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Abstract

1. INTRODUCTION

These are some notes on a project I am working on as an extension of Williamson

(2005b). The basic idea is to explore the implications of market segmentation, where

the key novelty involves goods market segmentation and the proximity of connected

households to particular goods markets. A connected household is on the receiving

end of central bank actions, while an unconnected household is not.

This work is related to Tobin-Baumol segmented markets models such as Grossman
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and Weiss (1983), Rotemberg (1984), Alvarez and Atkeson (1997), Alvarez, Atkeson,

and Kehoe (2002), Alvarez, Atkeson and Edmonds (2002), and Chiu (2005). In

these models, there is some length of time (exogenous or endogenous) between the

acquisition of income and its expenditure on consumption goods. As a result money

injections by the central bank will have distributional effects. A problem with these

models is that, to obtain significant persistence of the effects of monetary policy on

nominal interest rates and real variables requires implausibly long lags between the

receipt of income and consumption expenditure. This seems hard to justify in a world

with ubiquitous cash substitutes and ATM machines.

Other related literature includes limited participation models studied by Lucas

(1990) and Fuerst (1992), and the monetary search environments of Shi (1997), Lagos

and Wright (2005), Shi (2005) and Williamson (2005a).

The environment includes consumer credit and the settlement of credit transactions

using outside money. As well, it incorporates several monetary policy instruments,

including open market operations, intraday credit, overnight lending, and the possi-

bility that interest can be paid on overnight reserve balances. The model contains

the basic mechanisms inherent in my earlier basic pure-currency model (Williamson

2005b), but is much richer in the kinds of policy actions it permits.

2. THE MODEL

There is a continuum of infinitely-lived households with unit mass indexed by i ∈

[0, 1]. Each household consists of a producer and a continuum of consumers with unit

mass, with a consumer indexed by (i, j), with j uniformly distributed on the interval

[0, 1]. The preferences of household i are given by

E0

∞X
t=0

βt
∙Z 1

0

log(cit(j))dj − v(nit)

¸
, (1)
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where t indexes time, 0 < β < 1, cit(j) is the consumption of consumer j who is a

member household i, and nit is the labor supply of the producer from household i.

Assume that v(·) is twice continuously differentiable and strictly convex, with v0(0) =

0 and v0(∞) =∞. The producer can supply an unlimited quantity of labor, and each

unit of labor supplied yields one unit of the perishable consumption good.

Each household resides at a separate location. There is a fraction α of connected

households, where 0 < α < 1. Connected households hold outside money as reserve

accounts with the central bank, and also can trade on bond markets. Each connected

household hasM1
0 units of outside money at the beginning of period 0. The remaining

fraction 1− α of households are unconnected, in that they hold outside money in the

form of divisible fiat currency and do not trade on bond markets. Each unconnected

household has M2
0 units of outside money in period 0.

There is an absence-of-double-coincidence problem in this economy. Each house-

hold produces a distinct good, and the good that is produced by the producer in a

household is not consumed by any of the consumers in that household. At the begin-

ning of the period, each consumer in the household receives a preference shock, which

determines the good that consumer wishes to consume during the period. Each con-

sumer then travels to the location of the household that produces his or her desired

good, purchases some quantity of that good (details of the exchange will be described

later), consumes, and then returns home. A given consumer cannot visit more than

one location, in addition to his or her home location, during a period.

For a consumer in a connected household, the probability that the consumer’s de-

sired good during the current period will be one sold by a connected household is

1− (1−α)π and the probability that the desired good will be sold by an unconnected

household is (1−α)π. For a consumer from an unconnected household, the probability

of that the consumer’s desired good during the period is produced by an unconnected

household is 1 − απ, and the probability is απ that the consumer’s desired good is
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produce by a connected household. For any consumer, the probability distribution

for desired goods, conditional on the desired good being produced by a connected or

unconnected household, is uniform. These meeting probabilities guarantee that the

flows of consumers going from connected to unconnected households, and from un-

connected to connected households, are equal each period. The parameter π governs

the interaction between connected households and unconnected households as groups.

That is, if π < 1 then the population of consumers arriving at a connected location

will have a greater proportion of consumers from connected locations than would be

observed arriving at an unconnected location, and similarly for unconnected loca-

tions. If π = 1, then the population of consumers is identical across locations when

consumers go shopping.

At the beginning of period t, consumers receive their preference shocks, and then

purchase goods from the appropriate households with credit. That is, consumers ex-

change IOUs for goods, and the IOUs are settled during the period. For the purposes

of clearing and settling IOUs, there are N clearinghouses, indexed by k = 1, 2, ..., N ,

and each clearinghouse has 1
N
households as members. Clearinghouse membership

is determined at random, so that each clearinghouse has a mass of 1
N
households as

members, and for a given clearinghouse the fraction of connected member households

is α. Let γ ≡ 1
N
.

