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ESTIMATING TOTAL FACTOR PRODUCTIVITY 

IN A GENERALIZED COST SYSTEM 

I. Introduction 

Measuring the impact of regulation on electric utilities is of 

considerable interest to economists and regulators. Courville (1974), Spann 

(1 974), Peterson (1 975), Cowing (1 978), and Nel son and Nohar ( 1983>, for 

example, find evidence of an overcapitalization bias using variations of the 

Averch and Johnson (1962) model. These models are criticized by Atkinson and 

Halvorsen (1984) because the impact of additional regulatory constraints is 

ignored. Atkinson and Halvorsen (A-H) estimate a generalized cost model with 

a cross-section of electric utilities and find a regulatory bias on the 

utilization of noncapital factor inputs. Moreover, Fare and Logan (1983) show 

that a rate-of-return constraint alone invalidates the use of Shephard's Lemma 

for noncapital inputs. 

Joskow (1974) argues that regulation may also bias the rate of technical 

change implemented by utilities. The only empirical paper to have considered 

such an impact is Nelson and Wohar. They find a regulatory impact on the 

total factor productivity (TFP) experienced by electric utilities during the 

late 1970s. However, in addition to considering only'a rate-of-return 

constraint, their approach can be criticized because it considers the 

regulatory impact on TFP to be independent of the returns-to-scale and 



technical- change components o f  TFP. ' Because TFP i s  the  sum o f  re tu rns- to-  

scale and technical- change terms i n  a cost  f u n c t i o n  framework, the  Nelson and 

Wohar model imp l i es  a deus ex machina r e g u l a t o r y  impact on TFP. Obviously,  

the authors cannot t e s t  f o r  a regu la to ry  impact on techn ica l  change. 

I n  t h i s  paper we develop a model t h a t  can be used w i t h  t ime- ser ies da ta  t o  

t e s t  f o r  a regu la to ry  impact on the components of TFP. The foundat ion  o f  

our  model i s  the A-H general ized cos t  f u n c t i o n ,  modif ied w i t h  t ime v a r i a b l e s  

t o  capture the dynamic aspect o f  TFP. To t h i s ,  we add an equat ion f o r  TFP. 

Although t h i s  equat ion i s  no t  necessary t o  t e s t  f o r  the  impact o f  r e g u l a t i o n  

on TFP and i t s  components, i t s  use w i l l  presumably increase the  e f f i c i e n c y  o f  

parameter est imates because i t  i s  add i t i ona l  behaviora l  i n fo rma t ion  and 

because TFP i s  measured as a r a t e  o f  change. Two a l t e r n a t i v e  TFP equations 

are derived; one i s  considerably eas ie r  t o  est imate than the o t h e r .  

I n  the nex t  sec t i on  o f  t h i s  paper, an a l t e r n a t i v e  d e r i v a t i o n  o f  the A-H 

model i s  given. A f t e r  t h a t ,  the  two TFP equations are  formulated and 

discussed. F i n a l l y ,  the t rans log  vers ion o f  our  general ized cos t  model i s  

g iven . 

1. The TFP equation i n  the Nelson and Wohar paper i s :  

where W = r a t e  o f  change o f  TFP 
V T  = techn ica l  change 
v, = re tu rns  t o  scale 
Q = ou tpu t  
M i  = i - t h  i n p u t  share 
P i  = i n p u t  p r i c e  
s = r a t e  o f  r e t u r n  - 
X = c a p i t a l  i npu t  
C = cost .  



