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41 LQWURGXFWLRQ

4141 Ryhuylhz

Wkurxjkrxw pxfk ri klvwru|/ wkh whup �prqh|� kdv uhihuuhg wr d vwrfn

ri frpprglw| prqh|/ w|slfdoo| jrog ru vloyhu/ vxssohphqwhg e| d vwrfn ri

sulydwh flufxodwlqj oldelolwlhv wkdw riwhq frqvwlwxwhg vrph nlqg ri fodlp wr

wkh frpprglw| prqh|1 Riwhq wkhvh sulydwh flufxodwlqj oldelolwlhv pdgh xs

wkh exon ri wkh prqh| vxsso|1 Wrgd| wkh whup �prqh|� lv prvw frp0

prqo| xvhg wr uhihu wr d jryhuqphqw0lvvxhg �dw prqh|/ vxssohphqwhg e|

d vwrfn ri sulydwh oldelolwlhv +ghsrvlwv, wkdw fdq hdvlo| eh xvhg wr pdnh

sd|phqwv1 Djdlq/ wkhvh sulydwh oldelolwlhv riwhq frqvwlwxwh wkh exon ri wkh

prqh| vxsso| dqg duh w|slfdoo| d fodlp wr rxwvlgh prqh|1 Lpsruwdqwo|/ lq

hlwkhu klvwrulfdo ru prghuq frqwh{wv/ qrw mxvw dq|rqh*v oldelolwlhv kdyh ehhq

uhjdughg dv sduw ri wkh prqh| vxsso|1 Klvwrulfdoo| wkh sulydwh flufxodwlqj

oldelolwlhv uhjdughg dv sduw ri wkh prqh| vxsso| zhuh qrwhv lvvxhg e| edqnv1

Lq prghuq frqwh{wv/ wkh sulydwh oldelolwlhv uhjdughg dv sduw ri wkh prqh|

vxsso| frqvlvw ri ydulrxv nlqgv ri edqn ghsrvlwv1

Lq vkruw/ oldelolwlhv lvvxhg e| fhuwdlq nlqgv ri �qdqfldo lqwhuphgldulhv kdyh

dozd|v sod|hg d vshfldo uroh lq pdnlqj sd|phqwv�d uroh sod|hg e| wkh

oldelolwlhv ri qr rwkhu djhqwv1 Pruhryhu/ wkh oldelolwlhv xvhg kdyh yluwxdoo|

dozd|v ehhq wkrvh ri edqnv= Hqwlwlhv wkdw udlvh uhvrxufhv e| lvvxlqj wkhlu

rzq oldelolwlhv/ dqg zkr wkhq ohqg wkh uhvrxufhv wkh| rewdlq1

Prvw prghuq wkhrulhv ri lqwhuphgldwlrq irfxv rq wkh uroh ri edqnv lq

vhuylflqj ordqv ru lq lqvxulqj ghsrvlwruv1 Lq wkhvh wkhrulhv/ edqn oldelolwlhv

sod| qr sduwlfxodu uroh lq pdnlqj sd|phqwv1
�

Wkhvh wkhrulhv wkhuhiruh ehj

wkh txhvwlrq ri zk| wkh oldelolwlhv ri �qdqfldo lqwhuphgldulhv kdyh doprvw

dozd|v ehhq jlyhq vxfk d surplqhqw uroh dv sd|phqwv lqvwuxphqwv1 Ru sxw

rwkhuzlvh/ wkh| gr qrw dgguhvv wkh txhvwlrq ri zk| wkh dfwlylw| ri ohqglqj

kdv w|slfdoo| ehhq frxsohg zlwk wkh dfwlylw| ri lvvxlqj d sd|phqwv phglxp1

Wklv vhhpv olnh dq lpsruwdqw rplvvlrq/ hvshfldoo| vlqfh pdq| hfrqrplvwv

kdyh dujxhg wkdw lw lv lpsruwdqw wr vhsdudwh wkh dfwlylw| ri ohqglqj iurp

wkh dfwlylw| ri lvvxlqj oldelolwlhv xvhg lq pdnlqj sd|phqwv1

Lq wklv sdshu zh exlog d prgho lq zklfk lqwhuphgldwlrq rffxuv rqo| eh0

fdxvh lqwhuphgldu| oldelolwlhv duh hvvhqwldo lq hqdeolqj djhqwv wr pdnh sd|0

phqwv1 Lq dgglwlrq/ lq rxu prgho rqo| lqwhuphgldu| oldelolwlhv duh xvhg wr

� �q�S,[IgZd LXNiY,hGO�^ZLVO�^ZL�Y,`�\ LXNb]�LV^!S�a6Lt\ U [I\ UZQ \ UZWXd PZQZLtmB\ S,[IY,U!Q S,UZQ mBRf�a\ eE��x��,�6}6�_o
KE\ d d \ S6[(N�Y,U ��x����6{���oZS6UZQir�Y�RQTS,UZQ���`�L�N�W�Y�O�O���x�����{6��k
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pdnh sd|phqwv/ hyhq wkrxjk lw lv dovr ihdvleoh wr xvh wkh oldelolwlhv ri rwkhu

