Competing Auctions in a Monetary Economy*

Richard Dutuf Benoit Julien? Tan King}
University of Waikato University of New South Wales University of Melbourne

August 2007

Abstract

We construct a monetary economy in which the goods are allocated via competing
auctions as in McAfee (1993) and Peters and Severinov (1997). Sellers compete by offering
auctions in which they decide for the quantity to be traded. Buyers observe the posted
quantities, decide for a quantity of money to bring to the auctions and direct their search to
the most attractive alternatives. We establish the existence of a unique symmetric monetary
equilibrium and characterize buyers’ and sellers’ payoffs. We show that inflation cannot be
too low nor too high for an equilibrium to exist, and that increasing inflation decreases
the equilibrium posted quantity as for the number of buyers participating to the economy.
Symmetric efficiency is attained for the lowest inflation rate compatible with existence of
an equilibrium.
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1 Introduction

We construct a monetary economy in which goods are allocated by competing auctions. The
economy is monetary: at the beginning of each period buyers decide how much money to bring
to the auction market trading off the cost of carrying money against the expected gain from
participating to an auction. The economy is competitive: sellers compete in attracting buyers
trading off the production costs of the advertised quantity against the expected number of
potential buyers. Finally search is directed: buyers allocate themselves trading off the posted
quantity against the probability to win the good in the auction.

The main contribution of the paper is to turn the competing auction framework developed by
McAfee (1993) and Peters and Severinov (1997) into a fully monetary economy. In the standard
competing auction model, whether the finite case (Burguet and Sékovics 1999, Schmitz 2003,
Hernando-Veciana 2005) or the infinite case (McAfee 1993, Peters and Severinov 1997), the
resources available to buyers are exogenous as for the quantity produced and advertised by
sellers. In contrast, in this paper we let buyers decide for their cash holdings and we let sellers
decide how much of their production good will be auctioned. To conduct this exercise we
embed the competing auctions framework into the Lagos and Wright (2005) model of monetary
exchanges. In this model agents have a periodic access to a centralized market in which they
can rebalance their money holdings after they have traded in an anonymous decentralized
market. Assuming quasi-linearity of the production costs in this centralized market, Lagos and
Wright (2005) show that agents’ trading history are irrelevant for their choice of cash holdings.
As a consequence, unless some for of heterogeneity is introduced, the distribution of money
holdings is degenerate into one mass point: all buyers bring the same amount of money to
the decentralized market. This results holds whether terms of trade are formed via bilateral
bargaining, price posting or competitive search (Rocheteau and Wright 2005). In the context
of competing auctions that we examine here, this means that any non-degenerate distribution
of money holdings we may have will not be the result of different trading histories, but the

product of our pricing mechanism.



We show the existence of a unique symmetric monetary equilibrium. To do that we ex-
tend the limit equilibrium concept developed by Peters and Severinov (1997) to the context of
competing auctions with money. The idea consists in building the model, value and payoffs
functions with finite numbers of buyers and sellers so that we can use the revelation principle.
Then we turn this economy into a competitive economy by taking the limit of these numbers
so that the buyer’s utility is determined by the market and is insensitive to deviations in one
single auction. This is the market utility property by which a deviation by one seller has no
impact on the buyer’s payoff in large markets (Peters 2000). Finally we assume rational expec-
tations so that sellers believe their payoff function satisfy the market utility property. Another
advantage of dealing with the limit case is that, since buyers know their cash holdings before
they decide which auction to participate, sellers do not compete in reserve prices since they are
equal to their production costs (McAfee 1993, Peters and Severinov 1997, Hernando-Veciana
2005). This means that in our environment sellers will compete for bidders by means of quan-
tity announcements, and that we can conveniently represent the equilibrium allocation in a
2-dimension diagram with the posted quantity and the buyer-seller ratio on the axes.

In this equilibrium, all sellers post the same quantity of their production good. On the
basis of this information, buyers make their entry decision and pick a quantity of money from
a distribution of cash holdings that is determined endogenously. Because of the incentive to
bring more money to win the auction, the distribution of money holdings is generally not
degenerate in an auction environment (Galenianos and Kircher 2006). Finally buyers allocate
themselves randomly among sellers by means of symmetry. The equilibrium posted quantity
and buyer-seller ratio are derived from a representative seller’s maximization program in which
he maximizes his expected payoff from the auction subject to competition from the other sellers
in attracting buyers.

We use the model to analyze the impact of monetary policy on the equilibrium allocation.
We show that increasing inflation translates into a lower quantity posted by sellers and into a
lower number of buyers participating to the auctions. We also show that inflation cannot be

too low nor too high. Ifit is too low, holding money is not very costly so that buyers bring cash



amounts very close to their private valuations, raising prices at auctions close to the buyers’
reservation value. This means the seller extracts almost the entire surplus from trade leaving
very little surplus to buyers. For some low values of the inflation rate the expected gains from
trade are simply too low compared to the cost of holding money and the outside option, and
no buyers would take part into the economy. This also means that the Friedman rule can never
be an equilibrium as long as the buyer’s outside option yields a positive utility. When inflation
is too high, by contrast, the cost of holding cash is too high so that too few buyers participate
to guarantee a positive net profit for sellers. Sellers simply drop out.

Competing auctions have already been studied in the context of a monetary economy by
Julien Kennes and King (2006). The analysis is limited by the indivisibility of money in their
model however. Here money is fully divisible as for the goods produced and consumed. Second-
price auctions with divisible money have been examined by Galenianos and Kircher (2006), but
the auctions in their paper are not competitive in the sense that both the quantity traded and
the matching function are exogenous. Here we let sellers decide for the quantity they advertise
and we let buyers decide which auction to participate into. That is, there is really competition
between sellers who seek to maximize their expected revenue taking into account competition
from other sellers; and there is directed search from buyers who allocate themselves to the
sellers that offer the most attractive auctions in terms of expected net gains from trade. We
also extend both papers by considering the mirror case in which sellers post a price and buyers
compete in quantity.

