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1 Intr oduction

Stochastioptimizationalgorithms lik e evolutionaryprogramminggeneticalgorithmsandsimu-
latedannealing have proved usefulin solving difficult optimizationproblems.In this context, a
difficult optimizationproblemmight mean: (1) a non-differentiableobjective function, (2) mary
local optima, (3) a large numberof parameterspr (4) alarge numberof configurationof param-
eters! Thusfar, therearefew economicapplicationsof suchprocedureswith mostattentionhas
focusedon geneticalgorithms;see for example Arifovic (1995)andArifovic (1996). This paper
exploresthe potentialof evolutionary programmingasa solution procedurdor solving Bellman
equation(valuefunction) problems.

Whereagyeneticalgorithmsincludea variety of operatorqfor example,mutation,cross-eer
andreproduction) evolutionary programsuseonly mutation. As such,an evolutionary program
canbeviewed asa specialcaseof a geneticalgorithm. The basicsof evolutionary programming
canbedescribedasfollows. Let X € R"™ betheparametespaceandlet z¢ € X denotecandidate
solutions € {1,... ,m}. If theobjectve functionis f: X — R, then f(z?) is the evaluationfor
element. Givensomeinitial population {z*}™ ,, proceedasfollows:

1. Sortthe populationfrom bestto worstaccordingto the function f.

2. For theworsthalf of the population replaceeachmembemwith a correspondingnemberin
thetop half of the population,addingin some‘'randomnoise’.

3. Re-evaluateeachmemberaccordingto f.
4. Repeauntil somecorvergencecriterionis satisfied.

The‘noise’ addedin step2 helpsthe evolutionaryprogramto escapdocal minimaandat the
sametime explorethe parametespace As theamountof noisein step2 is reducedthe evolution-
ary programwill typically corvergeto a solutionarbitrarily closeto the optimum. Propertiesof
evolutionaryprogramshave beenexploredby a numberof authorsncluding Fogel (1992).

Therearea numberof complicationswhich arisein applyingan evolutionaryprogramto the
Bellmanproblem.The mostimportantcomplicationis thatthealgorithmmustsolve for the objec-
tive function. Thatis, for thetypical evolutionaryprogram thefunction f above is known. Here,
the valuefunction, which dependson the state,is unknawvn a priori andthe solutionalgorithm
mustsolve for the valuefunction—whichis alsothe ‘fitness’ criterion usedto evaluatecandidate
solutions.

The basicsof the algorithm are discussedn Section2. The specificapplicationis the neo-
classicalgrowth model. In the mostbasicversionof the model,the parameterso choosearenext
period’s capitalstock (asa function of this period’s capitalstock). Thesearerestrictedto lie in a
discreteset. For problemswith alarge numberof capitalstockgrid points,it is shavn thattheevo-
lutionaryprogramdeliversdecisionrulesarbitrarily closeto theknown solution,anddoessomuch
fasterthanBellmanequationiteration; seeSection3. Also in Section3, the performanceof the
evolutionaryprogramis evaluatedwhena laborleisurechoiceis introduced.For large problems,

the evolutionaryprogramis againsubstantiallyfasterthan Bellmanequationiteration. Section4
concludes.

LA classicexampleis thetraveling salesman problemin which asalesmanvishesto minimizethedistanceraveled
in visiting a setof IV cities.



2 The Problemand Algorithm

Thespecificapplicationis the neoclassicagrownth model:

max "Inc ¢, 0<pB<l1 1
o B Samal, o< ®
subjectto

Ct+kt+1:2§tkta+(1—5)kt, 0<(5,C¥<1, t:(),l, (2)

wherec,; is consumptiong; is capital, z; a technologyshock,U a well-behaed utility function,
andF' awell-behaed productionfunction. Theassociate®ellmanequation(valuefunction)is:

V(kt, Zt) = maXx {ln Cy + ﬂEtV(kH_l, Zt+1)} (3)

{et:ki1}

subjectto (2). Oneway to solve this problemis via Bellmanequationiteration: givensomeinitial
guessVy(ky, 2;), iterateon (3) as

V}'+1(kt, Zt) = {II}C&X {ln c + ﬂEtV;'(kt_H, Zt_|_1)} SUbjeCttO (2) (4)