djhqwv iru wklv sxusrvh1 Wkh prgho dovr vkhgv oljkw rq vhyhudo rwkhu lv0

vxhv ri lpsruwdqfh lq prqhwdu| hfrqrplfv1 Iru lqvwdqfh/ lw doorzv xv wr

ghvfuleh wkh qdwxuh ri d jhqhudo htxloleulxp lq dq hfrqrp| zkhuh lqwhuph0

gldu| oldelolwlhv frqvwlwxwh hlwkhu wkh vroh phdqv ri sd|phqw/ ru frpsohphqw

d vwrfn ri rxwvlgh prqh|1
�

Zh dqdo|}h vwhdg| vwdwhv dv zhoo dv g|qdplfdo

htxloleuld1 Wkh dqdo|vlv ri g|qdplfdo htxloleuld lv lpsruwdqw vlqfh lw kdv

riwhq ehhq dujxhg wkdw wkh xvh ri sulydwho|0lvvxhg/ flufxodwlqj oldelolwlhv lq

h{fkdqjh lv d irupxod iru jhqhudwlqj lqghwhuplqdflhv ri htxloleulxp dqg

h{fhvvlyh hfrqrplf yrodwlolw|1

Wkhuh duh pdq| dqrpdolhv lq wkh klvwrulfdo uhfrug uhjduglqj wkh lvvxh ri

flufxodwlqj oldelolwlhv e| edqnv1 Iru h{dpsoh/ klvwrulfdoo| wkh lvvxh ri qrwhv

e| edqnv zdv sur�wdeoh exw dgglwlrqdo hqwu| lqwr edqnlqj ru h{sdqvlrq

ri wkh vwrfn ri edqnqrwhv lq flufxodwlrq glg qrw rffxu1 Shukdsv wkh ehvw

nqrzq lqvwdqfh ri wklv skhqrphqrq rffxuuhg xqghu wkh Qdwlrqdo Edqnlqj

V|vwhp lq wkh X1V1/ zkhuh Fdjdq +4<96, revhuyhg wkdw wkh dyhudjh sur�wv

dvvrfldwhg zlwk qrwh lvvxh zhuh kljk/ exw wkdw dw wkh vdph wlph/ edqnv

qhyhu lvvxhg wkh ixoo txdqwlw| ri qrwhv wkdw zdv srvvleoh xqghu h{lvwlqj

uhjxodwlrq1 Zh eholhyh wkdw rxu dqdo|vlv vkhgv oljkw rq wklv �edqnqrwh

xqghulvvxh sx}}oh1� Lq sduwlfxodu/ zh vkrz wkdw wkh h{lvwhqfh ri dyhudjh

sur�wv iru lqwhuphgldulhv lv frqvlvwhqw zlwk olplwv rq wkh txdqwlw| ri qrwhv

lvvxhg1 Pruhryhu/ vxfk sur�wv lq qr zd| lpso| wkdw wkh zhoiduh ri djhqwv

rshudwlqj lqwhuphgldulhv zdv sduwlfxoduo| kljk1

Wkh iudphzrun zh ghyhors dovr doorzv xv wr dvn krz wkh xvh ri lqwhuph0

gldu| oldelolwlhv lq h{fkdqjh zloo eh d�hfwhg e| wkh lqwurgxfwlrq ri rxwvlgh

prqh|/ ru e| wkh h{sdqvlrq ri wkh rxwvlgh prqh| vwrfn1
�

Lqwhuhvwlqjo|/ lq

wkh devhqfh ri dgglwlrqdo uhjxodwru| lqwhuyhqwlrqv/ sulydwh flufxodwlqj old0

elolwlhv fdq xqghu qr flufxpvwdqfhv eh ixoo| vxssodqwhg e| rxwvlgh prqh|1

Wkh flufxodwlrq ri lqwhuphgldu| oldelolwlhv lv uhtxluhg lq rughu wr pdnh wudghv

ehwzhhq fhuwdlq vhwv ri djhqwv ihdvleoh1 Jlyhq wklv revhuydwlrq/ zh fdq wkhq

dvn krz jryhuqphqw0frqgxfwhg prqhwdu| srolf| fdq eh xvhg wr d�hfw uh0

vrxufh doorfdwlrqv/ wkh zhoiduh ri ydulrxv djhqwv lq wkh prgho/ lqwhuphgldu|

sur�wv/ dqg wkh xvh ri sulydwh flufxodwlqj oldelolwlhv1

� KML�^ZS�a�LqUZY,O;\ UZWXd PZQZL�QGS,U*S,UZS6d RN�\ N;Y,h�O�^!\ N;[IY�QZL�d,]J\ O�^GY,PZO�N�\ Q!Lq[IY,UZLXR�\ U�O�^Z\ N9gZ`�L�d \ [I\ UZS6`�R
Q!`�S,h O�k
� KML(^!S�a6L(U!Y�OG\ UZWXd PZQZL�QtY,PZ`�S6UZS,d RN�\ NGY,h�O�^Z\ NG[(YQZLXd4]J^ZLXUtY,PZO�N�\ Q!L([IY,UZL_Rt\ NGgZ`�LXN�LXU6O*\ U