11. The Atk inson and Halvorsen Model 

A tk i  nson and Hal vorsen show t h a t  general regu la to ry  cons t ra in t s  a1 t e r  the  

nature o f  the cost-minimizing, f i r s t - o r d e r  cond i t ions .  Ins tead o f  equat ing 

the marginal costs o f  each f a c t o r  i npu t  t o  i t s  market p r i c e ,  a  regu la ted  f i r m  

f i n d s  i t  opt imal  t o  equate the marginal costs o f  each f a c t o r  i n p u t  t o  i t s  . . .- 

shadow p r i c e .  These shadow p r i c e s  are market p r i c e s  adjusted f o r  the impact 

of regu la t i on ,  and t h e i r  s p e c i f i c a t i o n  depends on the exact  nature of t he  

regu la to ry  cons t ra in t s .  Atk inson and Halvorsen approximate these shadow 

pr ices ,  P:, w i t h  simple p ropo r t i ona l  r e l a t i o n s h i p s  t o  market p r i ces ,  

P: = k i p i ,  f o r  each i n p u t  i. The general ized, o r  shadow, cos t  f u n c t i o n  i s  

simply the ac tua l  cos t  f u n c t i o n ,  bu t  w i t h  shadow p r i c e s  ins tead o f  market 

p r i ces .  Because shadow costs a re  no t  observed, the  shadow-cost func t ion  must 

be r e w r i t t e n  i n  terms o f  observable var iab les .  

Accounting i d e n t i t i e s  f o r  the  actual  (Ca> and shadow (C') t o t a l  costs 

are respec t i ve l y :  

( 1 )  C a  = C P i X I  and 

where X i  i s  an i n p u t  f a c t o r  and P i  i s  i t s  market p r i c e .  The shadow-cost- 

share equations are: 

k i P i X ,  
M: = ------- f o r  each i. 

C ' 

Instead of the t r a d i t i o n a l  system o f  share equat ions, the f o l l o w i n g  system can 

be der ived:  

CSM7 
(2) P i x i  = -----, f o r  each i. 

k l 



The sum o f  these equations i s :  

and t a k i n g  the  l oga r i t hm o f  both sides y i e l d s :  

Equation ( 3 ' )  i s  est imable a f t e r  s u b s t i t u t i n g  the shadow t rans log  c o s t  

f u n c t i o n  f o r  lnCs and the  der ived shadow cos t  shares MQ = a l n C s / a l n ( k l P I ) .  

Observable cost-share equations can be der ived by d i v i d i n g  bo th  s ides o f  

equat ion (2) by Ca: 

where MB i s  the ac tua l  cos t  share f o r  i n p u t  i, and by s u b s t i t u t i n g  

equat ion (3)  i n t o  equat ion ( 4 )  t o  ob ta in :  

(5) M? = kylMQ/Ckf 'M:. 

The A-H shadow-cost system i s  ( 3 ' )  and (5) .  Because the sum o f  the  ac tua l  

cost  shares i s  one, one o f  the actual  cost-share equations i n  equat ion (5)  can 

be dropped. 

111. The Tota l  Factor P r o d u c t i v i t y  Equations 

The cos t  f u n c t i o n  employed by Atkinson and Halvorsen uses o n l y  shadow 

i n p u t  f a c t o r  p r i ces  and output  as arguments. I n  order  t o  est imate TFP us ing  

the A-H model, t ime must be added as an a d d i t i o n a l  explanatory v a r i a b l e .  The 

d e r i v a t i v e  o f  shadow cos t  w i t h  respect  t o  t ime i s  then: 

The f i r s t  term on the r igh t- hand side can be s i m p l i f i e d  by d i v i d i n g  bo th  sides 

of the equat ion by C s ,  by us ing  Shephard's Lemma f o r  the shadow cos t  



f unc t i on  (i .e., .(aCs/aP:) = X , ) ,  and by n o t i n g  t h a t  k, i s  constant.  

Then m u l t i p l y  and d i v i d e  the second term by Q t o  obta in:  

where the supersc r i p t  " i nd i ca tes  the r a t e  o f  change, f o r  example 
0 

C s  = (dlnCs/dT). v$ i s  the shadow e l a s t i c i t y  o f  shadow cos t  w i t h  . . . 

respect  t.0 output .  v: i s  u s u a l l y  c a l l e d  techn ica l  change. I t  i s  the 

r a t e  o f  change o f  shadow cost ,  ho ld ing  constant  a l l  cost  f u n c t i o n  arguments 

except t ime. 