Ct K41
until eitherthe decisionrulescornverge,or thevaluefunctioncorverges.To implementthis proce-
durecomputationallythe capitalstockis restrictedto a grid, K = {k',k?,... ,kNX}. Thetech-
nology shockis likewiserestrictedto Z = {z!,22,...,2N?}. 2 is assumedo follow a Markov

chain:
prob{z+1 = 2z = 2} = ¢y (5)
Whenthereis 100%depreciation(d = 1), aclosed-formsolutioncanbe obtained:

ke = a2k (6)
¢t = (1 — af)zky. (7)

Theseknown solutionswill beusefulin evaluatingthe performancef the evolutionaryprogram.
The biggestproblemwith Bellman equationiterationis the curse of dimensionality: large
capitalstockgrids or additionalendogenoustatevariablesmake the maximizationin (4) compu-
tationally expensve. In mary ways,the problemassetoutin (4) lookslike a naturalapplication
for an evolutionaryprogram:for eachof the NK x NZ grid pointsin the statespacethereare
NK potentialvaluesfor k... While V;(k:, z) is known atiterationy, thelimiting valuefunction,

Viks, z) = ].11{20 V;(ke, 2) (8)

is generallyunknawn. If V (k;, z;) wereknown, this would be a straightforvard evolutionarypro-
gramapplication.However, thealgorithmmustalsoiterateonV; (£, z:) to obtainanapproximation
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to V (k:, z¢). It is thisiterationwhich distinguisheshe neoclassicagronth modelfrom thetypical
evolutionaryprogramapplication.
At eachiterationin (4), thereis a solutionfor next period’s capitalstock,

ko = Kj(ks, 2) € K. 9

Ratherthanobtainthis by maximization,supposenewereto ‘guess’asetof solutions,

keyr = Ki(ky, 2,) € K, i€{1,2,...,m}. (10)
Foreachi € {1,2,... ,m} canbecomputed
Vi(ky, 2) = Incy + BEV; (K" (ky, 2t), 2141) (11)
where
¢ = zh® + (1 = 0)ky — K (ks, 21). (12)

For eachi, thisresultsin NK x NZ numberqonefor eachof thegrid pointsfor the statespace).
Sothateachguesshasasscalarvalueassociatedvith it, compute

k€K z:€2

Next, sorttheguessesuchthat

VisVis...>V™ (14)
At thenext iteration,elements € {% + 1,... ,m} will bereplacedasfollows:
K'(ky,z) = kP €K (15)
where
p = max[min[g + INT(z), NK], 1], (16)

g is theindex to the capitalstockgrid point correspondindo K~ % (ky, z,), INT takesthe integer
portion of of a realnumber andz is a randomnumberdravn from N (0, ¢?). The proceduren
(15) is repeatedor eachk; € K andfor eachz; € Z. A new randomnumberz is drawvn for each
grid point. The upshotof this procedures to replacethe worst half of the populationof guesses
with the besthalf, plussomenoise.

How shouldV;(k:, z:) be updatedfor the next iteration? In the spirit of the maximizationin
(4), let

Visi(ks,2z) = max [Vi(ks,2)], for eachk; € K andz; € 2. (17)

ie{l,...,m}

Anotheralternatve would have beento have setVj 1 (ks, 2z:) = V'(k, 2¢) (the valuefunction for
thebestguess) As a practicalmatter the maximizationin (17) speedorvergence.
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In experimentingwith the algorithm, it wasprudentto replaceguessk = (kz, z;) with therule
which implementsthe maximumin (17). Sincethis replaceshe worst guessin the top half of
the population,it doesnot overwrite a particularly good guess. Further if the replacements a
badthing to do, the value associatedvith this rule will presumablyplaceit in the bottom half
of the populationnext iteration,andit will be discarded.Intuitively, this is like performingthe
maximizationassociatedvith Bellmanequationiteration,but checkingonly a smallsubsebf the
possiblevaluesfor next periods capitalstock. Again,asapracticalmatter thisreplacemengreatly
speedgorvergence.

To finish this section the evolutionaryprogramwill be summarized.

1. Generateaninitial guessfor the value function, V;(k:, z;), and a populationof candidate
solutions,{ K*(ks, )}, for k, € K andz; € Z. Also, setaninitial valuefor & which
governstheamountof ‘noise’ introducedo decisionruleswhenthey arecopied.

