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USI NG SWAM AS A LI NEAR APPROXI MATI ON TO A NONLI NEAR FUNCTI ON:
A NOTE

by Asli Demirgic-Kunt and Janes B. Thonson

The statistical market val ue accounting nodel (SWAN) has been proposed by
Unal and Kane [6] as a way to nodel the conponents of the market val ue of a

firm Their nodel is as foll ows,

MV = U, + kB + e. (1)

Inequation (1), MV is the market val ue of the firms shares or market val ue
of equity and BV is the book val ue of equity. The constant termin the
equation, U, represents the nonbooked part of equity, which is the val ue of
the firmas an ongoing entity (see Thomson [5]). The slope coefficient, k,
represents the adj ustment factor the market applies to book equity. To put it
anot her way, one ninus K represents the di scount (preniun) the narket pl aces

on one dol | ar of book equity. Finally, eis the randomerror termin the

regression.?!

More sinply put, SMVAM is the rel ationship between the price of a firms
stock and its two conponents: the book val ue per share of the stock and the
per-share val ue of the of f-bal ance-sheet options and activities-of the firm
SWAM can be rewitten this way by dividing both sides of equation(l) by the
nunber of shares out standi ng.

SWAMis a linear approxinmationto the call option that represents equity
(see B ack and Scholes [1}). That is, the market value of the firms stock is
the val ue of the option stockhol ders have to buy the firmback fromthe

debt hol ders for the face value of the liabilities. The relationship between



narket and book val ues is shown in figure 1. The broken line represents the
val ue of the option on the expiration date when the option is in the noney.
The x-axi s to the left of point Ais the val ue of the option at expiration
when it is out of the noney. Fi nally, the solid curved |ine represents the
val ue of the option before expiration.

The two lines that conprise the value of the call at expiration formthe
asynptotes for the unexpired call. As BV increases (decreases) to the right
(left) of point A the curve approaches the broken |Iine(x-axis) asynptotically
and the sl ope of the function approaches b(zero), where b(zero) is the slope
of the right (l1eft) asynptote. At point A, the narket value of the firmis
conprised entirely of the of f-bal ance-sheet options and activities of the
firm The value of these activities is represented by the point C on the

y-axi s. Demrguc-Kunt [2] shows that this curve can be approxi nat ed usi ng

a rectangul ar hyper bol a.

MV = 0.5b(BV-A) + 40.25b%(BV-A)% + C + u (2)

She proposes the rectangul ar hyperbol a as an alternative to SWAM Uhli ke
SWAM the rectangul ar hyperbol a takes into account the nonlinearity of

options and the nonnegativity constraint on option val ues.



|. The Rel ationshi p Between SWAM and t he Rect angul ar Hyper bol a

Gonpar i ng SWAM and the rectangul ar hyperbol a as approxi nations to the equity
call optioninfigurel allows us to investigate the properties of the SWAM
estimates. Specifically, it allows us to determne the nature and severity of
the bias that arises as a result of using a |inear approxination to a
nonl i near function. As we shall see, SWAMworks fairly well when BV > D.
Note that al though we use the rectangul ar hyperbol a to represent the nonlinear
function, the overall results do generalize to other nonlinear approxi nations
to the call optioninfigure 1

To show the rel ati onshi p between SWAM and t he rect angul ar hyper bol a, we

rewite equation(2) as follows,

MV =C+ Db(BV - A) + ¢ + u. 3

¢ is the factor that takes into account the nonlinearity in the rel ationshi p

bet ween nmar ket and book val ues of equity, where

¢ = N0.25b2(BV-A)2 + ¢% - (C + 0.5b(BV - A). (4)

Rearrangi ng(3) gives us

MV =C - bA + bBV + ¢ + u, (5)



which is sinply() withu,=C-bA, k=b, ande =¢ * u.

There are two sources of bias to the coefficients of the SWAMregression.
The first source is the nonlinear term ¢. Its inpact on k and ﬁe wll be
di scussed i n section 1I. The second source of bias in the SWAMregression
occurs when Ais not zero. This bias only has consequences for the intercept
term U,. Apositive(negative) value for A causes U, to understate

(overstate) the true C. Furthernore, when A is positive(negative) the

intercept termwill be negatively (positively) correlated with K.

II. Potential Biases in SMAM Coefficients

From (5), it is clear that SWAM suffers froma m sspecificati on probl emsince
estimating a |inear approxi nation of a nonlinear functionis equivalent to
omtting rel evant "expl anatory vari abl es" fromthe regression equati on. That
is, the error termin(l) includes the randomerror u and the omtted vari abl e
é. If the onmtted variable, ¢, is correlated with the included expl anat ory
variable, BV, the estinmators of U, and kK will be biased and i nconsi stent.