O�^Z\ N�gZ`�LXd \ [I\ UZS,`�R?a�LX`�N�\ Y,UTY,h;O�^ZLGgZS,g�L�`Xk



� �B��� l yC��m �>� l �>��ub���Bm �.���GyC� �J�Bu � ��u� l ��yC� �B�Bu
6

Ilqdoo|/ klvwrulfdoo| wkhuh kdv dozd|v ehhq d juhdw ghdo ri wudgh ehwzhhq

gl�huhqw lqwhuphgldulhv1 Rxu dqdo|vlv doorzv xv wr h{sodlq zk| lqwhuphgl0

dulhv riwhq eruurz dqg ohqg zlwk hdfk rwkhu/ udwkhu wkdq h{sdqg ru frqwudfw

wkhlu dvvhwv dqg oldelolwlhv e| rwkhu phdqv1

4151 Prgho Ghvfulswlrq dqg Pdlq Ilqglqjv

Rxu yhklfoh iru dgguhvvlqj wkhvh lvvxhv lv d prgho wkdw ihdwxuhv vsdwldo

vhsdudwlrq dqg olplwhg frppxqlfdwlrq wr jhqhudwh d wudqvdfwlrqv uroh hl0

wkhu iru fxuuhqf|/ ru iru fhuwdlq nlqgv ri sulydwho|0lvvxhg oldelolwlhv1 Lq

dgglwlrq/ lq rughu wr xqghuvwdqg zk| wkh dfwlylw| ri ohqglqj lv frxsohg

zlwk wkh lvvxh ri sd|phqwv phgld/ zh qhhg wr irfxv rq hfrqrplhv zlwk df0

wlyh fuhglw pdunhwv1 Wr wklv hqg/ zh frqvlghu dq hfrqrp| frqvlvwlqj ri dq

lq�qlwh vhtxhqfh ri wkuhh0shulrg0olyhg/ ryhuodsslqj jhqhudwlrqv ri djhqwv1

Zlwklq hdfk jhqhudwlrq wkhuh duh djhqwv zkr duh hqgrzhg wrgd| exw zdqw

wr ghod| frqvxpswlrq/ dv zhoo dv djhqwv zkr zdqw wr frqvxph wrgd| e|

eruurzlqj djdlqvw ixwxuh hqgrzphqwv1 Lq wkh devhqfh ri vsdwldo vhsdudwlrq

dqg olplwhg frppxqlfdwlrq/ wkhvh djhqwv frxog mxvw eruurz dqg ohqg zlwk

hdfk rwkhu/ dqg lqwhuphgldwlrq zrxog eh xqqhfhvvdu|1 Lq rughu wr jhqhu0

dwh d uroh iru sulydwh flufxodwlqj oldelolwlhv/ zh dvvxph wkdw wkh hfrqrp|

frqvlvwv ri wzr orfdwlrqv1 Lq hdfk orfdwlrq vrph djhqwv zkr duh qdwxudo

eruurzhuv dqg vrph djhqwv zkr duh qdwxudo ohqghuv duh eruq lq hdfk sh0

ulrg1 Krzhyhu/ diwhu rqh shulrg ohqghuv pryh wr d gl�huhqw orfdwlrq/ zkloh

eruurzhuv uhpdlq lq wkhlu ruljlqdo orfdwlrq1 Wklv frpsolfdwhv eruurzlqj

dqg ohqglqj/ vlqfh eruurzhuv dqg ohqghuv zkr duh wrjhwkhu zkhq |rxqj duh

vhsdudwhg zkhq plggoh0djhg1 Xqghu rxu dvvxpswlrq ri vsdwldo vhsdudwlrq

dqg olplwhg frppxqlfdwlrq/ eruurzhuv duh suhfoxghg iurp gluhfwo| uhsd|lqj

ohqghuv1 Pruhryhu/ wkh dvvxpswlrq ri olplwhg frppxqlfdwlrq ehwzhhq or0

fdwlrqv lpsolhv wkdw wudqvdfwlrqv fdqqrw eh dffrpsolvkhg zlwk errn fuhglw

dorqh1

Wr frpsolfdwh pdwwhuv ixuwkhu/ zh dvvxph wkdw ehwzhhq wkhlu vhfrqg dqg

wklug shulrgv ri olih eruurzhuv dovr fkdqjh orfdwlrq1 Zkloh wklv phdqv wkdw

djhqwv zkr pljkw zdqw wr eruurz dqg ohqg zlwk hdfk rwkhu zkhq |rxqj

duh xowlpdwho| uhxqlwhg/ lw grhv qrw idflolwdwh eruurzlqj dqg ohqglqj1 Wklv

lv ehfdxvh eruurzhuv duh hqgrzhg lq wkhlu vhfrqg shulrg/ zkhq wkh| zrxog

zdqw wr pdnh ordq uhsd|phqwv/ dqg ohqghuv zdqw wr frqvxph lq wkhlu vhfrqg

shulrg/ ehiruh wkh| duh uhxqlwhg zlwk wkh djhqwv wr zkrp wkh| pdgh ordqv1
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Lqghhg/ li wkhuh zhuh qr rwkhu djhqwv lq wklv prgho/ fuhglw wudqvdfwlrqv

zrxog qrw eh ihdvleoh1

Krzhyhu/ wkhuh lv dqrwkhu vhw ri djhqwv lq wkh prgho1 Zh uhihu wr wkhvh

djhqwv dv lqwhuphgldulhv1 Lqwhuphgldulhv zdqw wr frqvxph lq plggoh djh/ duh

hqgrzhg zkhq rog/ dqg qhyhu fkdqjh orfdwlrq1 Dv zh vkrz/ lqwhuphgldulhv

fdq lvvxh flufxodwlqj oldelolwlhv zkhq |rxqj1 Wkhvh oldelolwlhv duh xvhg wr

ex| jrrgv iurp |rxqj ohqghuv/ zkr wkhq wdnh wkh oldelolwlhv wr wkhlu qhz

orfdwlrq1 Wkhuh wkh| duh xvhg wr sxufkdvh jrrgv iurp d qhz jhqhudwlrq

ri |rxqj ohqghuv1 Wkhvh odwwhu djhqwv wkhq fduu| wkh oldelolwlhv rewdlqhg

wr wkhlu orfdwlrq ri ruljlq dqg uhghhp wkhp1 Pruhryhu/ lqwhuphgldulhv xvh

wkh uhvrxufhv rewdlqhg yld oldelolw| lvvxh wr pdnh ordqv wr |rxqj eruurzhuv1

Wkxv dw ohdvw vrph eruurzlqj dqg ohqglqj pxvw eh lqwhuphgldwhg1

Zkhq lqwhuphgldu| oldelolwlhv duh lq flufxodwlrq/ zh vkrz wkdw lw lv dovr

ihdvleoh iru |rxqj eruurzhuv wr rewdlq uhvrxufhv e| lvvxlqj flufxodwlqj old0

elolwlhv ri wkhlu rzq1 Krzhyhu/ lq rughu wr dffrpsolvk d sduwlfxodu fuhglw

wudqvdfwlrq/ wkh xvh ri flufxodwlqj oldelolwlhv lvvxhg e| |rxqj eruurzhuv lq0

yroyhv pruh wudqvdfwlrqv wkdq wkh xvh ri flufxodwlqj oldelolwlhv lvvxhg e|

|rxqj lqwhuphgldulhv1 Li wudqvdfwlqj zhuh frvwohvv/ djhqwv zrxog qrw fduh

krz pdq| wudqvdfwlrqv zhuh uhtxluhg wr dffrpsolvk d sduwlfxodu wudqvihu

ri uhvrxufhv1 Krzhyhu/ zh dvvxph wkdw wudqvdfwlrqv duh frvwo|1 Xqghu wklv

dvvxpswlrq/ djhqwv zloo zdqw wr wudgh lq d zd| wkdw hfrqrpl}hv rq wudqv0

dfwlrqv1 Zh zloo vkrz wkdw wkh zd| wr gr vr lv wr kdyh rqo| lqwhuphgldulhv

lvvxh oldelolwlhv wkdw flufxodwh1 Wkxv/ hyhq wkrxjk lw lv ihdvleoh iru rwkhu

djhqwv wr lvvxh flufxodwlqj oldelolwlhv/ rqo| lqwhuphgldu| oldelolwlhv duh xvhg

lq sd|phqwv1
�

Lqwhuhvwlqjo|/ wkh suhvhqfh ri wudqvdfwlrqv frvwv/ frxsohg zlwk wkh idfw

wkdw lqwhuphgldulhv pxvw riwhq eruurz dqg ohqg zlwk hdfk rwkhu/ zloo lp0

so| wkdw�xqghu fhuwdlq flufxpvwdqfhv�lqwhuphgldulhv fdq hduq sur�wv1

Qrqhwkhohvv/ wklv zloo qrw lqgxfh |rxqj eruurzhuv wr lvvxh flufxodwlqj ol0

delolwlhv/ hyhq wkrxjk wkh| fdq1 Dqg/ hyhq wkrxjk wkh lvvxh ri flufxodwlqj

oldelolwlhv lv sur�wdeoh/ wkhuh zloo eh d olplw wr wkh fuhdwlrq ri wkhvh oldelol0