The paper also contributes to the literature on money with micro-foundations following Kiy-
otaki and Wright (1989,1991,1993) by considering a new competitive pricing mechanism. First
the use of competing auction creates a new friction compared to the other pricing mechanisms
that have been studied. In standard directed search models, buyers visit sellers on the basis

of advertised fixed terms of trade and the corresponding probability to get the good. Frictions

!Search directed by posted prices has received a lot of attention in the labour literature. See for instance
Montgomery (1991), Moen (1997), Acemoglu and Shimer (1999a,b) and the corresponding sections in the surveys
by King (2003) and Rogerson, Shimer and Wright (2005). It is used in monetary models by Rocheteau and Wright
(2005), Faig and Jerez (2005, 2006) and Berentsen Menzio and Wright (2006). Competition in auction has been
applied to the job market by Julien Kennes and King (2000).
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come from a lack of coordination among buyers who may decide to visit the same seller so that
several buyers may not trade while several other sellers have no customer. When sellers com-
pete in auctions, as they do here, the lack of coordination among buyers not only impacts on
the probability to trade but also on terms of trade as prices increase with the number of buyers
showing up. When competition is fierce, buyers’ gains from trade may even exhaust. Combined
with the divisibility of goods, the new friction generates interesting trade-offs for both sellers
and buyers that have not been previously studied. Second, the use of auctions generates terms
of trade dispersion. Most monetary models with micro-foundations do not have terms of trade
dispersion, unless some form of heterogeneity is introduced (Faig and Jerez, 2005a, 2005b).
Finally auctions are usually efficient mechanisms since the goods are allocated to those that
value them most.

In the last section of the article, we examine the mirror case in which sellers post a price and
let buyers compete in quantity. That is buyers bid in quantity rather than in price. We show
the existence of an equilibrium in which sellers post a unique price and ex post opportunism in
quantity leads to terms of trade dispersion: the quantity traded when several buyers show up is
smaller than when the buyer is alone. Since sellers are bound by posted prices, the distribution
of money holdings is degenerate and equal to the posted price. Increasing the money supply in
this economy reduces the real value of money holdings and therefore the produced quantities
whether in pairwise or multilateral meetings. Whether it increases terms of trade dispersion
depends on the ratio of buyers to sellers. When this ratio is small, the value of real balances
is low so that increasing the money supply decreases terms of trade dispersion by reducing the
ability to distance oneself from average terms of trade using one’s market power. For the same
reason, when the ratio is high dispersion increases first then decreases.

The article is organized as follows. In section 2 we present the environment. Section 3

examines competition in price. Section 4 examines competition in quantity. Section 5 concludes.



2 The environment

The monetary side of the model borrows from Lagos and Wright (2005). Time is discrete and
goes on forever. Each period is divided into two trading subperiods. In the first subperiod agents
enter a frictional market, to be described shortly, where they can produce a first homogenous
good and trade it for money. Then they meet on a Walrasian centralized market where they
can produce a different good, called general good, and trade it for money. There is a continuum
of anonymous infinitely lived agents who differ in terms of when they produce and consume.
A first group of agents, called sellers and whose number is s, can produce and consume the
general good but can only produce the first good in any quantity g. This set of seller is fixed
and sellers are homogenous. The second group of agents, called buyers and whose number is
b, can also produce and consume the general good but can only consume the first good traded
in the frictional market. Thus each buyer wishes to trade the first good with a seller. It is
assumed that neither good can be used as a medium of exchange in the other market. Since
agents are anonymous and trade must be quid pro quo, money is essential in this environment.
Money, whose quantity is M; at time ¢, can be stored in any non negative quantity m; by an
agent. New money is injected by the Reserve Bank via lump-sum transfers at the beginning of
centralized market at rate 7 such that M;,; = (1 +7) M,;.

At the end of the centralized market, which is used by agents to rebalance their money
holdings, buyers and sellers enter an auction market where buyers direct their search towards
sellers who advertise a certain quantity g to go via an ascending-bid auction. There are various
type of ascending-bid auctions. We will use second-price auctions because they imply a unique
optimal bidding strategy for buyers (Riley and Samuelson, 1981) and are therefore easier to
work with. In second-price auctions the seller sells the good to the buyer who makes the final
and highest bid and the winner pays a price that corresponds to second highest bid. When
sellers post this auction, they take into account competition from other sellers. Observing all
posted auctions, buyers decide which seller to visit. In equilibrium buyers will be indifferent

between sellers.



Noting = the net consumption of the general good and 3 the discount factor, the instanta-

neous inter-period utility function for a representative agent is given by

z+f [u(g) —c(q)] (1)

Note that production costs are linear in the general good. This greatly simplifies things by
making agents’ payment history irrelevant (Lagos and Wright, 2005) so that if the distribution
of money holdings happens to be non-degenerate, this cannot come from wealth effects. We
make standard concavity and convexity assumptions for u and ¢, and note ¢ the quantity that
maximizes the trade surplus in a frictionless market, that is v/(¢) = ¢/(§), and ¢ the quantity
such that u(q) = ¢(¢). Also ¢(0) =0 and «/(0) > 0. We will consider large market so that both
b and s are infinite, yet the ratio b/s is a real number. Finally we assume free entry on the
buyers’ side by posing that buyers that do not participate to the economy earn a sure surplus

of k.
3 Competition in price

In this section sellers post a quantity and buyers bid in prices for it. A first question to address
is the determination of buyers’ cash holdings. Even though private valuations are identical
among buyers-buyers are homogenous and have the same utility function u(q)-what matters
is how much money buyers bring to the auctions. Assume all buyers decide to bring the same
amount of money. If one agent deviates and bring an additional dollar, he is certain to win
the auction at a negligible marginal cost. Because each buyer thinks in the same way, there
is no focal point for buyers when it comes to deciding for their cash holdings. Because of this
trade-off between the negligible additional cost and the discrete increase in the probability to
win the auction, the distribution of money holdings across buyers is generally not degenerate
in the context of second-price auctions (Galenianos and Kircher, 2006).