2. Foreachrulei € {1,2,... ,m}, computeV(k;, z;) via (11) and(lZ),andcomputeVi using
(13).
3. Sortthe populationasin (14).

4. ComputeV,1(ks, 2¢) using(17). Replacerule % with thatwhich would achieve this maxi-
mum.

5. Replacethe bottom half of the populationwith perturbedmembersof the top half of the
populationasdescribedn (15).

6. Repeal-5until corvergeis achieved, or a prespecifiechumberof iterationsarecompleted.
7. Reducer (theamountof experimentation).
8. Repeab-7 until ¢ is sufficiently small.

3 Calibration and Results

In this section,the evolutionaryprogramis comparedo Bellmanequationiterationbothin terms
of accurag andcomputationatequirements.Two major casesareconsideredwith andwithout

alaborleisurechoice.Subcasesarepresentedor closed-formvs. nonclosed-formandstochastic
vs. nonstochastitechnologyshock(z;).

3.1 No Labor—Leisure Choice

Table 1 presentparametevaluescommonto all experimentsn this section. For the mostpart,
theseare valuestypically usedin the real businesscycle literature; see,for example, Prescott
(1986). The capitalstockgrid wasspecifiedasa setof evenly spacecpointson theinterval [k, k|;
the upperandlower boundson the capitalstockwere chosersuchthatthe ergodic setfor capital

was strictly containedin [k, k]. The setfor the technologyshockwas specifiedas having two
points:

Z={zz}. (18)



Thetechnologyshockevolvesas:
probz; 1 = z|z; = 2] = probz;,1 = 2|z, = 2] = 7. (19)

Thetransitionprobability, 7, andvaluesfor z andz werechoserto matchthe propertiesof Solow
residualsasreportedn Prescot{1986).

Tablel: Parameteraluesusedin computationaéxercises.

Parameter Description Value
o capital's shareof income 0.36
I} discountfactor 0.99
k lower boundfor capitalgrid ix steadystate
k upperboundfor capitalgrid 2 x steadystate
z lower boundfor technologyshock g~ 0:00763
z upperboundfor technologyshock 0-00763
T persistencef technologyshock 0.975

In termsof initial conditions,
Volke, 2e) =0 Vs, Yz, (20)
and
K'(ky,z) =k  Vhks, V2, Vi (21)

(21) ensureghat consumptionis always positive for the initial guesses$. ¢, which governsthe
amountof experimentationn the evolutionary program,startsat NK/10. Its valueis halved at
eachstep? (seethe endof Section2) until its valueis lessthan0.1. Iterationsleadingto step7
continueuntil therehasbeenno changein the decisionrule generatinghe bestsolutionfor 20
iterations,or until atotal of 50 iterationshave beencompleted.

Resultsfor the casein which a closed-formsolutionis availablearereportedin Table2; these
resultsaresummarizedn Figurel. BoththeevolutionaryprogramandBellmanequationteration
successfullysolved this casein thatthe final solutionswerewithin one grid point of the known
solution. For moderatesizedgrids (up to 200grid pointsfor capital),Bellmanequationiteration
is actually fasterthan the evolutionary program. This rankingis reversedfor large grids. For
example,with 10,000grid points, the evolutionary programis more than 20 times fasterthan
Bellmanequationiteration. Thesedifferencesnatter: whenthe technologyshockis stochastic,
the evolutionaryprogramsolvesin under16 minuteswhile Bellmanequationiterationtakesover
6 hours.

Also of interestis the casefor which a closed-formsolutionis not available sincethis is the
situationwhich typically confrontsthe researcher Table 3 summarizeghe resultsfor this case
(seeFigure?2 for a graphicalpresentation)Qualitatively, the samemessagemepes: for a large

2For the evolutionaryprogram positive consumptiorcannotbe guaranteeét future stagesWhena rule specifies
nonpositve consumptionthe valuefunctionatthatgrid point evaluatego —10'°.
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Table2: Resultsfor theclosed-formcase:d = 1.