wlhv1 Wklv idfw r�huv d srwhqwldo uhvroxwlrq ri Fdjdq*v edqnqrwh xqghulvvxh

sx}}oh1

� zJN�O�`�Y�RMS6UZQ u6O�S,`�`i��x �6��w�GWXY,UZN�O�`�PZWXO�LXQnSV[IY�QZL�d�]J^ZLX`�L?O�^ZLbPZN�LbY,hJ[(Y6UZL_R LXW�Y,UZY,[I\ �XL�N
Y6UiO�`�S,UZN�S6W_O�\ Y,UZN�]J^!LXUTS,e6LXU6O�NJS,`�L*WXY6UZN�O�`�S,\ U!LXQiO�YIN�LXjPZLXUZW�LXNJY,h4fZ\ d S,O�LX`�S,d;L_�W_^ZS,U!e,LXN�k2��^ZLX\ `
[IY�Q!LXd�QZ\ Q?UZY,O2S,O�O�L�[IgO�O�Y*LX�gZd S,\ UIO�^ZLJP!N�LBY,h"\ U6O�L�`�[ILXQ!\ S,`�RId \ S,fZ\ d \ O�\ LXN2\ U?LX�W�^!S,UZe,L6o�S,U!QI]�L
Q!Y(U!Y�OJ`�L�N�O�`�\ W_OJS6e,LXU�O�N�O�YI[(S6s,LGfZ\ d S�O�LX`�S,d"L_�ZW�^ZS6UZe,L,k
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Fohduo| zh fdq dovr lqwurgxfh rxwvlgh prqh| dqg dvn krz wklv d�hfwv wkh

xvh ri lqvlgh prqh|/ uhvrxufh doorfdwlrqv/ djhqwv* zhoiduh/ dqg lqwhuphgldu|

sur�wv1 Dprqj wkh uhvxowv zh rewdlq duh wkdw wkh lqwurgxfwlrq ri rxwvlgh

prqh| fdqqrw gulyh sulydwh oldelolwlhv rxw ri flufxodwlrq1 Zh dovr vkrz wkdw/

zkhq lqwhuphgldulhv hduq sur�wv iurp qrwh lvvxh/ prqhwdu| srolf| fdqqrw

eh xvhg wr holplqdwh dq| sur�wv dvvrfldwhg zlwk sulydwh oldelolw| lvvxh1

Ilqdoo|/ wkh prgho pdnhv fohdu wkdw/ lq wkh devhqfh ri lqwhuphgldu| old0

elolwlhv/ d qxpehu ri djhqwv duh xqdeoh wr wudqvdfw zlwk rwkhu djhqwv1 Wkxv

d surklelwlrq djdlqvw lvvxlqj sulydwh flufxodwlqj oldelolwlhv kdv yhu| qhjd0

wlyh zhoiduh frqvhtxhqfhv iru d ydulhw| ri hfrqrplf dfwruv1 Zkloh vxfk d

surklelwlrq fdq holplqdwh d qxpehu ri hfrqrplf skhqrphqd wkdw pd| eh

uhjdughg dv xqghvludeoh/ grlqj vr frphv dw d kljk hfrqrplf frvw1

Wkh uhpdlqghu ri wkh sdshu surfhhgv dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw

wkh prgho lq ghwdlo dqg ghvfuleh lwv nh| ihdwxuhv> zh iroorz wklv zlwk d

ghvfulswlrq ri rswlpdo djhqw ehkdylru lq Vhfwlrq 61 Zh glvfxvv jhqhudo

htxloleulxp frqglwlrqv lq Vhfwlrq 7 dqg vwhdg| vwdwh htxloleuld lq Vhfwlrq 81

Vhfwlrq 9 frqwdlqv rxu glvfxvvlrq ri g|qdplfdo htxloleuld1 Wkh frqfoxvlrq

vxppdul}hv rxu �qglqjv dqg vxjjhvwv gluhfwlrqv iru ixwxuh uhvhdufk1

51 HQYLURQPHQW

5141 Hqgrzphqwv/ Suhihuhqfhv/ dqg Pryhphqw Sdwwhuqv

Zh vwxg| d sxuh h{fkdqjh hfrqrp| zlwk ryhuodsslqj jhqhudwlrqv ri

djhqwv zkr olyh iru wkuhh shulrgv rq hlwkhu ri wzr glvwlqfw lvodqgv1 Wlph

lv glvfuhwh dqg lqgh{hg e| w @ 3> 4> 5> ===1 Zh lqgh{ orfdwlrqv e| k 5 i4> 5j
dqg n 5 i4> 5j = Wkhuh lv pryhphqw ehwzhhq orfdwlrqv lq wklv hfrqrp|/ exw

jrrgv fdqqrw eh wudqvihuuhg dfurvv orfdwlrqv/ qru lv gluhfw lqwhu0orfdwlrq

frppxqlfdwlrq srvvleoh1 Wkxv/ dv lq rwkhu prghov ri prqhwdu| h{fkdqjh/
�

rxu dqdo|vlv hpskdvl}hv ihdwxuhv ri vsdwldo vhsdudwlrq dqg olplwhg frp0

pxqlfdwlrq1 Wkhvh ihdwxuhv lpso| wkdw doo wudgh wdnhv sodfh lq d vhw ri

frpshwlwlyh pdunhwv wkdw rshudwh lqghshqghqwo| ri hdfk rwkhu dw dq| srlqw

lq wlph1 Lw lv wklv odfn ri fhqwudol}hg wudglqj wkdw fuhdwhv wkh srwhqwldo iru

prqhwdu| h{fkdqjh1

Dw hdfk gdwh d qhz |rxqj jhqhudwlrq dsshduv/ frqvlvwlqj ri d frqwlqxxp

ri djhqwv zlwk xqlw pdvv1 Doo djhqwv duh hqgrzhg zlwk shuihfw iruhvljkw

� p!Y,`"\ UZN�O�S6UZWXLq�9Y�]JUZN�LXUZQ?��x����6~Zo�x�����,��o��G\ R6Y�O�S,s�\6S,UZQ�K `�\ e,^6O���x��,� �6�_o�S,UZQ��2^ZS6[(g;o,u�[I\ O�^"o
S6UZQiK \ d d \ S6[IN�Y6UM��x�� �6{6��k
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W|sh Hqgrzphqw Frqvxpswlrq Pryhphqw

