Avoiding the Inflation Tax"

Huberto M. Ennis

Research Department, Federal Reserve Bank of Richmond
P.O. Box 27622, Richmond, Virginia 25261

E-mail: huberto.ennis@rich.frb.org

I study the effects of inflation on the purchasing behavior of buyers in an
economy where money is essential for certain transactions (as in Lagos and
Wright, 2005). I show that higher inflation induces buyers to search for trans-
actions more intensively and buy goods of worse quality to avoid holding for
a prolonged period of time a fast depreciating asset like money. The standard
framework fails to capture this kind of effect and the modification proposed
in this paper sheds new light on the connection between the search and the

inventory models of money.

Keywords: Money, Random Matching, Search Intensity, Goods’ Quality.

August 5, 2005

*1 thank Leo Martinez for useful comments and discussions and Andrew Foerster for excellent research assis-
tance. The usual disclaimers apply. The views expressed here are those of the author and do not necessarily

reflect those of the Federal Reserve Bank of Richmond or the Federal Reserve System.
1



1. INTRODUCTION

There are two main effects of expected inflation on the demand for money by individuals.
First, when inflation increases agents tend to carry less money. Inflation acts as a tax on cash
transactions and when inflation increases agents tend to shift their consumption patterns away
from cash-intensive activities. This effect has been thoroughly studied in the literature and
it is the basic force that determines the welfare effects of expected inflation in the canonical
cash-in-advance model (see for example Cooley and Hansen, 1989).

The second effect of inflation on money demand is more subtle. When inflation increases agents
try to reduce the average time they carry a given amount of money necessary for a transaction.
In the words of Irving Fisher “when depreciation is anticipated, there is a tendency among owners
of money to spend it speedily” (Humphrey, 1993). In this paper I use a modern search-based
model of monetary exchange (Lagos and Wright, 2005) to formally study this second effect of
anticipated inflation.

Recently, a powerful modeling device has become common in the monetary economics litera-
ture: A growing number of articles assume that agents have the ability (at no cost) of rebalancing
their asset portfolios at the end of every monetary-trade interaction. Combined with quasilinear
preferences, this assumption results in a tractable simplification of the distribution of money
holdings and its dynamics. However, not everything that results from these assumptions is a
gain. Counter to the intuition held by Fisher and many others, in such a model increases in
inflation do not increase the willingness to trade of agents holding money. This result was high-
lighted, for example, by Lagos and Rocheteau (2005) who showed that in the canonical model
with search intensity when inflation increases agents tend to reduce their effort to engage in
(monetary) transactions.

I argue below that the result in Lagos and Rocheteau (2005) is an artificial consequence of
the timing of rebalancing implied by their setup. I consequently change the environment to
reduce the frequency of rebalancing in a way that makes it more in line with a situation where

rebalancing would be costly.! Then I show that in such a setup increases in anticipated inflation

1Lagos and Rocheteau take a different route in the second part of their paper. They change the pricing

mechanism to competitive price posting. They then find that for low inflation rates an increase in inflation raises
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tend to make agents more willing to trade in their money holdings, hence increasing their search-
for-trades intensity. I also show that a similar logic results in agents being more willing to buy
low quality goods when inflation is high.?

This paper is related to three strands of the monetary theory literature. First, the paper
attempts to contribute to our understanding of the forces at work in those search-based models
of monetary exchange and inflation which follow the seminal contribution by Lagos and Wright
(2005).> Second, the paper can be viewed as an intermediate step in establishing a connection
between the Lagos-Wright literature and the modern inventory-theoretic models of the demand
for money (see for example Jovanovic (1982), Alvarez and Atkeson (1997), and Chiu, 2005).
Finally, the paper is closely related to the literature that focuses on production and trading
inefficiencies originated in the interaction between inflation and search frictions (see for example
Tommasi (1999), Peterson and Shi (2004), and Head and Kumar, 2005).

The rest of the article is organized as follows. The next section describes the model. Section
3 studies the effect of inflation on buyers search intensity. Section 4 deals with the effect of
inflation on the pattern of trade between high- and low-quality goods. The last section provides

some concluding remarks.