The r a t e  o f  change i n  shadow TFP ( W S )  can be def ined s i m i l a r l y  t o  t h a t  

o f  ac tua l  TFP using a  D i v i s i a  index o f  factor- input- shadow shares 

Using the  accounting i d e n t i t y  ( 1 )  

W s  can be expressed as: 

Equation (7)  i s  analogous t o  the equat ion der ived by Nelson and Wohar f o r  

the r a t e  o f  change i n  actual  TFP (Ha): 

The important  d i f f e rence  between equations (7 )  and ( 7 ' )  i s  t h a t  equat ion (7 )  

was der ived by app ly ing  Shephard's Lemma t o  shadow cost,  wh i l e  ( 7 ' )  uses 

Shephard's Lemma f o r  actual  cos t .  

The d i f ference between W a ,  defined i n  ( 7 ' > ,  and W s  can be der ived 
0 0 0 

a n a l y t i c a l l y .  S u b s t i t u t i n g  the i d e n t i t y  C a  = C S + ( C a / C S >  i n t o  ( 7 ' )  



W s .  The advantage o f  us ing (12 ' )  i s  t h a t  i t  i s  considerably eas ie r  t o  

est imate than (9). The disadvantage o f  us ing ( 1 2 ' )  i s  t h a t ,  i n  case o f  k i  = 1 ,  

i t  does no t  use an ac tua l  vaTue o f  W a  as i n  equation (7'). Instead,  W a  

o A A 

der ived f rom ( 1 2 ' 1 ,  w i t h  k i  = 1, i s  W a  = Ca - IM;P i ,  where the M? 

are est imated actual  cost  shares. 

I V .  The Translog Spec i f i ca t i on  o f  the  Generalized Cost System 

The t r a n s l o g  form o f  the shadow-cost f unc t i on  i s :  

(13) lnCS = a,, + CBl lnk iP l  + BQlnQ + RTT 

+ .5CCyi , l nk iP i l nkJPJ  + C y l p l n k l P l l n Q  

+ C y i ~ ( l n k . ~ P i ) T  + .5yQQ(lnQ)2 + yQT(lnQ)T + - ~ Y T T T ' .  

The .shadow-cost func t ion  i s  r e s t r i c t e d  t o  be 1 i near ly  homogeneous w i  t h  respect  

t o  shadow p r i c e s  us ing the c o e f f i c i e n t  r e s t r i c t i o n s :  

(13 ' )  C O I  = 1, CyiQ = 0, CyiT = 0, 

Cylj = 0, and y i j  = y j i -  

The l oga r i t hm ic  p a r t i a l  d e r i v a t i v e  o f  equat ion (13) w i t h  respect  t o  

l n k i P i ,  us ing  the modified Shephard's Lemma, y i e l d s  the  t rans log  

cost-share equat ions: 

(14) M: = ( a l n C s ) / a l n ( k l P i )  

S u b s t i t u t i n g  equations (13) and (14) i n t o  ( 3 ' )  y i e l d s  the  t rans log  v e r s i o n  o f  

the cost  f u n c t i o n :  



The t r a n s l o g  cost- share equat ions are ob ta ined by s u b s t i t u t i n g  equat ion  (14) . 

i n t o  (5): 

The r e t u r n s  t o  scale (v;), techn ica l  change ( v ? ) ,  and 

dC(Ml,/kl>/dT expression for the t rans log  shadow TFP equat ions (9) and 

(12 ' )  are: 

and 

Also, f o r  the  f o l l o w i n g  d iscussion,  note t h a t :  



(18) v; = <a lnCa>/a lnQ = v; + (Ck;iyio)/Ck~'M:, and 

Thus, equat ion (9) can be r e w r i t t e n  as: 
0 0 0 

(20) Ca = vGQ + V: + C M f P , .  