+4, Ohqghuv \rxwk Plggoh djh \rxwk < plggoh djh

+5, Eruurzhuv Plggoh djh \rxwk Plggoh djh < rog djh

+6, Lqwhuphgldulhv Rog djh Plggoh djh Qr pryhphqw

dqg frpsohwh nqrzohgjh ri wkh hfrqrp| lq zklfk wkh| rshudwh1 Djhqwv duh

glylghg dprqj lvodqgv lq d pdqqhu ghvfulehg ehorz1 D |rxqj djhqw eruq dw

gdwh w lq orfdwlrq kpd| eh rqh ri wkuhh srvvleoh w|shv1 Zh lqgh{ wkhvh w|shv

e| m 5 ic> e> lj >zkhuh cphdqv �ohqghu0w|sh/� ephdqv �eruurzhu0w|sh/� dqg
lphdqv �lqwhuphgldu|0w|sh1� Wkhvh odehov duh phdqw wr uhihu wr wkh djhqwv*

ehkdylru lq |rxwk dqg qrw qhfhvvdulo| wr wkhlu ehkdylru ryhu wkhlu zkroh

olihwlph1 Dq djhqw w|sh kdv wkuhh fkdudfwhulvwlfv= Dq hqgrzphqw yhfwru

ryhu wkh wkuhh shulrgv ri olih/ suhihuhqfhv gh�qhg ryhu frqvxpswlrq lq wkh

wkuhh shulrgv ri olih/ dqg dq lwlqhudu| ghvfulelqj pryhphqwv ryhu wlph1 Zh

ohw f �� ��� � +w. v, > v @ 3> 4> 5/ ghqrwh wkh gdwh w. v frqvxpswlrq ri d w|sh0m

djhqw eruq lq orfdwlrq k dw gdwh w1
�

Dq djhqw ri wkh �uvw w|sh/ ohqghuv/ lv hqgrzhg zlwk h A 3 xqlwv ri wkh

shulvkdeoh frqvxpswlrq jrrg lq |rxwk/ dqg kdv qr hqgrzphqw lq plggoh

djh ru rog djh1 Zh vd| wkdw wkh| kdyh dq hqgrzphqw yhfwru +h> 3> 3, ryhu

wkhlu wkuhh shulrgv ri olih1 Ohqghu0w|sh djhqwv kdyh suhihuhqfhv gh�qhg ryhu

olihwlph frqvxpswlrq jlyhq e|

x ^f � � ��� � +w, > f � � ��� � +w. 4, > f � � ��� � +w. 5,` @ f � � ��� � +w. 4, > +4,

vr wkdw ohqghuv rqo| zlvk wr frqvxph lq plggoh djh1 Ilqdoo|/ ohqghuv kdyh

dq lwlqhudu| gh�qhg ryhu wkhlu olihwlph/ zklfk zh ghqrwh dv +k> n> n, > zlwk

k 9@ n= Wkxv d ohqghu0w|sh djhqw eruq lq orfdwlrq k dw wlph w pryhv wr

orfdwlrq n 9@ k ehwzhhq |rxwk dqg plggoh0djh dqg uhpdlqv lq wkdw orfdwlrq

gxulqj rog djh1

� KML*LX[IgZ^ZS,N�\ �XLGO�^ZS�OB\ UiO�^Z\ NJUZY�O�S�O�\ Y,U;oO�^ZLGN�PZf!N�W�`�\ gO��2QZL�UZY�O�LXN�O�^ZL*QZS�O�LGY,h4fZ\ `�O�^"oZ]J^Z\ d L
O�^ZLGQZS�O�L������GQZLXUZY,O�LXN�O�^ZL�O�\ [ILGS�O�]J^Z\ W�^TWXY6UZN�PZ[IgO�\ Y,UTS,WXO�PZS,d d RbYWXWXP!`�N�k
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Dq djhqw ri wkh vhfrqg w|sh/ eruurzhuv/ kdv hqgrzphqw yhfwru +3> z> 3, >

zlwk z A 3> suhihuhqfhv

x ^f � � ��� � +w, > f � � ��� � +w. 4, > f � � ��� � +w. 5,` @ f � � ��� � +w, > +5,

dqg lwlqhudu| +k> k> n,/ zlwk k 9@ n= Wkxv eruurzhuv duh hqgrzhg lq plggoh0

djh/ zlvk wr frqvxph lq |rxwk/ dqg pryh ehwzhhq plggoh djh dqg rog djh1

Dq djhqw ri wkh wklug w|sh/ lqwhuphgldulhv/ kdv hqgrzphqw yhfwru +3> 3> d, >

zlwk d A 3> suhihuhqfhv

x ^f � � ��� � +w, > f � � ��� � +w. 4, > f � � ��� � +w. 5,` @ f � � ��� � +w. 4, > +6,

dqg lwlqhudu| +k> k> k,1 Wkxv lqwhuphgldulhv duh qrw hqgrzhg xqwlo rog djh/

zlvk wr frqvxph lq plggoh djh/ dqg qhyhu pryh1 Wkh lqwhuphgldu|0w|sh

djhqwv/ ghvslwh wkhlu odfn ri lqfrph xqwlo odwh lq olih/ zloo sod| dq lpsruwdqw

uroh lq idflolwdwlqj wudgh lq wklv hfrqrp|1
�

Zh vxppdul}h wklv vlwxdwlrq lq Wdeoh 4 dqg lq Iljxuh 41

Zh dvvxph wkurxjkrxw wkdw wkh frpsrvlwlrq ri djhqw w|shv lv wkh vdph lq

hdfk jhqhudwlrq1 Zh ohw � ���  eh wkh iudfwlrq ri hdfk |rxqj jhqhudwlrq eruq

lq orfdwlrq k wkdw lv ri w|sh m1 Zh lpsrvh � ���  A 3 dqg uhtxluh
S

 � � �  @ 4

dqg
S

 � � �  @ 4= Zh zloo dovr riwhq dvvxph wkdw orfdwlrqv duh v|pphwulf/

e| zklfk zh phdq wkdw � �  @ � �  iru doo m1
Rxu remhfwlyh lv wr vkrz wkdw lw lv �qdwxudo� lq wklv hfrqrp| iru rqo|