Nonstochastic Stochastic

Grid Evolutionary| Bellman | Evolutionary| Bellman

Points Program Iteration Program Iteration
100 1.3 0.6 2.7 1.4
200 2.8 2.5 6.0 6.0
500 8.9 16.9 20.8 38.5
1,000 221 1:10.6 92.6 2:39.5
2,000 56.7 5:12.1 2:094 11:21.5
5,000 2:58.1 31:24.1 6:58.8|1:40:23.9
10,000 6:489|2:11:11.3 15:33.9 | 6:08:11.8

Note: In all casesthe solutionswere within one grid point of the known solutions
givenin (6) and(7). ReportedCPUtimeis theuser timereportedoy theUnixt i ne
commandona SFARCstation20 with a100MHz HyperSARC chip.

Figurel: CPUtime for closed-formcase.
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Figure2: CPUtimefor § = 0.025 (no closedform solution).
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Table3: Resultsfor 6 = 0.025 (no closedform solution).

Nonstochastic Stochastic

Grid Evolutionary | Error Bellman Evolutionary | Error Bellman

Points Program Iteration Program Iteration
100 1.7 1 1.8 4.5 2 5.1
200 4.0 2 8.1 8.9 3 204
500 11.7 2 1:02.1 30.3 6 2:35.3
1,000 28.8 3 4:42.7 1:04.2 0 13:31.4
2,000 1:07.3 2 21:05.0 2:30.6 2 56 : 47.5
5,000 3:23.1 3 2:47:48.4 7:50.7 0 7:38:30.7
10,000 7:44.6 3 11:31:33.9 17:26.7 1 30:51:47.5

Note: ReportedCPUtime s theuser time reportedby theUnix t i me commandn
a SFARCstation20 with a100MHz HyperSRARC chip. ‘Error’ is the numberof grid
pointsat which the evolutionaryprogramandBellmanequationiterationdiffer.

numberof grid points,the evolutionary programclearly dominatesn termsof CPUtime. Quan-

titatively, the differencesare even larger than before. In the stochasticcasewith 10,000capital
stockgrid points,the evolutionary programfinishesin lessthan 18 minuteswhile Bellmanequa-
tion iterationtakesover 30 hours— over 100timeslonger Both algorithmsgive nearlythe same
decisionrulesfor capitalaccumulation:the maximumnumberof grid points which differ is 6

(for the stochasticcasewith 500 capital stock grid points). For a particulargrid point, the two

algorithmsnever differedby morethanonegrid point.

3.2 Labor—Leisure Choice

Therearetwo reasongo be interestedn this case.First, endogenousabor supplydecisionsare

importantfor generatingousinesscycle momentsn therealbusinessycle literature. Secondthe

evolutionaryprogramcanbe givena furtherworkout by requiringthatit solve for laboraswell .
Therepresentatie agents problemin this cases:

max lwlne, + (1 —w)In(l —n , 0<Bw<l1 22
max E, {;m (1= ) t>]} 5 @2)
subjectto

s+ ki1 = 2ekPny % + (1 — 6)ky, 0<d,<1, t=0,1,... (23)

where,in additionto the earliervariables;; is the fraction of time spentworking. Whenég = 1,
thedecisionrulesare:

kep1 = aBzking ™, (24)

3An alternatie, usedin Bellmanequationiteration,is to usean Eulerequatiorto solve for laborsupply
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et = (1 — af)zkdng @, (25)
and

_ w(l —a)(l—ap)
T wl -l —af)+1l-w (26)

Uz

The parametewaluesarethe sameasbefore,with the additionthatw = 0.33. In implement-
ing Bellmanequationiteration,the solutionfor time spentworking, n;, is computedusinga one
dimensionahonlinearequationsolver which worksonthe Eulerequation,

w 1—w
(1 — @)zkin, (C_t> =1 (27)
wherec; is computedrom (23). This stepis computationallycostly, but needonly be performed
oncefor eachof the NK x NK x NZ possibleconfigurationgnext period’s capital stock, this
period’s capitalstockandthis period’s technologyshock).