2. THE MODEL

The model is a modified version of that in Lagos and Rocheteau (2005). Time is discrete.
There are two groups of agents: buyers and sellers. All agents are infinitely lived and discount
the future according to the discount factor 5 € (0,1). There is a measure one of buyers and a

measure one of sellers in the economy.

buyers’ search intensities. It seems still somewhat unattractive that in their model at high levels of inflation, for

which the Fisher intuition would seemed to be most relevant, search intensity is decreasing in inflation.
2Peterson and Shi (2004) present a related search model of money with a continuum of qualities of goods and

show that when inflation increases agents switch consumption towards the low quality goods. Their result hinges
on the induced relative price dispersion originated in the interaction between the heterogeneous quality of goods
and search frictions. They also study the determination of endogenous search intensity. However, all their results
are different in nature from the ones presented here since, in their model, effective rebalancing of money holdings

takes place at the end of every period.
3Precursors of this paper in the early money search literature are the papers by Li (1995, 1997).
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Fach period is divided into two subperiods. In the first subperiod, a subset of agents interact in
a decentralized market where buyers get randomly matched with sellers and trade anonymously.
When a buyer and a seller decide to trade, the buyer makes a take-it-or-leave-it offer to the seller.
There are two types of goods being traded in the decentralized market: A high quality good (H)
and a low quality good (L). The high quality good, when consumed, provides at least as much
utility to the buyers as the low quality good but it is equally costly to produce. Let ¢;u(q) be
the utility for the buyer consuming ¢ units of good ¢ with ¢« = H, L, where ¢; take the value g
if the good is high quality and ey, if it is low quality. Accordingly, we have that ey > er. The
seller’s cost of production is given by c(q) where ¢ is the quantity produced. A proportion o of
the sellers produce high quality goods and the rest produces low quality good.

Buyers choose a level of search intensity in the decentralized market that influences their
likelihood of being matched with sellers. Let e; be the level of search intensity chosen by buyer
7 and € the average search intensity in the economy. Increasing search intensity comes at a cost
and we denote by v(e) the utility cost of choosing search intensity e. Assume v'(e) > 0 and
v (e) > 0.

Matching in the decentralized market takes place according to the matching function (&, p),
where (i, is the measure of buyers in the decentralized market and p, the measure of sellers.
Assume that ¢(0, puy) = C(y, 0) = 0 and C(Euy, p1,) < minf{py, u,} for all @ > 0. The probability
for a buyer of being matched to a seller when choosing search intensity e; is given by ap; =
min{e;( (€, its) /€y, 1} and the probability for a seller of being matched to a buyer is given by
as = C(p, pig)/ b Assume that ((uy, 1) = aépy, for aé < 1 and g, otherwise. This matching
function rules out search externalities among buyers and simplifies matters significantly.

In the second subperiod, also a subset of agents interact in a centralized market and produce
and consume a “general” good. Let U(X) be the utility from consuming a quantity X of the
general good. These goods can be produced one-to-one with labor, from which agents experience
linear disutility.

The main modification of the environment relative to that in Lagos and Rocheteau (2005) is in

the ability of buyers to access the centralized market. Assume that buyers enter the centralized
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market every other period.* In particular, assume that half of the buyers visit the centralized
market on odd periods and the other half on even periods. Also assume that, in between visits
to the centralized market, agents can trade only once in the decentralized market, and that
consumption of the goods traded in the decentralized market takes place right before the agent
goes back to the centralized market.> Figure 1 illustrates this new timing. After a buyer exits
the centralized market (node S in the figure), in the first subperiod of the following period she
enters the decentralized market. If she gets matched with a seller and trades (node T), then she
is done trading, waits until the next period at which point she consumes the goods bought in the
decentralized market and goes back to the centralized market to rebalance her money holdings
(node C). However, if trade does not take place (node NT) then the buyer does not visit the
centralized market that period and goes back to the decentralized market in the following period
(node S’). After not visiting the centralized market for one period, the agent has access to the
centralized market regardless of whether she does or does not trade in the decentralized market.%

4Berentsen et. al. (2005) introduce a similar change in timing in the Lagos and Wright (2005) framework and
study the distributional effects of inflation.

5These assumptions are made for simplicity and to facilitate the comparison with the analysis in Lagos and
Rocheteau (2005). Later in the paper we discuss how relaxing these assumptions and allowing agents to trade
and consume twice between each visit to the centralized market would change the details but not the substance

of the results.
6 A similar timing could arise endogenously from assuming a fixed cost of entering the centralized market.
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This scheme describes the trading itinerary of buyers in the economy. Sellers, on the other hand,
have access to both markets every period.

I maintain the standard technical assumptions on the functions u, ¢, and U. That is, they are
twice continuously differentiable, u(0) = ¢(0) =0, ' > 0, ¢ >0, v” <0, " >0, U’ > 0, and
U” < 0. Also, there exists ¢ € (0,00) such that e;u/(¢}) = ¢/(¢f) for i = H, L. As in Lagos and
Rocheteau (2005) assume that U(X*) = X* with U’'(X*) = 1.