wkh oldelolwlhv ri fhuwdlq djhqwv�lqwhuphgldulhv�wr flufxodwh1 Lq rughu wr

gr vr/ krzhyhu/ lw lv qhfhvvdu| wkdw djhqwv fduh krz pdq| wudqvdfwlrqv

duh uhtxluhg wr dffrpsolvk d sduwlfxodu wudqvihu ri uhvrxufhv1 Lqghhg/ rxu

lghd lv wkdw kdylqj eruurzlqj dqg ohqglqj eh lqwhuphgldwhg/ dqg kdylqj

rqo| lqwhuphgldu| oldelolwlhv flufxodwh/ plqlpl}hv wkh qxpehu ri wudqvdfwlrqv

uhtxluhg iru hdfk h{fkdqjh ri uhvrxufhv1 Lq rughu wr pdnh djhqwv fduh derxw

hfrqrpl}lqj rq wudqvdfwlrqv/ zh dvvxph wkdw wkhuh lv d frvw dvvrfldwhg

zlwk hdfk wudqvihu ri hlwkhu jrrgv ru oldelolwlhv1 Iru vlpsolflw|/ zh dvvxph

wkdw wkhvh frvwv duh sursruwlrqdo wr wkh ydoxh ri wkh jrrgv ru oldelolwlhv

h{fkdqjhg1 Lq sduwlfxodu/ dq h{fkdqjh ri } xqlwv ri jrrgv +ru oldelolwlhv

zlwk htxlydohqw uhdo ydoxh, lqyroyhv d wudqvdfwlrqv frvw ri �} zlwk � A 3=
� KMLG^ZS�a6LGS,N�N�PZ[ILXQTh Y,`�W�Y,U6a�LXUZ\ LXUZW�L�O�^ZS�OJL�S,W�^iO�Rg�LGY,h9S,e6LXU6OJW�Y,UZN�PZ[ILXNJ\ UTY,UZd RiSIN�\ UZe,d L

g.LX`�\ Y�Q"o6S,UZQI\ NqLXU!QZY�]�L�Q(\ UIY,UZd R�S�N�\ UZe,d LG� fZPOqQ!\ ��L�`�L�U6O_�9g�LX`�\ Y�Q;k9��^Z\ Nq\ NqUZY,OqLXN�N�LXU�O�\ S,dO�YBO�^ZL
S6UZS,d RN�\ N�ofZPO�[IL�`�LXd R?N�\ [IgZd \ �ZLXN2O�^ZLBLX�g�Y,N�\ O�\ Y,U"k2u�LXLB� �XS6`�\ S,QZ\ N�o�r�PZd d S,`�Q;o�S,U!Qiu[(\ O�^V����~,~!x��
S6UZQ�r�PZd d S6`�Q�S6UZQIu�[I\ O�^i� �,~,~,~�"h Y6`9`�LXd S��S�O�\ Y6UZN4Y,hO�^Z\ N9S6N�N�PZ[IgO�\ Y6U�\ U(N�\ [I\ d S,`4LXU6aZ\ `�Y,UZ[ILXU6O�N�o
f!PO�]J^ZLX`�LG\ U6O�LX`�[ILXQZ\ S�O�\ Y,UT\ N�PZUZU!LXWXL�N�N�S6`�R6k
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Wr �{ lghdv/ zh dvvxph wkdw wudqvdfwlrqv frvwv duh eruq e| djhqwv zkr

gholyhu jrrgv1
�
Wkxv zh kdyh

Dvvxpswlrq 41 +Sursruwlrqdo wudqvdfwlrqv frvwv1, Hdfk wlph jrrgv duh

gholyhuhg/ wkh djhqw gholyhulqj jrrgv sd|v d sursruwlrqdo wudqvdfwlrqv frvw

htxdo wr � wlphv wkh ydoxh ri wkh jrrgv gholyhuhg1

Dovr/ zlwk vhyhudo w|shv ri flufxodwlqj oldelolwlhv wudglqj dw d jlyhq gdwh/

wkhuh pd| eh lqfhqwlyhv wr wudgh rqh w|sh ri qrwh iru dqrwkhu1 Lq rughu wr

olplw wkh qxpehu ri fdvhv zh qhhg wr frqvlghu/ zh lqwurgxfh wkh iroorzlqj

dvvxpswlrq=
�

Dvvxpswlrq 51 +Qr h{fkdqjh ri qrwhv iru qrwhv1, Hoghuo| eruurzhuv pxvw

uhghhp dq| qrwhv lvvxhg zlwk jrrgv1
	 ��RgZ\ WXS,d d R�o,\ U([IY�QZL�d N4]J\ O�^IgZ`�Y6g�Y,`�O�\ Y,UZS,dO�`�S,UZN�S6W_O�\ Y,UZNqW�Y,N�O�N�o6`�LXN�Y6PZ`�W�L�S,d d Y�WXS�O�\ Y6UZNqQZY�U!Y�O

Q!LXg�L�UZQiY6Ub]J^!Y(\ N�S6N�N�PZ[IL�QbO�YIf�LXS,`�O�^ZLXN�LGWXY6N�O�N�k

 KML�QZY�UZY,O4O�^Z\ UZs*\ Oq]�Y,PZd Q�S6QZQ�a6LX`�R�[*P!W�^�O�YBO�^ZL�S,UZS,d RN�\ N9O�YBS6d d Y�] UZY�O�L_c�h Y,`�c�U!Y�O�L2O�`�S,Q!LXN�k
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L�S,`�d \ LXN�OJY,gZg.Y,`�O�PZUZ\ O>R�k
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5151 Oldelolwlhv/ Flufxodwlqj dqg Rwkhuzlvh