A second question is the set of variables under the seller’s control when a seller designs
an optimal auction. In competing auction models, the variable that can be used by sellers to

extract surplus from buyers is the reserve price. Increasing the reserve price rules out low bids at



the cost of decreasing the expected number of buyers. In the context of infinitely many buyers
and sellers, McAfee (1993) and Peters and Severinov (1993) have proven that the reserve price
is equal to the production cost. This means that in our context sellers will compete by ways
of quantity announcements, and that’s all. As will be shown, this is enough information for
buyers to derive the distribution of money holdings from which they draw. Since sellers perfectly
forecast this distribution and how it impacts on prices and the allocation, they can derive the
price of money on the money market and therefore their reserve prices as the production costs
expressed in nominal terms.

The sequence of events will be the following: the trading process begins when sellers publicly
announce at the beginning of the Walrasian market a quantity to be auctioned in the coming
auction market, quantity to be sold via ascending-bid auctions. On the basis of this information,
buyers make their entry decision and then pick a quantity of money from the distribution of cash
holdings derived endogenously. Then buyers enter the auction market and choose an auction to
participate into. Finally they submit their bids and the good goes to the buyer that bids most.
At the end of the auction market and once all goods have been sold, buyers and sellers proceed
to the next Walrasian market. Note that, except for the monetary side, this sequence is close
to that of the second case examined by Peters and Severinov (1997) in which buyers learn their
valuations before they choose among sellers. The differences are that here buyers choose their
cash holdings rather than valuations, and that sellers chose for the quantity traded.

A strategy for a seller is a posted gq. A strategy for a buyer is rule that specifies the
probability with which he will choose a particular seller as a function of the posted ¢. As is
usual in competitive environments with large numbers of buyers and sellers, we will focus on
symmetric equilibria: sellers post the same ¢ and buyers follow the same decision rule. That
is if two sellers offer the same ¢, they will be selected with the same probability by buyers.
Symmetric equilibria where sellers receive a random number of buyers are indeed more realistic

in large economies and more compatible with a decentralized economy.



3.1 The value functions

Let W%(m) and V®(m) be the value functions for a buyer holding m units of money in the

centralized and auction market respectively. We have

Wl(m) = max {x+BVb(m+1)}

T,m41

st. omu+ax = o¢(m+1T)

where my corresponds to the money carried from the centralized market to the auction mar-
ket and x is the net consumption of the good in the centralized market. In this program ¢
corresponds to the value of money in terms of the general good (1 unit of money buys ¢ units
of the general good) and T corresponds to how many units of money per buyer are injected by
the Reserve Bank each period. It says that when choosing for a quantity of general good to
consume and produce and a quantity of money to bring to the auction market, buyers take into
account that the real value of what they net consume and bring to the auction market must be
equal to what they brought to this market and received from the Reserve Bank. Substituting

for z, the program for a buyer in the day market can be rewritten

Wm) = ¢ (m +T) +max { ~gmy + 5V (m) } @)

Since sellers have no reason to carry money in this economy, and assuming that only buyers

receive a transfer of money, their program is

We(m) = max{z+ BV*(m41)}

:L'7q7
st. *x = ¢m
The seller’s problem is to choose for a quantity of general good in the Walrasian market x, a
posted quantity ¢ and a queue length 6 for the auction market that maximize his payoff. This
simplifies into

W*(m) = gm + max {BV=(mi1)} . (3)

In the auction market we note V?(m) the value function of a buyer holding m units of

money each worth ¢, ; units of the general good in the next period Walrasian market, bidding



for ¢ units of goods in an economy where the buyer-seller ratio is 6. Noting V;? (m) the same
value function when the buyer faces exactly ncompetitors, the value function for the buyer at
the beginning of the frictional market is then given by

Vim)=Y P[X =0V, (m) (4)

neN

where X is the random variable equal to the number of competing buyers showing up at the
seller’s shop and P [X = n] is the probability measure associated with the event X = n. The

variable X takes values into N and follows a Poisson process of parameter § = b/s so that

and

> PIX=n|=1.
neN

We note p the random variable equal to how many units of money are held by one competitor
and F(m) = P[u < m| the probability measure associated with the event p < m. We note
f(m) its density so that

f(m)dm = 1.

mes’
in which the support of z is noted S’ = [m,m] which we define shortly. Finally we note

S = [m,m] C 8" and assume that F is continuous (this will appear clearly later).