Finally, in this environment there is also an intrinsically useless, perfectly divisible and storable
asset that will be called money. The stock of money in period ¢ = 0,1, ... is given by M; = My >

0 and v > S.

3. SEARCH INTENSITY
In this section we will concentrate our attention on the effects of inflation over the choice of
search intensity. To simplify the presentation assume that ey = e, = 1, that is, all goods are
of the same quality. As it is standard in these models the agent’s holdings of real balances is
the relevant monetary decision variable. Hence, define z; = ¢,m; as real balances, where ¢, is
the price of money in the centralized market in period ¢t and m; is nominal money holdings. We

denote with 7,11 the inflation rate between periods ¢t and ¢ + 1 and we have that

Ti41 = —1.

Pt

The objective next is to study steady state equilibria with constant inflation and establish how
the endogenous variables (and, in particular, the level of search intensity) depend on the level of

inflation.
3.1. Equilibrium

Let W;(z) be the value for a buyer of entering the centralized market with z units real balances
in the second subperiod of period t; and let V() be the value for a buyer of entering the
decentralized market in period ¢ after holding z units of real balances, and not trading at t — 1.7
Also, define as ey, with k£ = 1,2, the search intensity chosen by an agent that was last in the

centralized market k periods ago. Then, the value function at time t for a buyer that went to

"The subscript 2 is used to indicate that the agent has not visited the centralized market in the previous period.
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the centralized market in ¢t — 1 is given by
Vie(ze) = n;ax Vit (2t, exe),
1t

where

2 — 23(2t)

Vi = Wi
1t(2¢, e11) = aen 8 <U [qe(2¢)] + t|: T

}) + (1 — aeqr)BVa,e41(20) — v(ewr)

and the functions q;(2;) and z{(z;) are the quantity of the good traded in the decentralized
market and the amount paid for that quantity, respectively. We will study the determination of
these values below.

The value function W;(z;) is given by
Wi(zt) = max {=ht + BVies1(ze41) }

subject to

241 =2+ he — Tep12041-

It is easy to see that Wy (z) = 2z + W;(0). Then, the value function V5 ;41(2:) is given by

Vait1(2t) = max {aea i (ulgrrr(z2,041)] — 21 (22,041)) + 22,041 + Wega (0) — v(ez,e41) }

where 22t+1 = Zt/(l + 7Tt+1).8

The sellers’ problem is simple. Sellers have no reason to carry money to the decentralized
market (see Lagos and Rocheteau, 2005) and they produce for the buyer as long as trading does

not reduce their welfare. The value function of a seller at the beginning of period ¢ is given by
Ve = as () [—e(ar) + Wi ()] + (1 — as () W7 (0),

where (g, z{) is an acceptable take-it-or-leave-it offer of a buyer and W (z) is the value function
of entering the centralized market in period ¢ with z units of real balances. It is easy to show
that W*(z) = 2z + V% ;.

8To see why 22,441 = 2¢/(1 + m¢41) note that the buyer chose m; nominal money holdings in the centralized
market in period t—1. Then, in period ¢, the buyer does not get to trade and hence has no access to the centralized
market. She then starts period ¢+ 1 with m; nominal money holdings, or 22 ¢41 = ¢¢+1my real balances, which

can be written as in the text.



When a buyer in the decentralized market holding z; units of real balances meets a seller at
time ¢ the terms of trade would depend on whether the buyer has visited the centralized market
the previous period or not. If she has, then she makes a take-it-or-leave-it offer (g, 2%) to the

seller that solves the following problem:

() — —2%
max u(q;) — ———
(qe,28) ‘ 1+mi

subject to
d d
7C(q) + Zt Z 07 Zt S Zty qt Z 0

Let ¢ be the quantity of goods that satisfies u'(q%) = ¢/(¢%)/(1 4+ 7). Then, the solution to this
problem is given by:

4 = qz,,, and 2d = clas,,,) ife(gs,,,) < 2,

g = c1(z) and 28 = z if c(qr,,,) > 2t

If the buyer has not visited the centralized market in the previous period then the offer satisfies

the same conditions as above with value of 7 fixed at zero. That is:

gt = q* and 28 = c(q*) if ¢(q*) < 22,4,

gt = ¢ Hzy) and 2l = 2o if ¢(q*) > 224,
where g¢*satisfies v/ (¢*) = ¢/(¢*). This is the usual take-it-or-leave-it offer that arises in the Lagos
and Rocheteau (2005) framework.