When consumers arrive to purchase goods from a producer in a household, the

producer can determine in which cases the consumer’s and producer’s clearinghouses

are the same, and in which cases these clearinghouses are different. The law of large

numbers implies that each household will be selling to a fraction γ of consumers who

have the same clearinghouse membership, and to a fraction 1−γ whose clearinghouse

membership is different. In general, goods will be sold at different prices to the two

different groups of consumers, so that there are effectively two different markets for

goods on which each individual household producer sells.
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After households receive IOUs in exchange for the goods they have produced, the

IOUs are sent to the appropriate clearinghouse; that is, an IOU issued by a particular

household goes to the clearinghouse of which that household is a member. Thus, all of

the IOUs issued by a household’s consumers will at this point find their way back to

the household’s clearinghouse, and will represent debits on the household’s account

with its own clearinghouse, and the household will have received some IOUs from

other household’s that are also members of its clearinghouse, and these IOUs will

constitute credits on the household’s account with its clearinghouse. The household

will also have submitted IOUs to clearinghouses of which it is not a member, and will

therefore have credits against these other clearinghouses. At this point, settlement

among clearinghouses takes place, and connected households and the central bank

trade assets.

The sequence of events is as follows. First, connected households and the central

bank trade assets, then each household settles its account with its own clearinghouse in

outside money. For connected households this involves a transfer of reserve balances,

and for unconnected households a transfer of currency. Next, each household settles

with all other clearinghouses in a similar manner.

In the asset market on which connected households and the central bank trade,

there are three assets: reserve balances, within-period nominal bonds, and one-period

nominal bonds. In period t, a within-period bond sells for one unit of reserve balances

and is a claim to rt units of reserve balances at the end of the period, while a one-

period bond sells for one unit of reserve balances in period t and pays off Rt+1 units

of reserve balances in period t+1. One interpretation of these arrangements is that a

period is one day, borrowing by a household within the period is a daylight overdraft

with the central bank, and overnight borrowing and lending can be accomplished

through combinations of within-period and one-period borrowing and lending.

The key consequences of these payments arrangements can be summarized in the
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constraints faced by households, which will differ somewhat depending on whether

the household is connected or unconnected. We will consider equilibria where prices

depend only on the method of payment and whether the seller of the good is a

connected or unconnected household. Let p1t and q1t denote the prices at which a

producer from a connected household sells when payment is made in an IOU that is

cleared through the household’s clearinghouse, or another clearinghouse, respectively.

Similarly, p2t and q
2
t are the prices at which an unconnected household sells. The first

constraint faced by the household is a finance constraint, which is

[1− (1− α)π][γp1t c
11
t + (1− γ)q1t d

11
t ] + (1− α)π[γp2t c

12
t + (1− γ)q2t d

12
t ] + bt+1 + ft(2)

≤ itm
1
t + p1tx

1
t +Rtbt − τ 1t

In constraint (2), c11t denotes the consumption of consumers from the connected house-

hold who buy from another connected household with a clearinghouse in common and

p1t is the money price of those goods, while c
12
t is what is consumed by the consumers

who buy from an unconnected household with a clearinghouse in common, at the

price p2t . Similarly d11t and d12t denote what is consumed by consumers from a con-

nected household who buy from connected and unconnected households respectively,

but do not share a clearinghouse with the seller, and q1t and q
2
t are the corresponding

prices. As well, bt is the quantity of one-period nominal bonds acquired by the house-

hold in period t− 1, ft is the quantity of within-period nominal bonds purchased by

the household, and m1
t is the household’s beginning-of-period money balances. Here,

it denotes the gross nominal interest rate on reserve balances held from the end of

period t to the beginning of period t+1 (i.e. overnight). Finally, x1t is the quantity of

goods sold by the household’s producer to consumers who are members of the same

clearinghouse, and τ 1t is a nominal lump-sum tax paid to the government. Thus, con-

straint (2) states that total household expenditure on goods and nominal bonds must

be financed by the money balances with which the household begins the period, plus
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the IOUs acquired from consumers who share a clearinghouse with the household.