A buyer facing n competitors wins the auction if he holds the highest money holding, which
is distributed according to F™(m) with density nF™~ (m) f(m); with probability 1 — EF™(m) he
does not win the auction. We can now compute V?(m) the value function of a buyer holding m
units of money, bidding for ¢ units of goods and meeting n competitors. Noting z the number

of units of money spent if he wins the auctions, this value function is given by

V) (m) = / {ula)+ Wy (m—2) } dF™(2) + [1 = F7 m)| W2, (m). (5)
zeS
The first term corresponds to expected payoff to winning the auction. It is equal to the

probability that all n competitors have less money than he has, multiplied by the payoff to
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consuming ¢ units of the good and moving to the centralized market with m — 2z units of
money; we then sum over the quantity of money spent by the winning bidder, z, which takes
value from the lowest money holding m and a quantity of money infinitely smaller than the
buyer’s own money holding m, noted m — e. Since F' is continuous by assumption, it is then
continuous to the left with lim. .o F'(m —¢) = F(m) so that z takes value into S. The second
term corresponds to the probability of mot winning the auction multiplied by the value of
entering the centralized market with an unchanged amount of money m. Note that ¢ depends
neither on m the quantity of money held by the buyer nor on z the quantity of money spent by
the buyer since the quantity traded is decided before the opening of the auction market and is
therefore not influenced by local market conditions. The probability to trade does depend on
m however.

Using ¢ = (14 7) ¢41, noting ¢ = (1 — B +7) /B the nominal interest rate, inserting (4)

and (5) into (2) and getting rid of constant terms, the buyer’s program becomes

g x(m) = —iém -+ 3 P[X =] ulg)F"(m) o [ 2P (2) ©)

neN z€S

Equation (6) says that the buyer chooses her money holdings in order to maximize the
difference between the opportunity cost of carrying this money and the expected net gain of
winning the auction in utility terms. This expected net gain is composed of the utility of
consuming ¢ multiplied by the probability of winning minus the expected payment associated
with holding m units of money. Note that the second part of the above expression corresponds
to the expected return of making a bid in auction theory: it is equal to the reservation value
multiplied by the probability of winning, minus the expected payment (Riley and Samuelson,
1981).

As for sellers, we need first to characterize the distribution of the second highest money
holding among the n buyers showing up since the winner pays the amount of the second richest

bidder. Noting yx the k& order statistic, its density is given by
fry (m) = nCEZLF* = (m) [1 = F(m)]" ™ f(m)
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where C"~1 corresponds to the number of (k — 1)-combinations among n — 1 elements, that
is how many times k — 1 different combinations of buyers can be chosen among n — 1 buyers.
Setting £k =n — 1 in the above formula and remembering that sellers do not hold any money,
the value function for the seller posting ¢ and taking the value of money ¢ as given is

Vi(q,0)= 3 PIX =1 / [—c(@) + Wi ()} fou s (2)d. (7)

neN
zeS’

Inserting (7) into (3) and getting rid of constant terms, the seller’s program can be rewritten
maex—c(q) +¢ > P[X =n] / 2z (2)dz. (8)

q, neN
zeS'’

The above equation corresponds to the seller’s objective. It is composed of the difference
between the cost of producing the posted ¢ and the expected return of selling this ¢ via a second-
price auction. Note that since the quantity ¢ chosen by sellers impacts on the distribution of
money holdings by buyers F|, the choice of ¢ impacts on the right-hand side of (8) via fa s (2).

To solve for how much money buyers bring to the auction market, let us take the first order
condition of the buyer’s program in equation (6). Getting rid of subscript and taking ¢ and ¢

as given, we obtain
(1 =5 +7)¢ =B ulq) — ¢m] f(m)ge” =T (™) 9)

Rearranging and integrating this expression over S gives the distribution of money holdings
among buyers as a function of the price of money ¢, the quantity ¢ posted by sellers and the
lower support of the distribution m:

F(m)= %ln{l —ie In [ﬂu%] }
To find m note that the seller is indifferent between producing ¢ for m and doing nothing such
that —c(q) + W (m) = W(0) from which we extract m = %ﬂ using the linearity of W. One can
check that F(m) = 0 and that F(m) = 1 implies




so that

and

F(m) = %m {1 —ie’In [M]} (10)

which is continuous over S .
3.2 Equilibrium

The equilibrium concept we will be working with is the competing auction monetary equilibrium.
It differs from Peters and Severinov (1997) in that sellers do not compete in reserve prices but
in the quantity they post. Also buyers are allowed to choose the cash they bring to the auctions.
But we follow them by considering the limit of the equilibrium with finite buyers and sellers
so that there is no profitable deviation for the seller when posting a quantity. It is important
to note that these two choice variable, m for buyers and ¢ for sellers, go together: the higher
the posted quantity, the higher the cost of carrying the money that can make an agent win
the auction for that quantity. As soon as buyers are allowed to choose their cash holdings, the
posted quantity becomes a relevant choice variable.?

Our equilibrium concept will also differ from the competitive search monetary equilibrium
in Rocheteau and Wright (2005) in that search is indeed directed in both equilibria, but we use
auctions to allocate the good while they use fixed prices and rationing. This has an important
consequence: since the distribution of money holdings is non degenerate, one cannot use the
representative buyer’s budget in the seller’s constrained maximization program since it is a
random variable. We go around this by taking the expected value of the buyer’s net gain from

trade and force it to be at least equal to the buyers’ outside option utility, k.