Let us define S(z) = u[q(z)] — 2%(2). Then, we have:

Varyi(ze) = max {aves1415(22,441) + 22,441 + Wig1 (0) —v(ea41)}

and the condition for optimality of ez ;41 (assuming an interior solution) is:

aS(ZZ,t+1) - UI(€2,t+1) =0.

For a given level of real balances, this condition is the same condition that determines the optimal
search intensity in Lagos and Rocheteau (2005). Since, in general, the surplus function S(z) is
increasing in z for the relevant range of values of z we have that the level of search intensity es
will be increasing in 2z ¢+41, and therefore, since higher inflation results in lower equilibrium real

balances, the equilibrium search intensity ey will be decreasing in inflation. This logic is just an
8



instance of the result in Lagos and Rocheteau (2005) (see the discussion below). For now, let us
call the solution of this equation for a given level of 29 +11 as €2 141(22,+1) (to simplify notation,
when clear, we will just write €3 ¢11).

Here, though, we want to concentrate in the direct effect of inflation on the choice of search
intensity eq; that is, on the decision over search intensity of an agent that, depending on her
trade experience, may or may not be holding the same cash balances at the beginning of the next

period. Let us then rewrite the function Vi4(z, e14) as follows

Vie(ze,exe) = aens [ S(z0) + Tt ot ()] +

(1 - ae1)8 [zt (r2ey) = v @oaen)| + Wit (12255) = vlern):

Then, for a given value of z;, the optimal value of ej; is the one that maximizes the function
Vit(zt, 1) where, by the Envelope Theorem, we can take the value of €3 41 as given.

To obtain the optimal value of z; we substitute the expression for Vj4(z;) in the expression for
the W;_1(0) and solve the maximization problem involved. Similar considerations as in Lagos
and Wright (2005) show that the function Vi;(z¢,eqt) is concave in z;. Also, for low levels of
inflation the optimal level of real balances satisfy the inequality z < ve(g*) < ().’

We will concentrate the attention on the set of steady state equilibria with constant inflation
rate. It is easy to see that in steady state 14 m; = y for all t. Then, we consider the set of steady
state equilibria indexed by v. We need to determine three key equilibrium variables to be able

to meaningfully describe a steady state. These variables are z(7¥), e1(7y), and ea(7y).

PROPOSITION 3.1. There exists a non-empty set of monetary economies for which the steady

state equilibrium search intensity ey (7y) is increasing in inflation.

Proof. The steady state equilibrium variables z(7), e1(7), and ex(y) must solve the following

system of equations:

as <§> —v/(e2) =0

9Note that if inflation is too high the inequality z < yc(¢*) may not hold because even if the surplus function
S (2) is constant for z > yc(g*), the agent may choose a higher value of z (one between yc(g*) and c(q¥)) if it

produces extra surplus when used for trading in the first period after visiting the centralized market.
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o [S(Z) ~aesS (3) 4 <1 _ %) 2o (ez)} —v(er) =0

dS(z)
dz

+1}+(1—a61)§[a62%+1}—%:0

ael [

This system, in general, is highly non-linear and hence difficult to characterize analytically. For
this reason, we use standard functional forms to compute solutions and then show that the effort
level e1(y) may be increasing or decreasing in v depending on parameter values.

Let the functional form for the utility function be u(q) = ¢*=7/ (1 —n) with 0 < < 1; also
assume that ¢(q) = ¢, v(e) = e¥ with ¢ > 1. We fix the values of ¢, 8, and o and compute e;

for different values of n and v. Let ¢ = 2, § = 0.96 and a = 0.5. Then we have the following

results:
Table 1
n = 0.60 n =0.65 n = 0.66 n = 0.69 n=0.70 n=0.72
e1(1.05) 0.24904 0.29045 0.29783 0.31696 0.32195 0.32883
e1(1.07) 0.24525 0.29009 0.29802 0.31872 0.32418 0.33195
e1(1.15) 0.22390 0.28358 0.29408 0.32175 0.32937 0.34124
e1(1.17) 0.21760 0.28106 0.29221 0.32171 0.32990 0.34288

Table 1 shows that for a given level of inflation search intensity tends to be increasing in inflation
for higher values of 1. The threshold value of n above which search intensity is increasing in
inflation, in turn, depends on the level of inflation. When inflation is at around 5% the threshold
value of 1 is between 0.65 and 0.66 while when the inflation level is around 15% the threshold
value is between 0.69 and 0.70.1° [ ]

This proposition stands in sharp contrast with the result in Proposition 1 of Lagos and Ro-
cheteau (2005), where they show that in their model the equilibrium level of search intensity
is always a decreasing function of inflation. The following discussion provides intuition for the

result and assesses its generality.