Ratherthanuse(27) to solve for labor, the evolutionaryprogramis requiredto solve not only
for the capitalaccumulatiordecisionbut alsolabordecisionsupply This shouldsene to biasthe
resultsagainstthe evolutionaryprogram. ox will now be usedto control the amountof experi-
mentationover the capitalgrid while o5 will controlthe experimentatiorwith respecto thelabor
decision. As above, theinitial valuefor o is NK/10 while oy startsat 0.1. The samecorver-
gencecriteriaareusedasabove. FORTRAN codeto solve this modelis reproducedn Appendix
A.

Table4: Resultsfor the closed-formcasewith endogenoutaborsupply

Nonstochastic Stochastic

Grid | Evolutionary | Bellman | Evolutionary| Bellman
Points Program | Iteration Program Iteration

100 8.3 6.3 16.3 13.4

200 22.2 26.3 43.0 96.1

500 1:05.7| 2:52.7 2:19.8 6:00.2
1,000 2:34.1 | 11:54.8 5:24.6 24 :16.8
2,000 5:58.3 | 51:36.3 13:00.0 | 1:37:59.8

In all casesthe solutionswere within one grid point of the known solutionsgiven
in (24) and(26). ReportedCPUtime is theuser time reportedby the Unix ti me
commandon a SFARCstation20 with a 100 MHz HyperSRARC chip. The maximum
erroron the labor supplycalculationwaslessthan0.01%,with this figure decreasing
with the numberof capitalstockgrid points.

Resultsfor the closed-formcasearepresentedn Table4. Qualitatively, theresultsaresimilar
to before.For a smallnumberof grid points,thereis little differencebetweerthealgorithmswith
Bellmanequationiterationtypically completingin lesstime. However, for alarge numberof grid
points, the evolutionary programperformssubstantiallybetterthan Bellman equationiteration.
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Figure3: CPUtime for closedform casewith endogenoutaborsupply
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With no laborleisurechoice,the evolutionary programwas about5 times fasterthan Bellman
equationterationfor 2,000grid points(seeTable2). With alaborleisurechoice theevolutionary
programis over 8 timesfaster Theseare not differencesf secondsbput ratherof hours. Larger
capitalstockgrids were not attemptedn this casedueto the CPU andmemoryrequirementgor
Bellmanequationiteration? The earlierresultssuggesthatfor larger grid points,the CPUtime

HH:MM

EP ——

adwantageof the evolutionaryprogramwould be substantial.
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Table5: Resultsfor 6 = 0.025 (no closedform solution).

Bellman ———

Nonstochastic Stochastic

Grid | Evolutionary| Error | Bellman | Evolutionary| Error | Bellman
Points Program Iteration Program Iteration

100 70| 4 12.8 16.1 9 30.5

200 17.5 2 1:00.5 37.3 9 2:06.1

500 1:01.1| 15 6:38.5 1:53.2| 15 16 : 11.1
1,000 2:18.6 | 18 31:01.0 4:50.5 | 26 1:09:09.4
2,000 5:229 | 27 2:19:53.7 11:15.6 | 50 4:26:55.6

Note: ReportedCPU time is the user time reportedby the Unix t i ne

command

on a SFARCstation20 with a 100 MHz HyperSRARC chip. ‘Error’ is the numberof
grid pointsatwhich the capitaldecisionrulesdiffer for thetwo algorithms.Excluding
thesegrid points,the maximumpercentagelifferenceof the labor supplydecisionis
lessthan0.01%,with this differencedecliningwith the numberof grid points.

Finally, Table5 summarizesheresultsfor the casein which no closedform solutionis avail-
able. Comparedo the casewith inelasticlabor supply thereis now a greatertendeng for the
two algorithmsto differ with respecto the capitaldecisionrule. However, thetwo algorithmsare
alwayswithin onegrid point of eachother Comparedo Table4, Bellmanequationiterationtakes

4Memory requirementsncreasesincethe labor supply decisionis storedin memoryto speedBellmanequation

iteration.



Figure4: CPUtimefor § = 0.025 (no closedform solution).
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overtwice asmuchCPUtime while theevolutionaryprogramactuallytakesslightly less.At 2,000
capitalstockgrid points, Bellmanequationiterationtakesover 20 timesmore CPU time. Again,
thedifferencesareminutesversushours.