2In auction theory it is usually assumed that one unit of the commodity is auctioned. Assuming zero produc-
tion costs, noting x the buyer’s private valuation and p the price paid, the seller’s surplus is p and the buyer’s
surplus is x — p. The quantity produced does not matter as it is mainly a problem of sharing a surplus so if 2
units are to be auctioned, we simply rescale the surplus. Once money is introduced, things are different since
bringing the real value of 2 units of goods costs more than bringing the real value of one unit. The quantity
posted is no longer neutral and chosing m for buyers and choosing ¢ for sellers go hand in hand.
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Let us write the seller’s program. A seller maximizes his expected payoff subject to the
buyers’ expected payoff in utility terms being at least equal to k. The buyer’s payoff before
deciding to enter the economy is just the expectation of the payoff that the buyer will earn
conditional on his cash after he enters. Recalling from (6) that x(m) is the net surplus of a

representative buyer, the seller’s problem becomes

max—clq) +6 S PIX =n] [ ah ()i (11)
zeS’
st Ep(m)] = / (m)dF(m) > k. (12)
meS’

Definition 1 Let us note Q C [0, q] and © CRy. When buyers compete in prices, a competing
auction monetary equilibrium is a list (q,0,¢) € @ x © x Ry and a distribution of money
holdings F' such that: (i) Agents have rational expectations; (ii) :Sellers maximize (11) subject
to (12); (iii) :buyers are indifferent between all sellers; (iv) : the price of money is given by the

clearing condition on the money market

T 2f(z)dz = M?. (13)
c(a)/

To give an intuition of how things work, consider a seller who contemplates changing his
posted quantity. When doing so he correctly forecasts the impact of ¢ on the distribution of
money holdings given by (10) from which buyers pick from, then the impact it has on the
value of money in the Walrasian market via (13) and therefore on buyers’ and seller’s expected
payoffs appearing in (11) and (12). He also understands from (12) how the buyer-seller ratio
will adjust to this new ¢ and therefore its impact on the distribution of money holdings via
(10). Note that money holdings are private information to buyers but that the distribution of
money holdings is not by the rational expectations hypothesis.

Let us simplify the seller’s program. Noting v(z) = %)ﬂ the difference between the first

order statistic and the second order statistic, we have the following lemma
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Lemma 1 The seller’s program (11)-(12) simplifies into

max —c(q) + ¢ / [z —v(2)]0f (z)e - F(A gy (14)
q,0
zes’
st —ipM° + # —¢ / [z —v(2)] f(z)e_a[l_F(z)]dz >k/B, (15)
zeS8’!

Proof. See Appendix. W

The seller maximizes the sum of the desutility of producing the posted quantity ¢ and
the expected payment in real terms coming from the auction, subject to the buyer’s incentive
constraint. The first term inside the integral z — v(z) corresponds to Myerson’s (1981) virtual
valuation of a buyer holding z units of money, that is the difference between what he actually
holds z and the buyer’s rent which is the difference between the first order statistic and the
second order statistic v(z). The term 0 f(z)e /'=F&) corresponds to the probability of a
pairwise match for a seller in which the buyer holds more than z. The last thing to do is to sum
over all possible z to get the expected value. The second term in the constraint corresponds
to the expected gain in utility, u(g), multiplied by how many sellers are present s and divided
by the number of competitors b. If, from the expectation operator, how much money is held
by a particular buyer does not play any role in allocating the good, the expected gross return
to a buyer is simply equal to the expected gain at each seller’s post ng.l, multiplied by the
number of posts s. This results from the expectation operator. The last term corresponds to
the expected payment by the buyer, which is equal to the seller’s expected revenue multiplied
by the number of sellers s and divided by the number of buyers b for exactly the same reason

as above.
Lemma 2 The seller’s program is independent of the price of money ¢.

Proof. See Appendix. B
Despite the complexity of the auction environment, Lemma 2 shows that terms of trade
are formed in real terms as in the other pricing mechanisms studied in Rocheteau and Wright

(2005). That is the price of money adjusts in the end via the clearing condition on the money
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4 Seller’s isoprofit

Buyer’s indifference
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Figure 1: The impact of inflation on the posted quantity and the buyer-seller ratio.

market (13). This is a by-product of the Lagos Wright model (2005). We use this lemma to

establish to the following proposition.
Proposition 1 There exists an equilibrium and it is unique.

Proof. See Appendix. &

The buyers’ and sellers’ payoffs are nicely shaped so that uniqueness is guaranteed. Figure
1 illustrates how monetary policy impacts on the buyer’s indifference curve and on the seller’s
isoprofit curve, and on the equilibrium (¢*,0). Sellers’ profit rise moving to the right, while
buyers’ profit decrease. An equilibrium is a couple (gq,0) where the seller’s isoprofit curve and
the buyer’s indifference curve are tangent.

The buyer’s and seller’s isoprofit curves have the following interpretation. Let us start with

the seller, in case inflation is low, and assume the posted ¢ increases from a low value. Because
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of convexity the impact on production costs is small. But now buyers bring more money since
there is more goods to buy and this contributes to increase seller’s profit. The only way to keep
profit constant is then to decrease competition among buyers by decreasing the buyer-seller
ratio. However, when ¢ is big, the increase in production costs in case ¢ increases more than
cancel the gains coming from the fact that buyers bring more money. In order to stay on the
same isoprofit curve, the buyer-seller ratio must now increase. Let us consider a representative
buyer now and assume that the posted ¢ increases from a low value. The impact on utility
is important due to concavity. If inflation is low the impact on the cost of carrying money
is small so that profit is kept constant by increasing the buyer-seller ratio in order to increase
competition and therefore decrease the probability to win the auction. When ¢ is high, however,
the gains in utility are small and offset by the cost of holding a large amount of cash. So the
only way to keep profit constant for the buyer is to decrease the buyer-seller ratio.

The interesting point is that when inflation is high (last diagram on Figure 1), gains in
utility following an increase in ¢ are always more than cancelled by the increase in the cost
of holding money so that the only way to keep profit constant following an increase in ¢ is to
decrease the buyer-seller ratio. That is why the buyer’s isoprofit curve now is only downward
sloping rather than “inverse C” shaped.