Wkh eruurzhu0w|sh djhqwv eruq lq orfdwlrq k dw wlph w zlvk wr frqvxph

dw gdwh w hyhq wkrxjk wkh| duh rqo| hqgrzhg dw gdwh w . 4= Wkhvh djhqwv

fdq orrn wr vhyhudo vrxufhv iru frqyhqwlrqdo/ rqh0shulrg frqvxpswlrq ordqv1

Rqh srvvleoh vrxufh lv ohqghu0w|sh djhqwv eruq lq orfdwlrq k dw wlph w=

Krzhyhu/ wkhvh djhqwv zloo qrw eh lq wkh vdph orfdwlrq dv wkh eruurzhuv dw

gdwh w.4> dqg wkhuhiruh zloo qrw wudgh zlwk wkh eruurzhuv yld frqyhqwlrqdo

frqvxpswlrq ordqv1 Dqrwkhu srvvleoh vrxufh lv wkh hoghuo| lqwhuphgldu|0

w|sh djhqwv> krzhyhu vlqfh wkh| zloo glh qh{w shulrg wkh| zloo qrw wudgh

zlwk wkh |rxqj eruurzhuv1 D wklug srvvlelolw| lv wkh plggoh0djhg eruurzhu0

w|sh djhqwv> wkdw lv/ eruurzhuv eruq lq orfdwlrq k dw wlph w�4= Zkloh wkhvh

djhqwv duh hqgrzhg dqg zloo eh dolyh qh{w shulrg/ wkh| zloo qrw eh lq wkh

vdph orfdwlrq dv wkh |rxqj eruurzhuv dw wkdw wlph1 Zh frqfoxgh wkdw lq

wklv hfrqrp|/ dv lq D}duldglv/ Exoodug/ dqg Vplwk +5334,/ vrphwklqj rwkhu

wkdq frqyhqwlrqdo/ rqh0shulrg frqvxpswlrq ordqv pxvw eh xvhg wr �qdqfh

eruurzhuv* �uvw0shulrg frqvxpswlrq1

Zh zloo vkrz wkdw/ lq rughu wr dffrpsolvk h{fkdqjh/ djhqwv pd| zlvk

wr lvvxh flufxodwlqj oldelolwlhv�qrwhv zklfk duh xvhg lq wklug0sduw| wudqvdf0

wlrqv ehiruh wkh| duh uhghhphg�lq wklv hfrqrp|1 Erwk eruurzhu0w|sh dqg

lqwhuphgldu|0w|sh djhqwv pd| kdyh lqfhqwlyhv wr lvvxh wkhvh oldelolwlhv1 Lq

dgglwlrq/ wkh lvvxdqfh ri flufxodwlqj oldelolwlhv pd| doorz frqyhqwlrqdo/ rqh0

shulrg frqvxpswlrq ordqv wr wdnh sodfh diwhu doo1 Zh zdqw wr glvwlqjxlvk

ehwzhhq wkhvh hyhqwv/ dqg vr zh qrz wxuq wr wklv wdvn1

Lq d frqyhqwlrqdo rqh0shulrg frqvxpswlrq ordq/ zh vd| wkdw wkh eruurzhu

lvvxhv dq LRX wr wkh ohqghu1 Lq wklv wudqvdfwlrq/ dq djhqw zkr zlvkhv wr

eruurz h{fkdqjhv d oldelolw| iru jrrgv wrgd|/ dqg wkhq gholyhuv jrrgv lq

uhsd|phqw rqh shulrg odwhu1
���

Vxfk LRXv duh khog e| rqo| rqh djhqw/ dqg

vr gr qrw flufxodwh1 Ohw e  � ��� � +w. v, eh wkh gdwh w. v idfh ydoxh ri wkh rqh0

shulrg oldelolwlhv lvvxhg e| w|sh m djhqwv eruq lq orfdwlrq k dw gdwh w1 E| wkh

idfh ydoxh zh phdq wkdw wkhvh oldelolwlhv duh d surplvh wr sd| e  � ��� � +w. v,

xqlwv ri jrrgv dw pdwxulw| +wkdw lv/ rqh shulrg diwhu ehlqj lvvxhg,1

Wkh xvh ri wzr0shulrg oldelolwlhv lv dvvrfldwhg zlwk d orqj0whup ordq=

Djhqwv r�hu wzr0shulrg oldelolwlhv lq h{fkdqjh iru jrrgv/ dqg sd| r� wkh

oldelolw| wzr shulrgv odwhu1 Krzhyhu/ d wzr0shulrg oldelolw| fdq�dqg/ lq

htxloleulxp/ zloo�eh wudqvihuuhg wkurxjk d vhtxhqfh ri rzqhuv ehwzhhq

��� ��^Z`�Y,PZe,^!Y,PO(]�LiS,N�N�PZ[IL?O�^ZS�OIW�Y,U6O�`�S,WXO�N(S6`�LiWXY,N�O�d L�N�N�d RnLXUZh Y,`�W�LXS,f!d L6oqN�YVO�^!S�O(O�^ZL�`�Li\ N
U!L_a6L�`�S,U6Rig�Y,N�N�\ fZ\ d \ O>RbO�^ZS,OJS,e,L�U6O�N�]J\ d d"QZLXh S,PZd OJY,UiO�^!LX\ `�d \ S,fZ\ d \ O�\ LXN�k



43
�,��yT��ubr��Bv;v;� l m ���Bm r l �G�2� m(k�uy��>���

wkh wlph lw lv lvvxhg dqg wkh wlph lw pdwxuhv1 Ru/ lq rwkhu zrugv/ wzr0

shulrg oldelolwlhv srwhqwldoo| flufxodwh1 Zh zloo vrphwlphv xvh wkh iroorzlqj

qrphqfodwxuh wr nhhs wudfn ri wzr0shulrg qrwhv lq rxu prgho1 Zkhq dq

lqwhuphgldu| eruq lq orfdwlrq k lvvxhv d flufxodwlqj oldelolw| zh vd| wkdw wkh

lqwhuphgldu| kdv lvvxhg d orfdwlrq k edqnqrwh1 Zkhq d eruurzhu eruq lq

orfdwlrq k lvvxhv d flufxodwlqj oldelolw|/ zh vd| wkdw wkh eruurzhu kdv lvvxhg

d orfdwlrq k sulydwh qrwh1 Zh vrphwlphv dovr uhihu wr flufxodwlqj oldelolwlhv

jhqhudoo| dv qrwhv1

Ohw {�� ��� � +w. 5, ghqrwh wkh idfh ydoxh ri wkh wzr0shulrg oldelolwlhv lvvxhg

e| w|sh m djhqwv eruq lq orfdwlrq k dw gdwh w1 Khuh wkh dujxphqw w . 5

lqglfdwhv wkh gdwh dw zklfk wkhvh oldelolwlhv pdwxuh1
� �

Dqg/ djdlq/ e| idfh

ydoxh zh phdq wkdw wkhvh oldelolwlhv duh d fodlp wr {  � ��� � +w. 5, xqlwv ri wkh

jrrg dw w. 51 Ohw U ��� � +w, ghqrwh wkh frpshwlwlyho|0ghwhuplqhg jurvv uhdo

udwh ri uhwxuq ehwzhhq w dqg w. 4 hduqhg e| dq djhqw zkr lv prylqj iurp

orfdwlrq k wr orfdwlrq n1 Lw lv hdv| wr yhuli| wkdw qhzo|0lvvxhg oldelolwlhv vhoo

iru wkhlu dssursuldwh glvfrxqwhg suhvhqw ydoxh1 Wkxv/ iru lqvwdqfh/ d rqh0

shulrg oldelolw| lvvxhg lq orfdwlrq k dw wlph w dqg uhsdlg lq orfdwlrq k dw wlph

w.4 vhoov iru e�� ��� � +w, @U ��� � +w, xsrq lvvxh1 Ru/ d wzr0shulrg oldelolw| lvvxhg

lq orfdwlrq k dw gdwh w wkdw lv fduulhg wr orfdwlrq n dw gdwh w. 4> dqg wkhq

edfn wr orfdwlrq k dw gdwh w. 5> vhoov iru {�� ��� � +w. 5, @U ��� � +w,U � � � +w. 4,