10This is because the equilibrium value of z is increasing in n and the search intensity tends to be increasing in
inflation when z is larger (because this implies a large “tax base” for the inflation tax). Similarly, when inflation
is high, the equilibrium value of z is low and the search intensity is increasing for a smaller set of values of .
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3.2. Discussion

First, let us briefly review the result in Lagos and Rocheteau (2005). Since they assume that
the buyer visits the centralized market every period, for interior solutions of the agent’s problem,

the steady state values of z and e; solve the following system of equations:

Fi(e1,2) = aS(z) —v'(e1) =0,

and

dS(z) Y
e +1 ﬂ—().

Fy(e1,2;7) = ae

Figure 3 plots this system of equations in the (eq, z)-plane. The system defines two implicit
functions z(y) and e;(7), and Lagos and Rocheteau show that these two functions are both
decreasing in . In other words, they show that higher steady state inflation is associated with
lower equilibrium per capita real balances and lower search intensity (from point A to point B in
the figure). The logic behind this result is simple. For higher levels of inflation the buyers have
lower incentives to carry money to the next period. As a result, equilibrium consumption in a
match is lower. Since the net benefit of consuming S(z) is increasing in z (at the equilibrium
point), higher inflation implies a lower net benefit of trading. The marginal benefit of increasing
search intensity is given by «aS(z) and hence, higher inflation levels are associated with lower
marginal benefits of searching, which in turn results in lower equilibrium levels of search. It is
worth observing here that a very similar logic explains the behavior of es in the model in this
paper.

The result in Lagos and Rocheteau (2005) is more general than it may appear. In fact,
modifying a standard cash-in-advance model to introduce a choice of trade effort delivers the
same conclusion: higher steady state inflation results in lower trading effort (see Appendix A for
details). In the standard cash-in-advance model the inflation tax applies to money holdings at the
beginning of the period, and it does not depend on whether the agents spend or not their money
during the period. Changing the timing so that agents can use for transactions the cash obtained

in the current period (but have to hold any money not spent until next period) will change the
11



result.!! Tt is interesting to note, however, that in the Lagos and Wright (2005) framework the
same change in timing does not revert the Lagos and Rocheteau (2005) result. This is the case
because the buyers have all the bargaining power and when the sellers find themselves holding
cash in an inflationary environment, all the inflation costs associated with it are passed to the
buyers during price negotiation. In the end, the buyer bears the entire inflation tax and cannot

avoid it by searching more.'?

e 1 Fu(¥)

N Y

Figure 3: Lagos and Rocheteau (2005)

Let us now go back to the model in this paper and explain why e;(7) can be increasing. Since
the logic behind the behavior of es has already been studied in Lagos and Rocheteau (2005), to
simplify the presentation in what follows we assume that buyers cannot choose the value of es.
To minimize notation assume that the probability of getting matched after not being matched

the previous period is s and that there is no utility cost associated with the fixed effort es.

HMcCallum and Goodfriend (1987) set up a model where time devoted to transactions and money are substi-
tutes (see also the discussion in Lucas, 2000). For a given level of consumption, by holding more money the agent
can reduce the required amount of time devoted to transaction. Higher inflation will increase transaction time
in such a model. The result, though, hinges on a reduce-form transactions function, which may be regarded as

somewhat arbitrary.
12This is yet another instance where explicitly modeling transactions as in Lagos and Wright (2005) implies a

different result from that in the reduce-form cash-in-advance model.
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The equilibrium conditions are then:

of {S(Z) — a,8 (3) 4 <1 _ %) z} —(er) = 0,

ae1 3 <dszj) + 1> +(1— Ozel)g <a2—d;;(;/$) + 1> - % =0.

For the subject of this paper, the key term in the system of first order condition is [1 — (1/7)]z

and

in the first equation.'® Note that when inflation increases (that is, when «y increases) this term
increases, in turn increasing the marginal benefit of searching more intensively.