From numerical simulation and Figure 2, it can be shown that increasing the money supply
tend to decrease the posted quantity and the number of buyers participating to the auctions.
This is due to the buyer’s indifference curve shifting to the left. And when inflation becomes
very high, the cost of holding cash is too high so that too few buyers participate to guarantee
a positive net profit for sellers. Sellers drop out and there is no equilibrium. As inflation
decreases, by contrast, the traded quantity gets closer to the optimal quantity ¢ such that
u/(§) = (q). This quantity can never be reached however, since the Friedman rule does not
sustain an equilibrium for a strictly positive k. To see this, note that if inflation is too low,
holding money is not very costly so that buyers bring cash amounts very close to their private
valuations, raising prices at auctions close to the buyers’ reservation value. This means that

the seller extracts almost the entire surplus from trade leaving very little surplus to buyers. For
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Figure 2: Equilibrium paths, low and high k.

some low values of the inflation rate the expected gains from trade are simply too low compared
to the cost of holding money and the outside option, and no buyers would take part into the
economy. At the Friedman rule, all agents bring the same amount of cash equal to u(g) in
utility terms so that gains from trade are u(q) — u(q) which is necessarily smaller than k. There
can never be an equilibrium at the Friedman rule as long as the buyer’s outside option yields
a positive utility. Finally the range of equilibrium (g, #) widens as the buyer’s outside option
decreases.

Finally it can be seen from Fig. 2 that the equilibrium path when the outside option is low

features a higher equilibrium posted ¢ and a higher equilibrium buyer-seller ratio.
3.3 Optimal monetary policy

Due to the free entry condition on the buyer’s side, buyers’ expected payoff is unaffected by
changes in monetary policy. In low inflation economies the quantity of goods auctioned is higher

yet there are more buyers around. In high inflation economies there is less good at each auction

18



but also less buyers on average. Regardless of monetary policy, buyers always get k in terms
of utility. In the end a reasonable test for optimality in monetary policy in this environment is
whether it maximizes the sellers’ profit. This is known as symmetric efficiency.

Since the seller’s profit increases as his isoprofit curve shifts to the right, we have the

following proposition.

Proposition 2 The optimal monetary policy when goods are allocated via competing auctions

is the lowest possible inflation rate compatible with existence of a monetary equilibrium.
4 Competition in quantity

Since we have divisibility on both sides, goods and money, we now address the case in which
sellers post a price and buyers compete in quantity. That is, a bid from a buyer is a proposition
of a quantity required in exchange for the posted amount of money (or price). By contrast to
competition in price, buyers are not constrained in their bidding strategy and this makes things
simpler to characterize. If two or more buyers show up at a seller’s place, they compete until
terms of trade leave the winning buyer, chosen at random, indifferent between trading or not.
In case only one buyer shows up, he has enough bargaining power to impose terms of trade
that leave the seller indifferent between trading or not. We note ¢,, and g, the quantities of
the good traded on the auction market in multilateral and pairwise meetings respectively.
When the number of sellers is small, a change in the seller’s price implies a change in the
probability that a buyer visits him. Here, by considering large markets (as in the previous
section) in which the number of buyers and sellers are infinite, sellers take into account compe-
tition by assuming that they must provide buyers with a minimum of utility, k. As is usual in
competitive environments, this utility is not affected by a deviant seller in the limit case.? An
interpretation is that sellers do not compete against each other but against the market. Since
there is no profitable deviation in the limit case, all sellers advertise the same price d. In the

end, if two or more buyers compete, a buyer chosen at random gets g, for d units of money. If

3This is not true when b and s are small. See Burdett Shi and Wright (2001).

19



the buyer is alone he gets ¢, > g, with probability 1 against d.

The timing of events is the following. At the beginning of the centralized market sellers
advertise a price without a quantity for the auction market so as to maximize their expected
surplus taking into account competition from the market and the expected number of buyers.
Then sellers and buyers, who know the posted price and the probability for a buyer to win an
auction, trade the general good for money. Then they enter the auction market where buyers
direct their search to the most attractive alternatives and where sellers are bound by the posted
price.

Recalling that 6 = b/s is the buyer-seller ratio (or the queue length) and using standard
convergence properties of Binomial distributions, the probability of a pairwise match for a
seller is &, = 0e?, the probability of a multilateral match (at least two buyers are present)

9 _ 9e=% and the probability that no buyer shows up is 1 — £, — &,,,. Similarly,

is&,=1—e"
for a buyer the probability of a pairwise match is 1, = e the probability of winning the
auction in a multilateral match is 9, = 1—,‘5_—9 and the probability of not winning the auction
is1-v,— P,

The value function of the buyer in the centralized market is identical to the competition in

price case, which we simply recall

WP(m) = 6 (m+1) + mas { ~émyr +BV"(m1) | (16)

Let us turn now to the auction market. If a buyer trades d units of money against ¢ units of

the special good, then Bellman equation for a buyer in this market is given by

Vim) = v, {ula) +Whim—d)} + v {ulan) +Whm-a)}  a7)
+ (1 =1, —y,) W-bu(m)-

With probability 1, a buyer is alone and trades with a seller, in which case he consumes g, units

of the good and enters tomorrow’s day market with m — d units of money. With probability

“The derivation of these probabilities can be found in Burdett Shi Wright (2001) and Julien Kennes King
(2007).
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1,, the buyer meets several other buyers but ends up winning the auction, consuming ¢,, and
carrying on to the centralized market with m — d units of money. In all other cases he enters
the centralized market with the same amount of money.

As for sellers, their program on the centralized market differs with that of competition in
price in terms of which variables the sellers maximizes in. Here the seller will chose a price—

rather than a quantity— and a queue length. We have
W?(m) = ¢m +max {SV*(m1)} . (18)

Noting that sellers have no incentive to hold money, that is m41 = 0, Bellman’s equation for a

seller in the decentralized market is given by

Vim) = &, {—clap) + Wiy (@)} + &, {—clgm) + Wiy (d)} (19)
+ (1 - é-p - gm) j—l(o)

with similar interpretation as (17).