4 Conclusion

This paperdescribechow to implementan evolutionary programto solve the Bellman equation
problemfor the neoclassicagrowth model. A total of eight caseswere considered:with and
withoutendogenoukborsupply constanversusstochasti¢echnologyshocksandwhenaclosed
formis oris notavailable.Whenclosedform solutionsareavailable,boththeevolutionaryprogram
andBellmanequationterationdeliver decisionrulesfor capitalwhich arewithin onegrid point of
the known solution. Whenclosedform solutionsarenot available. the evolutionaryprogramand
Bellmanequationiteration producedecisionruleswhich are quite closeto eachother The most
striking differenceis in CPUrequirementswherethe evolutionaryprogramtakestensof minutes,
Bellmanequationterationtakeshours.A stochasti¢echnologyshocksubstantiallyncrease€PU
time for Bellmanequationiterationbut haslittle effect on the time requiredfor the evolutionary
program.Thereis nothingin theevolutionaryprogramalgorithmwhichtakesadvantageof thefact
thatthelarge statespaceds dueto anincreasen thenumberof grid pointsfor theendogenoustate
variable(capital). Thus,theresultsfor, 10,000grid pointsfor capitalshouldcloselyapproximate
thosewhich would be obtainedwith two endogenoustatevariables,eachwith 100 grid points.
This would be prohibitively expensve in termsof CPU time for Bellmanequationiteration, but
canbesolvedin arelatively shorttime usingthe evolutionaryprogram

The neoclassicagrowth modelwas not the ultimate target for this exercise;thereare mary
solutionalgorithmsfor this modelwhich areevenfaster Theneoclassicagrowth modelprovides
abenchmarko evaluatetheaccurag of thealgorithm.Usefulapplicationswill be onesfor which
theseotheralgorithmscannotbe used.Onesuchclassof problemis whenconstraintsarenot nec-
essarilybinding. For example,in theneoclassicafjronth modelonemightimposea nonngativity

5See for example,King, PlosserandRebelo(1987)andHanserandPrescot(1995).
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constrainton investment This canbe handledabove by makingthe currentreturnto violating
this constraintan arbitrarily large negative number Anotherexamplewould be a cash-in-adance
economyin which money growth is at timessufficiently low that householdsvish to hold more
moneg thanis necessaryo satisfytheir cash-in-adanceconstraint.

6SeeChristianoandFisher(1994).
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Appendix A: FORTRAN SourceCode

OO0

OO0

OO0

OO0

$

$
$
$
$

$

program EP4

i nt eger NPOP, NK, NPOP2, NZ

parameter (NPOP=20, NK=10000, NZzZ=2)

i nteger ktenp(NK, NZ, NPOP), ik, ipop, converge, count,
i dX(NPOP), kol d(NK, NZ), cc, krule(NK, Nz, NPOP), iz, iiz

doubl e precision al pha, beta, kstock(NK),
vstar (NK, NZ), ktrue(NK, NZ), temp, cons, util, delta, sdk,
V(NK, NZ, NPOP), ev(NPOP), z(Nz), rho(Nz, NZ), Evstar(NK, N2),
sdn, ntrue, nrul e(NK, NZ, NPOP), onega, ntenp(NK, NZ, NPOP)
RANMAR, GASDEV

ext ernal RANVAR, GASDEV

Initialize random nunber generator and paraneters.
call RMARI N(28460, 12031)

al pha = 0. 36d0
beta = 0.99d0

delta = 1dO
onega = 0.33d0
NPOP2=NPOP/ 2

tenp = onega*(1d0-al pha)/ (1d0-al pha*bet a)
ntrue = tenp / (tenp + 1d0 - onega)

Set up grids for the technol ogy shock and capital stock.

z(1) =- 0. 00763d0

z(2)=-z(1)

z(1) = BEXP(z(1))

z(2) = EXP(z(2))

tenp = ((1d0/beta - 1d0 + delta)/(al pha*nt rue**(1d0-al pha)))

**(1d0/ (al pha-1d0))
cal I LI NSPACE( NK, kst ock, 0. 25d0*t enp, 2d0*t enp)

Set up rho which governs the persistence in the technol ogy shock.

rho(1,1) = 0.975d0
rho(1,2) = 1d0-rho(1, 1)
rho(2,2) = rho(1,1)
rho(2,1) = rho(1,2)

Initialize the decision rules.
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1100