91 A -,

N Y

0

Figure 4: New Timing - Effort Increasing in Inflation

To see the way this direct incentive to search due to inflation works, consider the extreme case
where as =~ 0. Clearly, by continuity, the ideas also apply to the more general case. The first
order conditions then reduce to

0B [S(z) + <1 _ %) z} —(er) =0, (1)

and

dS(2)
aeq dz

L
+ {ael+(1ael)— ——5 =0. (2)
7B
3For high values of 1 the implicit function ej(z) defined by the first expression may be decreasing in the
relevant range. In such case the equilibrium e is always an increasing function of inflation v (see Figure 3).
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Figure 4 plots this system of equations in the (e, z)-plane. First note that, as in most monetary
models, a higher level of inflation reduces the incentives of agents to use money. This effect is
represented by the second term of equation (2) and was (partially) present in Lagos and Rocheteau
(2005). (Here, the effect is amplified by the fact that sometimes agents will hold their money
balances for two periods.) But then, if the term [1 — (1/7)]z were not in equation (1) the forces
studied in Lagos and Rocheteau (2005) would make the equilibrium level of search intensity
decreasing on the level of inflation. However, in the model in this paper a higher search intensity
ey decreases the agents’ probability of holding money for two periods, and in this way, allows
them to partially avoid the inflation tax. This extra benefit of searching brings about the inflation
term in equation (1) and opens the possibility that the equilibrium level of e; be higher when

inflation is higher (from point A to point C in the figure).

4. QUALITY OF GOODS
In this section we will concentrate on the effect of inflation on the quality of goods purchased
in the decentralized market. For simplicity, assume that v(e) = 0 for all e and hence agents set
their search intensity equal to 1/« and « = 1. In this environment, buyers in the decentralized
market always find a match. However, they may sometimes choose not to trade. In particular,
since not all sellers produce the high quality good, under certain conditions, buyers may rather
wait than trade with low-quality sellers. We provide a formal characterization of these conditions

next.14

4.1. Equilibrium

The expression for the value function of a buyer entering the centralized market at time ¢ with
z units of real balances, W;(z), is the same as in the previous section. Then, using the linearity

of W, the value function for a buyer with z; units of real balances at the beginning of period ¢

14When the buyer can go to the centralized market every period this model is a special case of the model with
match-specific uncertainty presented in Lagos and Wright (2004). In that model, buyers always trade. See also
Lagos and Rocheteau (2005).
14



is now given by the following expression:

Vid(zt) = of [EHU lqu (ze)] + Wi (LM)] +

1+mi

(1 — o)Bmax {8Lu [qz(2¢)] + Wi (&M) 7V2,t+1(zt)} :

147

where V5 411(2;) is the value function of a buyer entering the decentralized market in period
t + 1 after not having traded in period ¢. It is easy to see that if buyers anticipate going to the
centralized market in the second subperiod then they will always choose to trade regardless of

the quality of the good (as long as .S; > 0). Then, the function V5 441(2;) is given by

Voir1(zt) = 0Su(22,441) + (1 — 0)SL(22,041) + Wit (22,641) -

where S;(2) = gu[gi(2)] — 2§(2), with i = H, L, and 22441 = /(1 4 m41). Let (q:(2), 20(2))
be the take-it-or-leave-it offer that a buyer carrying z units of real balances gives to a seller in a
match. Then if the buyer visited the centralized market in the previous period the offer satisfies:

qi(2) = qf and z{(2) = ¢(q},) if e(g}y) < 2,

qi(2) = ¢ 1(2) and 2%(2) = z if c(q},) > 2.
On the other hand, if the buyer did not visit the centralized market in the previous period then
the offer satisfies:

ai(2) = g and 20() = (@) if elg?) < 2.

qi(2) = c71(2) and 24(2) = z if ¢(q}) > 2.

It can be shown that (1 4+ 7)c(qf) < c(q};) and qf, < ¢j;.. Then, in equilibrium 2, will be
always lower than c(qf;.) but it may be larger than c(qj,.). To see this, note that the surplus
of a buyer that visited the centralized market in the previous period and met a type i seller is
an increasing function of z for all z lower than ¢(q} ). Then, even if carrying additional units
of money would not increase the surplus obtained when the seller produces low quality goods,
it may increase the surplus when the seller produces high quality goods, and this extra surplus
may be enough to give the buyers incentives to carry the extra money.'?

As before, we concentrate in steady state equilibria with a constant inflation rate. Let z, be the

steady state equilibrium real money balances when gross inflation equals v. Whether potential

15This point was made by Lagos and Wright (2004) in a generalization of this environment, but where agents

go to the central market every period.

15



buyers always buy the low quality good will depend on two factors: (i) the level of inflation; and
(ii) the relative quality of the high-quality good. For this reason, we will fix the value of ¢, and
study the (steady state) equilibrium set in the space of v and eg. Recall that by assumption
EH Z €.