Consider a menu of different terms of trade and let k& denote the buyer’s outside option
utility. Competition implies that a seller must choose d and 6 to make sure he provides buyers
with at least k if he is to get any customer. Now consider a buyer. Using the linearity of
WP, inserting (17) into (16) and focussing on steady-state equilibria where real balances are

constant, that is ¢4 (14 7) = ¢, a buyer is willing to apply to a particular seller if he can get
— (A =B+7)dpd+1,8 [ulay) — ¢11d] + ¥ [ulgm) — ¢11d] > k. (20)

Inserting (19) into (18), using the linearity of W* and getting rid of constant terms, in the end

the seller chooses a price and a queue length such that

max [—c(ap) + d1d] + & [—c(gm) + ¢114] (21)

subject to (20).
Bertrand competition in case a seller faces only one buyer implies that the seller is indifferent

between producing and trading g, for d units of money and doing nothing. That is, real balances
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z must be such that z = ¢,1d = ¢(gp). Similarly Bertrand competition among two or more
buyers leads to z = ¢, 1d = u(gp). Inserting these two values into (20) and (21) implies the

following program for sellers

mas [—c(gm) + ¢11d] (22)
s.t. — (]_ —B—f—T) ¢+1d+¢p6 [u(qp) —¢+1d] Z k‘, (23)
st ¢pad = clgp) = u(gm). (24)

Solving the buyer’s constraint at equality for ¢ ,d and substituting it into (22), maximizing
over 0 yields a first order condition from which k, once substituted into this first order condition
using (23), enables to extract

[1— B+ 7+6¢,]&,c(gm) — BYE,ulgp)
T B+7+80,) G B

¢1d = 2 (gm, gp) = (25)

To solve for the quantities, note from (24) that g, = u™![c(gp)] which once inserted into

2 (gm,qp) yields one equation in one unknown g, of the form

2 (u™ [elap)]s 4p) = c(gp)- (26)

Definition 2 When buyers compete in quantities, a competing auction monetary equilibrium
is a list {z € R™, (gm, g) € [0, cj]z} such that g, verifies (26), gm = u![c(qp)] and z verifies

(25).

Proposition 3 There exists an equilibrium and it is unique. The posted price is unique so that
the distribution of money holdings is degenerate. The quantities traded (qp,qm) decrease with
the growth rate of the money supply. The dispersion in terms of trade (qp — gm) decrease with
the growth rate of the money supply T for low 6 and increases first then decreases for high 6.
See Fig. 2.

Proof. See Appendix. W
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Figure 3: Monetary policy and terms of trade dispersion when buyers compete in quantity.

Regardless of the quantity that is finally produced and consumed, the price is the same across
all shops so that the distribution of money holdings is degenerate and equal to the posted price.
When a buyer is alone he has sufficient bargaining power to impose (d, g,) that leave the seller
indifferent between producing or not. When two or more buyers show up, because they are not
constrained by their resources in their bidding strategy, competition leads to (d, g, ) that leave
the winning buyer indifferent between trading or not.

Increasing the money supply reduces the real value of money holdings and then the produced
quantities whether in pairwise or multilateral meetings. Whether it increases terms of trade
dispersion actually depends on the ratio of buyers to sellers and then on k (there will be less
buyers if k is high). When this ratio is small, the value of real balances is low so that increasing
the money supply decreases terms of trade dispersion by reducing the ability to distance oneself
from average terms of trade using one’s market power. For the same reason, when the ratio is

high dispersion increases first then decreases as is represented on Figure 3.

23



5 Conclusion

The main contribution of this paper is to turn the competing auctions environment into a fully
monetary economy in which it is now possible to study the influence of monetary variables
on the equilibrium allocation. The environment is competitive: sellers post terms of trade
taking into account competition from the market. It is monetary since buyers must decide how
much money to bring to the auction market. Finally search is directed since buyers allocate
themselves on the basis of expected net gains from trade and the probability to win the auction.
We have shown the existence of a unique symmetric monetary equilibrium and that increasing
inflation tends to decrease the quantity traded as for the number of buyers taking part into the
auctions. The optimal monetary policy is given by the lowest inflation rate compatible with
existence of an equilibrium.

We are not able to obtain closed form solutions for the posted quantity and the buyer-seller
ratio however. This is due to the complex auction environment that we have been working
with and is not related to the introduction money. Actually the introduction of money has an
interesting-and somehow simplifying-effect on the structure of the auction model: it replaces
an unknown distribution of private valuations with a known distribution of cash holdings, which
is what matters in the end for the allocation of the goods. But this is true only because we have
been working with homogenous agents that have the same private valuations. An immediate
extension would be to allow for heterogeneity among buyers’ private valuations and see how
the distribution of private valuations and the distributions of cash holdings interact on the
equilibrium allocation.

