwwlqj T�6 ' Tf} dqg vroylqj

wkdw

�W ' + n E�� +�� n
oSn &

E����E�� S�
�

Qrwh wkdw �W 5 Efc �� l� + 5 E	+ � �c 	+�/ dqg wkdw lq wkh uhohydqw udqjh

�W : �W1 Rqh fdq vkrz wkdw wkh suredelolw| ri phhwlqj vrphrqh zlwk

jrrgv zkr dffhswv prqh| lv wkh vdph lq wkh wzr htxloleuld/ dqg htxdo wr

E����+nEoSn &�*E����/ dqg wklv pdnhv wkhp sd|r� htxlydohqw1 Iljxuh

4 vkrzv wkh htxloleulxp ydoxhv ri �W dqg �W dv ixqfwlrqv ri� lq wkuhh fdvhv=

oS n & srvlwlyh/ }hur/ dqg qhjdwlyh1 Qrwh wkdw zkhq oS n & 9' f prqhwdu|

htxloleuld h{lvw rqo| iru � ehorz vrph wkuhvkrog/ zklfk lv uhtxluhg vr wkdw

+ 5 E	+ � �c 	+�1

Zh qrz frqvlghu wkh hyroxwlrq ri prqhwdu| h{fkdqjh17 Sxuho| iru vlp0

solflw|/ ohw xv uhwxuq wr wkh fdvh S ' & ' f dqdo|}hg deryh/ iru zklfk zh kdyh

7Hyroxwlrq kdv ehhq dovr dqdo|}hg lq +pxfk pruh frpsolfdwhg, vhdufk prghov ri prqh|
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Iljxuh 5= Sd|r�v dv Ixqfwlrqv ri �

douhdg| frpsxwhg `f dqg `� dv ixqfwlrqv ri � 1 Vxssrvh wkdw zh irujhw

derxw lqglylgxdo rswlpl}dwlrq dqg vlpso| dvvljq wkh vwudwhjlhv ri dffhswlqj

ru uhmhfwlqj prqh| wr gl�huhqw djhqwv1 Rqh fdq wkhq lpdjlqh wkh srsxod0

wlrq hyroylqj ryhu wlph lq vrph zd| wkdw pd| eh duelwudu|/ iru rxu sxusrvhv/

h{fhsw wkdw � vkrxog eh lqfuhdvlqj li dqg rqo| li wkh vwhdg| vwdwh sd|r� wr

dffhswlqj prqh| h{fhhgv wkh vwhdg| vwdwh sd|r� wr uhmhfwlqj lw/ hlwkhu eh0

fdxvh djhqwv zlwk kljkhu sd|r�v uhsurgxfh pruh h!flhqwo|/ ru ehfdxvh djhqwv

lplwdwh vxffhvvixo vwudwhjlhv/ ru iru dq| rwkhu uhdvrq1 Qrwh wkdw wkh xvh ri

wkh vwhdg| vwdwh sd|r�v +l1h1/ `� dqg `f frpsxwhg iurp wkh vwhdg| vwdwh

ydoxhv ri �f dqg ��, dprxqwv wr dvvxplqj wkdw hyroxwlrq wdnhv sodfh rq d

pxfk vorzhu wlph vfdoh wkdq wkh h{fkdqjh surfhvv1

Dv lv vwdqgdug +vhh/ h1j1/ Pdlodwk ^4<<5`,/ dq hyroxwlrqdu| vwdeoh vwdwh fdq

eh gh�qhg khuh dv d ydoxh ri � vxfk wkdw hlwkhu= +d, � ' � dqg `� � `f>

+e, � ' f dqg `� � `f> ru +f, f 	 � 	 � dqg `� ' `f1 Iljxuh 5 vkrzv

lq Vhwkl +4<<9, dqg Zuljkw +4<<8,1 Uhodwhg zrun lqfoxghv Pdulprq/ PfJudwwdq dqg

Vdujhqw +4<<3,/ zkr dsso| jhqhwlf dojrulwkpv1
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o`f dqg o`� yhuvxv � 1 Iurp wkh slfwxuh lw lv fohdu wkdw wkhuh duh wkuhh