First define 27, as the value of real money holdings in an economy where ez = €7, We know

that zr solves the following equation

S/L(ZLW) +1-— A =0.

P
In what follows, we will only consider values of the inflation rates such that zr, > 0. Let 7y be
the highest inflation rate such that zr, > 0. The value of % is always positive and depends on
the properties of the utility function. For some utility functions, zr, would be positive for all
possible inflation rates and hence 7 = oco. However, we do not need to make this assumption
here.

Now note that in steady state we have that

‘/2 (Z7€H7778H) = O'SH (ZW/;H 78H) + (1 - G)SL <ZW%) +W’Y€H (Z’Y;H> .

where z,¢,, indicates the steady state equilibrium real balances when inflation is equal to v and the
utility from consuming the high quality good is given by egu(q). Let us now define the auxiliary
function G(zye .7, €m) = S (2yen) +[1 = (1/ )] 24 (2ye) + Wae (29¢5 /7) = Va (24, s €1)- IE
G(2vyey v, €m) > 0 then buyers always trade the low quality good and if G(2ye,,7,em) < 0 then

buyers only trade the low quality good after not trading for one period.

PROPOSITION 4.1. (1) For any v > 1 (with v < 7) there exist €4, > e, such that for all
en < el (with ey > 1) we have that G(2yey,,7,6m) > 0.
(2) For any ey > ey, there exist vT > 1 such that for all v < 4T (with v > 1) we have that

G(2yey,v,€m) < 0.

Proof. The function G(2ye,,7,€x) is continuous in v > 1 and ey > ¢;. We can rewrite

G(2ven,7v,€m) as follows

LT O B Ct R o Y R e
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To prove the first statement of the proposition, note that

1
s;}LIIlsL G(ZWsH,’)/,é‘H) = [SL (ZLw) - Sr <%):| + <1 — ;) ZL~y-

Since Si.(z) is increasing in z for z < ¢(gj,) and constant for z > ¢ (g} ) we have that St (z1,) —
St (z—f{”-) > 0 which implies that lim., ., G(2ye,,7,€m) > 0. The first statement of the
proposition is a direct implication of this result.

To prove the second statement note that

%1_{111 G(2vep,V,€0) = =0 [SH (21e4,6H) — SL (214 )] -

It is easy to see that for any ey > ¢ and any positive z we have that Sy (2) — Sr (2) > 0.
Hence, it follows that lim, .1 G(2ye,,7,€r) < 0 and the second statement of the proposition is
a direct implication of this result. |

The proposition shows that when the high-quality goods are not much better than the low-
quality goods there is an inflation rate for which potential buyers buy the low-quality good in
every opportunity they get (statement 1). Furthermore, for those relative qualities of goods there
is also a low enough inflation rate such that buyers not always buy the low quality good when
they have the chance (statement 2). This result captures the idea that when inflation is high,

agents tend to become less choosy, hence buying goods of lower quality.

4.2. Discussion

Under the standard Lagos and Wright (2005) timing agents have access to the centralized
market every period, irrespective of their trading experience. When this is the case and a buyer
with z; units of real balances meets a seller producing low quality goods the value for the buyer
of accepting the trade is epu [qr ()] + Wy [z — 2§ ()] = SL(2¢) + Wi(z:), while the value of not
trading is W;(z;). Hence, as long as Sp.(z:) is positive the agent always chooses to trade and the

value of holding z; units of real balances at the beginning of period t is given by
Vie(zt) = 0Su(z) + (1 — 0) Sp(2t) + 2 + Wi(0).

In other words, in the Lagos and Wright (2005) framework it is never the case that inflation

changes the likelihood of trade for low-quality producers. This result is, of course, in stark
17



contrast with the proposition in this section which shows that, under the new timing, agents
become more choosy at low inflation levels and may choose to wait for high quality goods before
trading.

In the model of this paper agents do not choose whether to be high- or low-quality producers.
It is a straightforward extension to introduce this kind of extensive margin. Note however that
to make the (potential) sellers’ decision interesting we would need to change the bargaining rule
being used. Basically, if buyers have all the bargaining power as it is the case in this paper,
then sellers will always be indifferent between producing low- or high-quality goods: Sellers
always get zero surplus from trade. However, a simple sharing rule for which the seller obtains a
differential surplus from producing and trading the alternative qualities is not hard to implement
(see Rocheteau and Waller, 2004).