A connected household must satisfy its budget constraint, which is

[1− (1− α)π][γp1t c
11
t + (1− γ)q1t d

11
t ] + (1− α)π[γp2t c

12
t + (1− γ)q2t d

12
t ] + bt+1 + ft +m1

t+1(3)

≤ itm
1
t + p1tx

1
t + q1t y

1
t +Rtbt + rtft − τ 1t − τ 2t

In constraint (3) m1
t+1is the quantity of money carried by the household into the next

period, y1t is the quantity of goods sold to consumers who do not have a clearinghouse

in common with the household, rtft denotes the total nominal payoff on within-period

bonds, and τ 2t is a nominal lump-sum transfer paid to the government.

A key feature of the environment is that income earned by the household from

the sale of goods for IOUs which clear on the second round of settlement cannot be

spent until the following period. That is, constraint (2) is a type of cash-in-advance

constraint.

Similarly, an unconnected household faces the finance constraint

απ[γp1t c
21
t + (1− γ)q1t d

21
t ] + (1− απ)[γp2t c

22
t + (1− γ)q2t d

22
t ] ≤ m2

t + p2tx
2
t , (4)

and the budget constraint

απ[γp1t c
21
t +(1−γ)q1t d21t ]+(1−απ)[γp2t c22t +(1−γ)q2t d22t ]+m2

t+1 ≤ m2
t+p

2
tx
2
t+q

2
t y
2
t . (5)

Note that, in contrast to the connected household, the unconnected household does

not trade bonds, receives no government transfers, and does not receive interest on

its outside money balances, which are in the form of currency.

There are a number of restrictions in this model on the types of assets that can

be traded, and who can trade these assets. First, contingent claims markets are ab-

sent. As we will see, in the equilibria that we examine, all connected households

will be identical, and all unconnected households will be identical, but connected

and unconnected households would want to trade contingent claims if they could.
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However, the only interaction between these households is in meetings between con-

sumers and households. It is assumed that anonymity holds in these meetings, i.e. as

agents cannot be identified, contingent claims contracts cannot be enforced. Further,

clearinghouses are not able to verify particular contingencies and so they cannot act

as contingent-claim intermediaries. Second, unconnected households cannot trade

bonds, and bonds (at least some of them) cannot be used in settlement. Since bonds

must be purchased with reserve balances, the payoffs are in reserve balances, and un-

connected households cannot hold reserve balances, these households therefore cannot

hold bonds either. We assume that the government prohibits the issue of liabilities

that have the features of government-issued fiat currency, and so bonds cannot be

intermediated and used in transactions. Constraint (2) could be relaxed if a house-

hold’s clearinghouse would accept the IOUs of non-member households in settlement.

However, we assume that a clearinghouse does not have the means to verify the

authenticity of IOUs other than the ones issued by its members.

To normalize, we will suppose that the initial aggregate quantity of outside money

is unity, i.e.

αM1
0 + (1− α)M2

0 = 1,

and there are initially no outstanding government bonds. As well, all interest on

government bonds in periods 1, 2, ... is financed by the lump-sum transfers, so that

the aggregate quantity of nominal government liabilities is fixed at unity forever. Our

principal concern is in determining the effects of changes in the the composition of

the government’s debt, i.e. the effects of monetary policy. Let M1
t (M

2
t ) denote the

stock of money per capita supplied to connected (unconnected) households at the

beginning of period t, Bt the quantity of one-period government bonds per connected

household maturing in period t, and Ft the quantity of within-period government
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bonds maturing in period t. The government’s budget constraint is then

αM1
t+1+(1−α)M2

t+1 = itαM
1
t +(1−α)M2

t −αBt+1+RtαBt+(rt−1)αFt−ατ 1t−ατ 2t,

(6)

where B0 = 0. The lump-sum taxes that finance interest on the government debt are

levied in such a way as to have no distributional consequences, that is

τ 1t = (Rt − 1)Bt + (it − 1)M1
t (7)

and

τ 2t = (rt − 1)Ft (8)

The government chooses it, Bt+1, Ft, τ 1t, and τ 2t at the beginning of period t, possibly

in a random fashion. The gross interest rates Rt and rt are then market-determined,

and (6), (7), and (8) then determine the total quantity of aggregate outside money

in period t+ 1 on the left-hand side of (6).

3. OPTIMIZATION AND EQUILIBRIUM

In this section, our goals are to characterize the solution to the households’ opti-

mization problems, and impose equilibrium conditions.