hyroxwlrqdu| vwdeoh vwdwhv/ � ' �/ � ' f/ dqg � ' �W ' + n E� � +�� /

zklfk fruuhvsrqg wr wkh wkuhh Qdvk htxloleuld ghvfulehg deryh18 Lw lv dovr

fohdu wkdw/ xqghu dq| g|qdplf vxfk wkdw � lqfuhdvhv li dqg rqo| li `� : `f/

erwk � ' � dqg � ' f duh vwdeoh zkloh dqg � ' �W lv xqvwdeoh1 Wkh

hfrqrp| frqyhujhv wr � ' � li wkh lqlwldo phdvxuh ri djhqwv zkr dffhsw

prqh|/ �f/ h{fhhgv �
W/ dqg frqyhujhv wr � ' f li �f lv ohvv wkdq �W1

Lq sduwlfxodu/ lw pruh olnho| iru udqgrp lqlwldo frqglwlrqv wkdw wkh hfrqrp|

zloo hyroyh wrzdugv d xqlyhuvdoo| dffhswhg �dw fxuuhqf| li + dqg � duh vpdoo

+l1h1/ eduwhu lv qrw wrr hdv| dqg prqh| lv qrw wrr sohqwlixo,1 Wkh nh| srlqw

khuh lv wkdw lw lv qrw hqrxjk wr vwduw zlwk �f : + djhqwv dffhswlqj prqh|/ zh

qhhg wr vwduw zlwk �f : �W : +/ li zh zdqw wr dyrlg � $ f1 Zh lqwhusuhw

wklv dv vd|lqj wkdw d vl}deoh iudfwlrq ri djhqwv pxvw vwduw r� dffhswlqj �dw

fxuuhqf| li lw prqhwdu| h{fkdqjh lv wr vxuylyh1 Dv glvfxvvhg deryh/ lw lv

wkh idfw wkdw djhqwv zkr dffhsw prqh| hqg xs kroglqj jrrgv zlwk d orzhu

suredelolw| wkdq wkrvh zkr uhmhfw prqh| wkdw whqgv wr uhgxfh wkh sd|r� wr

xvlqj prqh|1 Wkh pruh jhqhudo srlqw lv wkdw lq jdphv zlwk vwdwh yduldeohv

+vxfk dv wkh djhqw*v lqyhqwru| ri hlwkhu jrrgv ru prqh| lq wklv prgho,/ zkhq

zh dvvljq gl�huhqw vwudwhjlhv wr gl�huhqw djhqwv/ wkh vwdwh yduldeohv fdq eh

d�hfwhg lq d zd| wkdw kdv lpsolfdwlrqv erwk iru krz zh sxuli| pl{hg vwudwhj|

htxloleuld dqg iru g|qdplfv1

8Qrwh wkdw Q @ Q� qrw rqo| lpsolhv Z3 @ Z4/ lw dovr lpsolhv Y4p @ Y4j @ Y3p @

Y3j @ +4�P,|x@u1 Dovr qrwlfh iurp wkh �jxuh wkdw wkh htxloleuld fdq eh udqnhg lq whupv

ri Zm = wkh sxuh vwudwhj| prqhwdu| htxloleulxp +Q @ 4, grplqdwhv wkh pl{hg vwudwhj|

prqhwdu| htxloleulxp +Q @ Q�, zklfk grplqdwhv wkh qrqprqhwdu| htxloleulxp +Q @ 3,1

Lq whupv ri sd|r�v frqglwlrqhg rq fxuuhqw lqyhqwrulhv/ rqh fdq ghulyh vlplodu uhvxowv=

djhqwv zlwk prqh| duh vwulfwo| ehwwhu r� lq wkh sxuh prqhwdu| htxloleulxp wkdq lq wkh

pl{hg prqhwdu| htxloleulxp dqg vwulfwo| ehwwhu r� lq wkh pl{hg prqhwdu| htxloleulxp

wkdq lq wkh qrqprqhwdu| htxloleulxp> dqg djhqwv zlwk jrrgv duh vwulfwo| ehwwhu r� lq wkh

sxuh prqhwdu| htxloleulxp wkdq lq wkh pl{hg prqhwdu| htxloleulxp dqg mxvw dv zhoo r� lq

wkh pl{hg prqhwdu| dqg qrqprqhwdu| htxloleuld1
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Uhihuhqfhv
Q1 Nl|rwdnl dqg U1 Zuljkw +4<<4, �D Frqwulexwlrq wr wkh Sxuh Wkhru|

ri Prqh|/� Mrxuqdo ri Hfrqrplf Wkhru| 86/ 5480681

Q1 Nl|rwdnl dqg U1 Zuljkw +4<<6, �D Vhdufk0Wkhruhwlf Dssurdfk wr Prq0

hwdu| Hfrqrplfv/� Dphulfdq Hfrqrplf Uhylhz ;6/ 960::1

J1 Pdlodwk +4<<5, �Lqwurgxfwlrq= V|psrvlxp rq Hyroxwlrqdu| Jdph

Wkhru|� Mrxuqdo ri Hfrqrplf Wkhru| 8:/ 58<05::

U1 Pdulprq/ H1 PfJudwwdq/ dqg W1 Vdujhqw +4<<3, �Prqh| dv d Phglxp

ri H{fkdqjh lq dq Hfrqrp| zlwk Duwl�fldoo| Lqwhooljhqw Djhqwv/� Mrxuqdo ri

Hfrqrplf G|qdplfv dqg Frqwuro 47/ 65<06:61

U1 Vhwkl +4<<9, �Hyroxwlrqdu| Vwdelolw| dqg Phgld ri H{fkdqjh/� pdqx0

vfulsw1

U1 Zuljkw +4<<8, �Vhdufk/ Hyroxwlrq dqg Prqh|/� Mrxuqdo ri Hfrqrplf

G|qdplfv dqg Frqwuro 4</ 4;405391
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