$

do 1000 ik=1, NK
do 1000 iz=1, Nz
ktrue(ik,iz) = al pha*beta*z(iz)*kstock(ik)**al pha
*ntrue**(1d0- al pha)
vstar(ik,iz) = 0dO
Evstar(ik,iz) = 0dO
kold(ik,iz) =0
do 1100 i pop=1, NPCP
krule(ik,iz,ipop)
nrul e(ik,iz, ipop)
conti nue

1
=

0. 24d0

1000 conti nue

1500

O0O000

OO0

O000O0000

do 1500 i pop=1, NPOP
i dx(i pop) = ipop

conti nue
sdn = 0. 05d0
sdk = DBLE(NK)*0.1d0

do 2000 while (sdk .gt. 0.1d0)
count = 0
converge =1

Two convergence criteria: Have the decision rules for capital
changed recently (converge)? Has the algorithmspent "long
enough” with this degree of experinentation?

do 2999 while ((converge .lIt. 20) .and. (count .lt. 50))
count = count+1
do 2100 i pop=1, NPOP
ev(ipop) = 0dO
do 2110 ik=1, NK
do 2110 iz=1, Nz

Copy deci sion rul es.

ktemp(ik,iz,ipop) = krule(ik,iz,ipop)
ntenp(ik,iz,ipop) nrule(ik,iz,ipop)

For the worst half of the population, replace with a correspondi ng
nmenber of the best half, then peturb. There is a 50-50 chance

of peturbing the capital decision rule, and so a 50-50 chance of
peturbing the | abour supply rule.

The capital decision rule is, in fact, only changed with
probability p. Wen changed, the rule can either go up or
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C down by sonme random amount which is linear in the increnment.
C
C The | abour decision rule is peturbed using a Nornmal random
C nunber generator with the standard devi ati on bei ng adj usted
C downward over tine.
C
if (ipop .le. NPOP2) then
ktenmp(ik,iz,ipop) = MAX(M N(krule(ik,iz,ipop+NPOP2)
$ + I NT( GASDEV() *sdk), NK), 1)
ntenp(ik,iz,ipop) =
$ MAX(M N(nrul e(ik,iz,ipop+NPOP2)
$ + GASDEV() *sdn, 1d0), 0d0)
endi f
2110 conti nue
2100 conti nue
do 2200 i pop=1, NPCP
do 2210 ik=1, NK
do 2210 iz=1,Nz
C
C Conput e consunption, current period utility, the value of the
C current nenber at each grid point, and the "average" val ue
C of the current nenber.
C
cons = z(iz)*kstock(ik)**al pha*ntenp(ik,iz,ipop)
$ **(1d0-al pha) - kstock(ktenp(ik,iz,ipop))
$ + (1d0-del ta)*kst ock(i k)
if ((cons .gt. 0dO) .and.
$ (ntemp(ik,iz,ipop) .It. 1d0)) then
util = onega*l og(cons)
$ + (1d0- onega) *| og(1d0- ntenp(i k, i z, i pop))
el se
util = -1d10
endi f
v(ik,iz,ipop) = util + Evstar(ktemp(ik,iz,ipop),iz)
ev(ipop) = ev(ipop) + v(ik,iz,ipop)
2210 conti nue
2200 conti nue
C
C Do a bubble sort of the "average" val ue of each nenber. Actually,
C keep track of an index to the "average" val ues rather than copy
C the decision rules back and forth; this step is perforned (once)
C in the | oop which foll ows.
C

call BSORT(ev, idx, NPOP)
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2310
2300

O000000000000000O000O0

2410
2400

do 2300 i pop=1, NPOP
do 2310 i k=1, NK
do 2310 iz=1, Nz
krule(ik,iz,ipop)
nrul e(ik,iz,ipop)

ktemp(ik,iz,idx(ipop))
ntenp(ik,iz,idx(ipop))

conti nue

conti nue
vstar is the BEST v across nenbers of the population. |t speeds
the algorithmto keep track of the decision rule which inplenment
vstar at each grid point (point in the state space). This rule
is stored in the place of the worst nenber in the top half of
the population (i.e., the part which is kept).
Two not es.
(1) The conputation of vstar is in the spirit of value function
iteration except that rather than take a maxi nrum over all possible
val ues of next period capital, the maximumis over all nenbers of
t he popul ati on.
(2) There seens to be little harmin saving the decision rule
whi ch attai ns the maxi num over nenbers of the popul ation at each
grid point since it will be discarded in the next round if this
turns out to be a bad decision rule.