Such a modification of the basic model would allow us to capture the kind of inefficiencies in
production that Tommasi (1999) seeks to stress in his analysis of the welfare cost of inflation. If
as it was shown here, under high inflation buyers are more willing to buy low quality goods in an
effort to quickly spend their depreciating money holdings, then higher levels of inflation open the
door to the possibility that more sellers, anticipating the favorable trading behavior of buyers,
become (inefficient) low-quality producers.

One important dimension that was left unexplored in this section is the possibility that buyers
respond to inflation by increasing the number of sellers that they sample every period. Note
however that by not (always) trading with low-quality sellers, the buyers get to sample two
sellers while holding a given batch of money balances. But the intensity of sampling is fixed in the
model. Specifically, I have (exogenously) restricted each buyer to meet a single seller every period.
One possibility to relax this assumption is to allow the level of search intensity to meaningfully
influence the probability of a match, as in the previous section. Another alternative is to model
more explicitly the within period sampling decision of buyers. In this line of research, Head
and Kumar (2005) study a related economy where information frictions create a nondegenerate
distribution of prices and buyers can choose the number of sellers that they wish to sample
per period. With this added flexibility they are able to show that the number of sellers that a

“representative” buyer samples in equilibrium increases with inflation. However, their result is

18



a consequence of the fact that inflation increases the relative price dispersion in the economy.
Combining Head and Kumar’s (2005) approach with the timing in this paper may reinforce their

result.

5. CONCLUDING REMARKS

Lagos and Rocheteau (2005) assume that it is costless for an agent to visit the centralized
market, and hence, the agent visits this market every period. Of course, Lagos and Rocheteau
take this assumption directly from the original paper by Lagos and Wright (2005). This is a
simplifying assumption that has shown to be very useful to answer many interesting questions.
But it comes at a cost. In particular, models with this assumption fail to capture the common
Irving Fisher’s intuition that when inflation is high agents want to use their money holdings more
quickly. That is, the idea that when inflation is high, money becomes a “hot potato.”

This paper provides a simple modification of the Lagos and Rocheteau (2005) model to illus-
trate a feature of the economic environment that can create a “hot potato” effect of inflation.
In particular, I show that one way to generate this kind of effects is to have agents not visit the
centralized market every period. Clearly, this would be the case if there were some fixed cost of
visiting the centralized market. Such fixed transaction costs are not far-fetched and, although
they may well be less important today than in Fisher’s days, they are probably still important
determinants of the reaction of the economy to relatively high levels of expected inflation. The

next natural step is then to explicitly model these transaction costs.
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APPENDIX 1: THE CASH-IN-ADVANCE ECONOMY

Consider the following minor variation of the standard cash-in-advance economy: agents can

exert some trade effort e to increase their probability of making a trade, ae. Aside from this

modification, consider an economy that is similar to that presented in Cooley and Hansen (1989),

but with linear production and no capital. Trade effort has a utility cost v(e), with v > 0 and

v” > 0. Also as in Cooley and Hansen (1989), the representative agent in the economy has

quasilinear preferences (i.e., linear in work effort h;).

The problem of the agent is

maxiﬁt [aesu(cr) — he — v(ey)]

t=0

subject to the budget constraint:

aercy + (1 + m1)ze41 + b1 = hy + 20 + Reby + 74,
20



where b; is a real bond and 7 is a transfer; the cash-in-advance constraint ¢; < z;; and the
standard non-negativity constraints. Assume that 7, = 7, constant for all ¢ and concentrate in
steady state equilibria. Assume also that 7 is high enough that the cash-in-advance constraint
is binding. In particular, 7 > (3. Then, the following system of equations characterizes the

equilibrium levels of consumption (¢ = z) and trade effort (e):

aclu'(z) —1] = :

alu(z) —z] = V/(e).

Denote by [é(m), Z(m)] the solution of this system. Then, it is easy to see that de(w)/dr < 0.
The logic is similar to the one explaining the result in Lagos and Rocheteau (2005): Since 7 > (3,
we have that /() > 1 and hence u(Z) — 7 is increasing in z. An increase in 7 tends to reduce
z and hence it reduces the marginal benefit of exerting trade effort given by a[u(z) — z]. As a
consequence, agents exert less trade effort.

By increasing the trade effort in period ¢ the agent will increase the likelihood of spending z;.
However, this effort does not reduce the inflation tax w2, paid by the agent, which in the standard
cash-in-advance setup applies to cash balances at the beginning of the period (independently of

whether those balances are later used during the period).
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