Finally, in the conclusion of their paper, Peters and Severinov (1997) acknowledge that
7it is difficult to think of markets in which sellers compete in reserve prices” in the manner
they describe, but hope that "the relatively simple limit equilibrium [they introduce] will make
it possible to discover the transaction costs that are missing from [their story]”. What our
research has shown is that 1) these missing transaction costs may well be the costs of holding

and using money, and that 2) as soon as money is introduced in auction theory, since its cost is
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proportional to the quantity auctioned, the quantity posted by sellers becomes the key variable

over which sellers compete rather than the reserve price.
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Appendix

A1l. Proof of Lemma 1

The seller’s objective and the buyer’s constraint are given by

max—e(a) +911 T P =1 / 2o (D)2

zes!
st Elx(m)] =—(1=5+7)6y, [ mdF(m)+
meS’
%P[X =n] ﬁu(q)mE/S/ F*"(m)dF(m) — /3¢+1m/ﬂ/ 2dF"(2)dF(m) » > k,

The integral in the second term of the seller’s objective corresponds to the expected gross

revenue for the seller. Using the definition of fg, , it is equal to

o (n—1)F"2(2) [l — F(2)] f(2)dz

zeS8’!
= n / 2[1 = F(2)]dF" (z)=n[z[1 - F(z)] F"! (z)]Z— n / [1—2f(2) — F(2)] F*1(2)dz
zeS! 28’

=n / [2f(2) + F(2) — 1] F" 1 (2)dz.
zes’

ﬂ! 0 e obtain

Taking the sum over n of the above expression multiplied by P[X =n] = %e

/[f( —12—6 nF" Y (2)dz

zes' neN
gt
_ / 1)+ F () =1] Y o
2€8’ neN*+
= 0/[zf(z)—i—F(z)—l]ee[lF(z)]dz.
zeS!

Factorizing by f(z) yields the expression in (14).

Since [ mdF(m) is nothing but the money demand, the first term of the constraint

meS’
corresponds to the cost to the economy of holding the money supply. Using similar techniques as
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above the second term simplifies into _Mg_q)_. Finally, carefully reversing the order of integration,

the double integral is the last term can be rewritten

7zdF”(z)dF(m)

¥4

2dF™(z) [1 — F(2)]

IS\E‘ E\g.

_ / f(2) + F(2) — 1] F™(2)dz.

zes'
It is straightforward to see that the sum over n of the above expression multiplied by P [X = n]

is equal to

/ 2£(2) + F(z) — 1] e~ 1-FCl g
seS’

which is the seller’s expected gross revenue divided by 6. Factorizing by f(z) yields the expres-
sion in (15).
A.2. Proof of Lemma 2

The seller’s objective and the buyer’s constraint can be written

—c(g) + ¢ / 2f(2) + F(2) — 1]z @7)
zeS'’
and
—i¢ / z2f(z)dz —1—# — e ? / [2f(2) + F(2) — 1] "7 @ dz > &/ (28)
ze S’ zes'
respectively. From (10), the density f(z) is given by
OF (z) ie’0
% flulg) ¢4 1 - icfin (A2}
We make the following change in variable, v = 1—ief In <%) so that dv = u(gef = dz and
e
g &
¢
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Introducing these values into (27)-(28), the first part of the integral in the seller’s objective

-0 | zf(2) OF(2) 2, for instance, transforms into
zeS’

e [ (ul@) = €7 [ulg) = clq)]) do

1

which has no ¢ in it. Using the same change in variable in (27)-(28) yields

14+e” fel g (1}111;;—0—91) — 1> dv] — e %u(q) (29)

s.t. —{ (u(q) —eie [u(q) — c(q)]) % + u(gq) _Ls(e 92 el > k/B, (30)

which do not depend on ¢.

A3. Proof of Proposition 1

From Lemma 2, ¢ is not a choice variable for the seller so we can focus on ¢ and 6.
(i): Existence. First let us note z = (¢,0) and X = Q x © with @ = [0,4] and © is a

closed set of Ry. Also let kK € K C R4

Let f: X x K — R be the objective function with f(x; k) = —c(q) + ¢¥(q,0) where ¥(q, )

is the gross expected payment to the seller and is given by

W(q,0) = 0 / [2f () + F(2) — 1] e P1F g,

ze S8’

Let I' : K — X be the correspondence (point-to-set mapping) defined by

(k)= {x : —Z'ngS—f—@ —%\I'(q,ﬁ) > k/ﬁ}

with Graph(k) = {(k,z) e K x X :x € T'(k)} .
Finally let
) = e @)
I (k)

m

st. x
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and

w*(k) = argmgxf(:fc;k)

st. z € T'(k).

with w* (k) = {q*(k), 0" (k)}.

The function f (x;h) is continuous in both x and k over the compact set X x K. Since X
is compact and Graph(k) is closed, I' is upper hemicontinuous. It is also lower hemicontinuous
and therefore continuous so that the theorem of the maximum applies (Stockey and Lucas,
1987, Theorem 3.6 p. 62) : v*(k) is continuous and w*(k) is non empty, compact valued and
upper hemicontinuous, which guaranties the existence of an equilibrium.

(ii): Uniqueness:

A .4. Proof of Proposition 3

Let us note L(gy) =z (u™* [c(gp)] ,qp) — c(gqp) which is given by

[L =B+ 7+ Bvp| el [dap)]) — BYpEmulap)
[L=B+7+Bp) € — B

One can see that L(0) = 0 so that a non monetary equilibrium in which money is not valued

— c(gp)-

always exists. Similarly one verifies that L(§) = 0, yet ¢ cannot be an equilibrium otherwise
from (23) the buyer’s net surplus would be negative.

Substituting 1, and &, for their values in 6, one obtains

146 —ef) w'(0)
1—é? (14 i6)

() =4

with i = tg& > 0. Since both 1+60 — ¢ and 1 — ¢’ (14 if) are negative for any § € Ry
then L/(0) > 0. By the intermediate value theorem there exists at least one ¢, € [0,4] such
that L(gy) = 0 and we choose u and ¢ so that there is a unique solution (which is the case for
instance with u(q) = /7 and ¢(q) = ¢).

In terms of limits we have limg_oL(gy) = lim, oo+ L(gp) = c(u ' [c(gp)]) — c(qp), the
solutions to which are 0 and §. Since ¢ cannot be an equilibrium we are left with ¢, — 0 when

either 6 — 0 or 7 — oco. Similarly one can show that ¢ — ¢ as  — co™t.
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