S i m i l a r l y ,  the t r a n s l o g  form o f  the  second shadow TFP equation i s  obta ined 

by s u b s t i t u t i n g  (17) ,  (17 '1,  and (14) i n t o  (12 '1,  which i s  obv ious ly  a  much 

shor te r  expression than equat ion (20) i n  t rans log  form. 

V. Est imat ing the  Regulatory Bias 

Atkinson and Halvorsen showed t h a t  equations ( 1 5 5  and (16) are homogeneous 

o f  degree zero (h.d.2.) w i t h  respect  t o  the k i .  Therefore, one o f  k ,  can 

be chosen a r b i t r a r i l y ,  and one i s  a  na tu ra l  and convenient normal iza t ion  

value. An est imate o f  the e f f e c t  o f  r e g u l a t i o n  on t o t a l  cos t  and o the r  

components i s  obta ined by comparing the f i t t e d  values o f  the des i red  v a r i a b l e  

generated by the est imated model, w i t h  a1 1  of the k ,  equal t o  t h e i r  

est imated values (est imated r e g u l a t o r y  impact inc luded),  w i t h  the f i t t e d  

values o f  the same v a r i a b l e  bu t  w i t h  a l l  o f  the k ,  se t  t o  one (no 

r e g u l a t i o n ) .  

I t  i s  important  t o  note t h a t  t h i s  procedure works o n l y  f o r  va r i ab les  whose 

equations are h.d.z. w i t h  respect  t o  the  k , ;  otherwise, the magnitude o f  the  

regu la to ry  b ias  depends on the  value o f  the k ,  normal iza t ion .  

The lnCS equat ion (13) i s  n o t  h.d.z. i n  the k , .  A l l  o f  the terms 

associated w i t h  the  y ,  c o e f f i c i e n t s  a re  h.d.z. w i t h  respect  t o  k ,  f rom 

the  c o e f f i c i e n t  r e s t r i c t i o n s  (13 '1,  bu t  the terms r e l a t e d  t o  the 13, 



c o e f f i c i e n t s  a re  not ;  i f  the k i  are m u l t i p l i e d  by some constant t, then 

I B l l n t  = l n t  us ing  ( 1 3 ' ) .  

The shadow share equations (14) are h.d.2. i n  the k l  because they have 

no terms i n v o l v i n g  bo th  the B and k i  . Hence, the  equations (16) a re  

h.d.2. w i t h  respect  t o  the k i  because the t f a c t o r s  f o r  the kT1 w i l l  

cancel o u t  i n  the  numerator and denominator. Actual cos t  (equat ion (15))  is.- . ,  

h.d.2. i n  the k i  because the l n t  term f o r  the  nonhomogeneous component of 

lnCs w i  11 cancel o u t  w i t h  the -1nt term o f  the nonhomogeneous component of 

lnC(Mi,/kl>. Both v$ and v: are h.d.2. i n  the k l  because they have no 

terms. i n v o l v i n g  both the B1 and k i ;  v: and vS (equat ions (18) and (19)) 

are h.d.2. i n  the k i  because the  terms added t o  v$ and v9 are h.d.2. i n  

the  k l .  

Both TFP equat ions, (20) and ( 1 2 ' ) ,  a re  h.d.2. i n  the k i .  The f i r s t  two 

components o f  (20) are h.d.2. i n  k i ;  the t h i r d  term a l s o  i s  h.d.2. i n  the  

k i  because M: i s  h.d.2. i n  the k i .  A l l  o f  the terms i n  equat ion (10) 

have a l ready been shown t o  be h.d.z. i n  the  k i .  Thus, the e f f e c t  of 

r e g u l a t i o n  on TFP i s  computed by adding the i n d i v i d u a l  regu la to ry  e f f e c t s  on 

re tu rns  t o  scale, techn ica l  change, and shadow shares. This i s  an improvement 

over the Nelson and Wohar approach, which assumed t h a t  returns- to- scale and 

technical- change components are  independent o f  any regu la to ry  e f f e c t .  
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