For a connected household, given the household’s objective function (1) and its

constraints (2) and (3), and assuming an interior solution (which we must have in

equilibrium), intratemporal optimization gives

1

p1t c
11
t

=
1

q1t d
11
t

=
1

p2t c
12
t

=
1

q2t d
12
t

=
v0(x1t + y1t )

p1t
= λ1t +

v0(x1t + y1t )

q1t
=

rtv
0(x1t + y1t )

q1t
,

(9)

where λ1t denotes the multiplier associated with the household’s finance constraint

(2). In (9), the log utility functions of consumers imply that the household will

equalize expenditures across the household’s consumers at the optimum. This will give
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us considerable mileage in the analysis. Intertemporal optimization by a connected

household gives
v0(x1t + y1t )

q1t
= βit+1Et

µ
1

p1t+1c
11
t+1

¶
, (10)

and
1

p1t c
11
t

= βRt+1Et

µ
1

p1t+1c
11
t+1

¶
. (11)

Similarly, for unconnected households, given (1), (4), and (5), the analogs of (9)

and (10) are

1

p1t c
21
t

=
1

q1t d
21
t

=
1

p2t c
22
t

=
1

q2t d
22
t

=
v0(x2t + y2t )

p2t
= λ2t +

v0(x2t + y2t )

q2t
, (12)

v0(x2t + y2t )

q2t
= βEt

µ
1

p2t+1c
22
t+1

¶
. (13)

Next, in equilibrium the market clears for goods sold in connected locations for

IOUs that clear early,

γ{[1− (1− α)π]c11t + (1− α)πc21t } = x1t , (14)

for goods sold in connected locations for IOUs that clear late,

(1− γ){[1− (1− α)π]d11t + (1− α)πd21t } = y1t (15)

and for goods sold in unconnected locations for IOUs that clear early and late, re-

spectively,

γ[απc12t + (1− απ)c22t ] = x2t , (16)

(1− γ)[απd12t + (1− απ)d22t ] = y2t . (17)

Finally, asset markets clear, that is

Bt = bt, Ft = ft, M
1
t = m1

t , M
2
t = m2

t . (18)
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4. ANALYSIS

In this section, given the characterization of a competitive equilibrium from the

previous section, we obtain some results concerning prices and the effects of open

market operations.

First, note from (9) and (12) that, pit = qit if and only if λ
i
t = 0 and pit < qit if

and only if λit > 0, for i = 1, 2. Therefore, a consumer will pay a premium if he or

she purchases goods with IOUs that clear late, if and only if the finance constraint

binds. That is, so long as there is a binding finance constraint, then all income

received by the household from the sale of goods for early-clearing IOUs is spent in

the current period. However, income received from selling goods in exchange for late

clearing IOUs cannot be spent until the following period. Therefore, the household

will demand a premium to accept a late-clearing IOU. As well, from (9) we have

rt =
q1t
p1t
, (19)

where rt is the gross nominal interest rate on within-period bonds. Therefore, the

within-period nominal interest rate is greater than zero if and only if consumers pay

a premium when they make a purchase with a late-clearing IOU, i.e. if and only if

the finance constraint binds for connected households.

We will assume for now (and check this later) that the finance constraints (2) and

(4) always bind. Then, letting z1t (z
2
t ) denote nominal expenditure in period t by a

connected (unconnected) household, and given (2), (4), (6), (7), (8), and (18), we get

z1t = p1tx
1
t +M1

t +Bt −Bt+1 − Ft (20)

z2t = p2tx
2
t +M2

t . (21)

From (9), (12), (14), and (16), nominal expenditures in connected and unconnected
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locations, respectively, where payment is in early-clearing IOUs, is given by

p1tx
1
t = γ{[1− (1− α)π]z1t + (1− α)πz2t }, (22)

p2tx
2
t = γ[απz1t + (1− απ)z2t ] (23)

Then, substituting in (20) and (21) for p1tx
1
t and p

2
tx
2
t using (22) and (23), and solving

for z1t and z2t , we obtain

(1− γ)z1t =
[1− γ(1− απ)][M1

t +Bt −Bt+1 − Ft] + (1− α)πγM2
t

[1− γ(1− π)]
, (24)

(1− γ)z2t =
απγ[M1

t +Bt −Bt+1 − Ft] + {1− γ[1− (1− α)π]}M2
t

[1− γ(1− π)]
(25)

In (24) and (25), note that M1
t + Bt − Bt+1 − Ft is the quantity of outside money

available to a connected household at the beginning of period t after the the gov-

ernment makes asset trades, while M2
t is the quantity of outside money available to

an unconnected household. Then, (24) shows that the nominal expenditures by a

connected household on goods purchased with IOUs that clear late, (1− γ)z1t , equals

a weighted average of the quantities of outside money available to connected and

unconnected households. That is, when consumers from an unconnected household

make purchases from a connected household, some of the receipts of the connected

household is available to spend during the period. Since nominal expenditure by

unconnected households is in will tend to increase withM2
t , therefore nominal expen-

diture by connected households will tend to increase with M2
t as well, as we see in

(24). Note that the weight onM2
t in equation (24) is increasing in (1−α)π, the frac-

tion of consumers buying from a connected household who come from an unconnected

household. As well, the weight onM2
t in equation (24) is increasing in γ, the fraction

of goods transactions that are settled early in the period. Equation (25) shows a

similar relationship to (25) for an unconnected household rather than a connected

one.
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Next, we can determine the quantities of money per household in each location in

period t + 1. Given that the finance constraints (2) and (4) bind, from (2)-(5), (6),

(7), (8), and (18), we get

M1
t+1 = q1t y

1
t + Ft,

M2
t+1 = q2t y

2
t .