If ¢ is not correlatedwth BV, the estimator of U, will still be

bi ased and i nconsi stent but the estinmator of k will be unbi ased and
consistent. However, the estimator of the vari ance of & will be biased
upward, so that the usual tests of significance and confidence intervals for k
are bi ased towards accepting the nul |l hypot hesi s(see Kmenta [3}).
Unfortunately, in this case ¢ and BV are correlated since ¢ is a

function of BV.



This is not to say that SMVAM is not a valid approxi nati on of the
nonl i near function over certainranges. As we wll show, for B/ > D(where D
is sone positive constant greater than A SWAMis a reasonabl e appr oxi nati on
to the nonlinear function. To see this, let x = 0.5b(BV-A)/C and y = ¢/C.

Dividing both sides of (4 by Cand substitutingin x and y vyields

y = A2 +1 - (x+1). (6)

The size of the nonlinear term vy, is given as the difference between two
functions. The first functionis the first termon the right-hand side of
(6. This functionis a rectangul ar hyperbol a defined for positivey. It is
plotted as a function of x andy in figure 2. The second termon the right-
hand side of (6) is a straight Iine that crosses the x-axis at -1.0 and the
y-axis at 1.0in figure 2. The difference between the two functions is the
size of the nonlinear term vy.

As seen infigure 2, for large positive x(large B/ relative to A the
size of the nonlinear termis bounded and approaches a constant val ue. That
is, as x increases ¢ and BV becone orthogonal. Therefore, if SWAMis

estinated over a sanpl e where BV is always greater than sone threshol d val ue

D, then & will be both unbiased and consistent. However, ¢ wll cause

U, to be both biased and i nconsi stent.

The direction of the bias of k depends on the sign of the coefficient of

¢, and the direction of the correl ation between ¢ and Bv. The bias is



posi tive when the coefficient of ¢ and the correl ati on between ¢ and BV

have the sane sign, otherwse it is negative. Snce BY and ¢ are negativel y

correlated, the direction of the bias in k is deternined by the coefficient
of 4. The coefficient of 4 is the partial correlation between W and 4. A
| arge negative BV's, ¢ prevents MV frombeconing negative and at |arge

positive BV's, 4 again prevents M/ fromdeclining bel ow the asynptote. Thus

MV and ¢ are positively correlated and the coefficient of ¢ is positive

resulting in a negative bias in k.

Intuitively, the direction of the bias of k shoul d be negative because
SWAM does not take into account the nonnegativity constraint on M. The
consequences of estinati ng SWAMover the data is anal ogous to estinating
ordinary |l east squares (.S over a sanple truncated at zero. Naddal a[ 4]
shows that Q.S in this case results in | owbi ased esti mates of the sl ope
coefficient. That is, failure to account for the truncationin the sanpl e(in
this case, the nonnegativity of M), results in an estinated regressionline

that is flatter than the true line(see figure 3 .2

S nce the omission of ¢ results in a lowbiased k and G, is sinply the

projection of the SWAMregression line on the y-axi s, the omssion of ¢

causes fJ.3 to be a hi gh-bi ased estimate of C(when A equals zero). As
seeninfigure 4, the bias in lfle is not only caused by the om ssion of

é but al so nonzero A Positive(negative) A biases fle i n the opposit e (sane)



direction as the omtted variable 4. Therefore, when Ais positive(negative)

the direction of bias of fJe i s indeterm nate(positive).

III. Concl usions

The statistical market-val ue accounting nodel is a reasonabl e approxi mation of
the rel ati onshi p between nmarket and book equity for firns whose bal ance sheet
has a positive liquidation value. For exanple, this should be true for Unal
and Kane [6] where their data consists of portfolios of |arge comerci al

banks. Therefore, it is only the intercept termin their study that is bi ased
and i nconsi stent while their slope coefficient is unbiased and consi stent.
However, when the sanpl e i ncl udes firns whose bal ance sheet has | ow and even
negative |iquidation val ue, such as thrifts(see Thonson (5])), the |inear
approxi mation i s no | onger adequate since both the slope and intercept term of

SMvVaM are bi ased and i nconsi stent.



D

2)

Foot not es

Uhal and Kane apply SWAMto banks where the interpretation of U, is the
net val ue of off-bal ance-sheet assets and liabilities(including federal
deposit guarantees) and k is the adjustnent factor the market applies to

on-bal ance-sheet assets and liabilities.

Note the results of estimating SWAMare simlar to that of truncated

regr essi on because v has a | ognorral distribution.
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Figure 1: Equity Call Option
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Figure 2: The size of the Omitted Norl inear Tem
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Figure 3: Truncated regression modd
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Figure 4. Bias in Ue From nonzero A
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