do 2400 i k=1, NK
do 2400 iz=1,Nz
vstar(ik,iz) = v(ik,iz, 1)
krule(ik, iz, NPOP2+1) = ktenp(ik,iz,1)
nrul e(ik, iz, NPOP2+1) = ntenp(ik,iz,1)
do 2410 i pop=2, NPOP
if (v(ik,iz,ipop) .gt. vstar(ik,iz)) then
vstar(ik,iz) = v(ik,iz,ipop)
krule(ik,iz, NPOP2+1) = ktenmp(ik,iz,ipop)
nrul e(ik, iz, NP\OP2+1) = ntenp(ik,iz,ipop)
endi f
conti nue
conti nue

Do sone cal culations to check for convergence
cc =0

do 2500 i k=1, NK
do 2500 iz=1,NZ
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cc = cc + abs(kold(ik,iz)-krule(ik,iz, NPOP))
kol d(ik,iz) = krule(ik,iz, NPOP)
Evstar(ik,iz) = 0dO
do 2510 iiz=1,Nz
Evstar(ik,iz) = Evstar(ik,iz) +
$ beta*rho(iz,iiz)*vstar(ik,iiz)
2510 conti nue
2500 conti nue

if (cc .eq. 0) then
converge = converge + 1
el se
converge = 0
endi f
2999 conti nue
wite(6,*) count, sdk, sdn, converge
sdn = sdn / 2dO
sdk = sdk / 2dO
2000 conti nue

open(uni t=55, file="ep4-10000.dat’, status="unknown’)
tenp = -1d0

do 9000 ik=1, NK
write(55,10) kstock(ik), ktrue(ik,1), kstock(krule(ik,1, NPOP)),
$ ktrue(ik, 2), kstock(krule(ik,2, NPOP)),
$ ntrue, nrule(ik,1, NPOP), nrul e(ik, 2, NPOP)
temp = MAX(tenp, ktrue(ik, 1)-kstock(krule(ik,1, NPOP)))
tenp = MAX(tenp, ktrue(ik, 2)-kstock(krul e(ik, 2, NPOP)))
9000 conti nue

cl ose(55)
wite(6,*) tenp/ (kstock(2)-kstock(1))

10  format (8(1x, f20.10))

C A bubbl e sort routine. This sorts the "average" val ue of nenbers
C of the popul ation, but does so on an index to these nenbers

C rat her than copying decision rules back and forth several tines.
subrouti ne BSORT(val ue, index, NN)

integer NN, index(NN), p, swap, tenp

doubl e precision val ue( NN)
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1 swap = 0

do 1000 p=1, NN-1

if (value(index(p)) .gt. value(index(p+1l))) then
swap = 1
tenp = i ndex(p+l)
i ndex(p+1) = index(p)
i ndex(p) = tenp

endi f

1000 conti nue

if (swap .gt. 0) goto 1

return

end
C:::::::::::::: s s s s s s s s e s s s s ey —y———
C Used to initialize various grids. Generates a series of evenly
C spaced grid points between start and end.

subroutine LINSPACE(N, series, start, end)

integer N, i

doubl e precision series(N, start, end

do 1000 i=1,N
series(i) = start + (end-start)*DBLE(i-1)/DBLE(N1)
1000 conti nue

return

end
C:::::::::::::: s e
C Generator of Nornmally distributed random nunbers which nean 0
C and standard devi ation of 1.

doubl e precision functi on GASDEV()

inplicit conplex (a-z)

i nteger iset

doubl e precision v1, v2, r, fac, gset, RANVAR
ext ernal RANMVAR

data iset /0/

if (iset .eq. 0) then

1 vl = 2d0 * RANMVAR() - 1dO
v2 2d0 * RANMAR() - 1dO
ro= vi**2 + y2**2
if (r .ge. 1d0) goto 1
fac = sqrt(-2d0*log(r)/r)
gset = vl*fac
GASDEV = v2*fac
iset =1
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el se
GASDEV = gset
iset =0
endi f

return
end
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