Therefore, from (9), (12), (15), (17), (24), and (25), we obtain

M1
t+1 =M1

t +Bt −Bt+1 −
(1− α)π [M1

t +Bt −Bt+1 − Ft −M2
t ]

[1− γ(1− π)]
, (26)

M2
t+1 =M2

t +
απ [M1

t +Bt −Bt+1 − Ft −M2
t ]

[1− γ(1− π)]
. (27)

Equations (26) and (27) show that, if the quantity of outside money available to

spend per connected households is greater than the quantity available per unconnected

households, then money will flow from connected to unconnected households, and

vice-versa. Note, in equations (26) and (27) that money flows are larger the larger is

π and the larger is γ. That is, π and γ determine the speed of diffusion of an outside

money injection by the central bank, which can occur either through an open market

purchase (Bt − Bt+1) or a daylight overdraft (−Ft). The parameter π governs the

degree to which households purchase goods from other households of the same type.

Note from (26) and (27) that, if π = 1, then diffusion occurs in one period, that is

M1
t+1 = α(M1

t +Bt −Bt+1) + (1− α)M2
t + (1− α)Ft =M2

t+1 − Ft

The parameter γ is the fraction of goods transactions volume that clears early in the

period, so that an increase in γ also speeds diffusion. Setting γ = 1 in (26) and (27)

gives the same result as setting π = 1, i.e. diffusion occurs in one period. However,

the economy with γ = 1 is one where outside money is not needed as a medium of

exchange.
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Now, to solve for an equilibrium, first let ψ1t and ψ
2
t denote total nominal expendi-

ture on the goods produced by a connected and unconnected household, respectively.

From (24) and (25) we get

ψ1t = [1− (1− α)π]z1t + (1− α)πz2t (28)

=
[1− γ(1− π)− (1− α)π](M1

t +Bt −Bt+1 − Ft) + (1− α)πM2
t

(1− γ)[1− γ(1− π)]

ψ2t = απz1t + (1− απ)z2t (29)

=
απ(M1

t +Bt −Bt+1 − Ft) + [1− γ(1− π)− απ]M2
t

(1− γ)[1− γ(1− π)]

Then, from (10), (22), (28), and since q1t y
1
t (1− γ) = p1tx

1
tγ, we get

v0(x1t + y1t )y
1
t

1− γ
= βit+1ψ

1
tEt

µ
1

z1t+1

¶
, (30)

and (10) and (22) gives
v0(x1t + y1t )x

1
t

γ
=

ψ1t
z1t

. (31)

Similarly, for unconnected households, we obtain

v0(x2t + y2t )y
2
t

1− γ
= βψ2tEt

µ
1

z2t+1

¶
, (32)

and (10) and (22) gives
v0(x2t + y2t )x

2
t

γ
=

ψ2t
z2t

, (33)

and (32) and (33) solve for x2t and y2t . Further, from (9) and (11) nominal interest

rates are determined by
1

Rt+1
= βz1tEt

µ
1

z1t+1

¶
, (34)

and

rt =
Rt+1

it+1
. (35)

A monetary policy is a stochastic process for {Bt+1, Ft, it+1}∞t=0 given B0 = 0 and

satisfying

M1
t +Bt −Bt+1 − Ft > 0
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and

1 ≤ it+1 ≤ Rt+1

for all t, which then determines a stochastic process for {M1
t ,M

2
t }∞t=1 given M1

0 and

M2
0 from (26) and (27). Then, we can use (24), (25), (28), and (29) to determine

{z1t , z2t , ψ1t , ψ2t}, which is an exogenous stochastic process. Then, the mathematics

involved in the solution is very simple. Equations (30) and (31) solve jointly for x1t

and y1t , equations (32) and (33) solve jointly for x
2
t and y2t (34) solves for Rt+1 and

(35) solves for rt, all for t = 0, 1, 2, ... . Then, the consumption allocation is given by

cijt = xjt
zit
ψj
t

, for i, j = 1, 2,

dijt = yjt
zit
ψj
t

, for i, j = 1, 2.
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