zkhq lvvxhg1

Dv wkh suhylrxv glvfxvvlrq lqglfdwhv/ lq dgglwlrq wr wudglqj qhzo|0lvvxhg

rqh0 dqg wzr0shulrg oldelolwlhv/ wkhuh lv d pdunhw lq hdfk orfdwlrq zkhuh

djhqwv h{fkdqjh suhylrxvo|0lvvxhg flufxodwlqj oldelolwlhv1 Lq sduwlfxodu/ dw

gdwh w/ wkhuh duh pdunhwv lq zklfk djhqwv ex| dqg vhoo oldelolwlhv wkdw zhuh

lvvxhg dw w�4> dqg wkdw pdwxuh dw w.4= Lq wkhvh pdunhwv suhylrxvo|0lvvxhg

oldelolwlhv dovr vhoo iru wkhlu glvfrxqwhg suhvhqw ydoxh1 Iru h{dpsoh/ d flufx0

odwlqj oldelolw| zlwk rqh shulrg wr pdwxulw|/ d idfh ydoxh ri {�� ��� ��� � +w. 4, >

dqg wkdw pdwxuhv lq orfdwlrq k/
� �

vhoov iru { � ��� ��� � +w. 4, @U � � � +w, lq orfd0

wlrq n dw w1

Zh vwuhvv wkdw wkh xvh ri vrph flufxodwlqj +wzr0shulrg, oldelolwlhv lv hv0

vhqwldo lq rughu iru dq| wudgh wr rffxu1 Dv zh kdyh revhuyhg/ wkh sdwwhuq

ri djhqwv* lwlqhudulhv lpsolhv wkdw qr wzr djhqwv fdq wudgh vroho| wkurxjk

� � �2d LXS,`�d RCS,e6LXU6O�NBWXS6UC\ N�N�PZL*O>]�Y�c>g�LX`�\ Y�QCd \ S,fZ\ d \ O�\ LXN�Y,UZd RT]�^!LXUCR6Y,PZU!eZkB�BLXUZW�L*O�^ZL�`�L�\ NBUZY
U!LXLXQTh Y,`�S,UTS,`�e,PZ[ILXU�O�N�^ZY�]J\ U!e�O�^ZLGQZS�O�LGY,h9\ N�N�PZL6k
� � ��^ZS�OB\ N�oZO�^ZL*\ N�N�PZL�`�]J\ d d;f�LG\ UTd YWXS�O�\ Y,U��iS�O������ �!��^�PZN�O�^!LGd \ S,f!\ d \ O�Ri[�PZN�OJf�L*WXS,`�`�\ LXQ

O�Y(O�^ZS,OJd Y�W�S�O�\ Y,UTS�O �����G\ UTY,`�QZLX`�h Y,`�\ O�O�YIf�LG`�LXQZLXL�[ILXQ"k
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wkh xvh ri rqh0shulrg oldelolwlhv1 Djhqwv zkr zdqw wr eruurz duh vsdwldoo|

vhsdudwhg iurp dq| djhqwv zkr pljkw ohqg wr wkhp gluhfwo|1 Krzhyhu/

srwhqwldo ohqghuv fdq wdnh wzr0shulrg oldelolwlhv/ fduu| wkhp wr wkhlu qhz

orfdwlrq/ dqg wkhq wudgh wkhp wr djhqwv zkr zloo phhw wkh lvvxhu ri wkh ol0

delolw| dw d ixwxuh gdwh1 Wkhvh qhz djhqwv fdq wkhq uhghhp wkh flufxodwlqj

oldelolw|/ zklfk fohduo| ixqfwlrqv dv d sd|phqwv lqvwuxphqw1

Rxu lqwhuhvw lv lq zkrvh oldelolwlhv flufxodwh1 Zh ehjlq e| ghvfulelqj zkdw

wudqvdfwlrqv duh ihdvleoh1
� �

5161 Ihdvleoh Wudqvdfwlrqv Sdwwhuqv

Rqh srvvleoh wudqvdfwlrqv sdwwhuq lq wklv hfrqrp| lv vfkhpdwlfdoo| gh0

vfulehg lq Iljxuh 51 \rxqj lqwhuphgldulhv eruq dw wlph w lq orfdwlrq k

h{fkdqjh orfdwlrq k edqnqrwhv iru jrrgv zlwk |rxqj ohqghuv eruq dw wlph w

lq orfdwlrq k1 \rxqj eruurzhuv eruq dw gdwh w lq orfdwlrq k wkhq rewdlq uh0

vrxufhv iru wkhlu frqvxpswlrq e| duudqjlqj d rqh0shulrg frqvxpswlrq ordq

zlwk wkh |rxqj lqwhuphgldulhv1 Wkh eruurzhuv dqg wkh lqwhuphgldulhv wkhq

surfhhg wr plggoh djh dw wlph w.4 vwloo lq orfdwlrq k> zkhuhdv wkh ohqghuv

pryh wr orfdwlrq n 9@ k= Dw wlph w . 4> wkh qrz0plggoh0djhg eruurzhuv

duh hqgrzhg1 Wkh| xvh wklv hqgrzphqw wr uhsd| wkh ordq wr wkh plggoh0

djhg lqwhuphgldulhv1 Wkh plggoh0djhg lqwhuphgldulhv fdq wkhq frqvxph1

Phdqzkloh/ wkh ohqghuv zkr pryhg wr orfdwlrq n h{fkdqjh wkh orfdwlrq k

edqnqrwhv wkh| krog iru jrrgv surylghg e| wkh |rxqj ohqghuv eruq lq or0

fdwlrq n dw wlph w . 41 Wkh plggoh0djhg ohqghuv fdq wkhq frqvxph1 Wkh

|rxqj ohqghuv lq orfdwlrq n wkhq pryh wr orfdwlrq k 9@ n1 Dw wlph w . 5/

wkhvh qrz plggoh0djhg ohqghuv phhw zlwk rog lqwhuphgldulhv lq orfdwlrq k

wr h{fkdqjh wkh orfdwlrq k edqnqrwhv wkh lqwhuphgldulhv lvvxhg dw wlph w

iru jrrgv1 Hoghuo| eruurzhuv dqg ohqghuv kdyh qr ixuwkhu wudqvdfwlrqv wr

frqgxfw1

Frxog |rxqj eruurzhuv lvvxh wkhlu rzq qrwhv gluhfwo| wr |rxqj ohqghuv/

dqg dyrlg wkh lqwhuphgldu|B Wkh| frxog lqghhg/ surylghg vrph lqwhuphgl0

du| oldelolwlhv flufxodwh dv zhoo1 Zh looxvwudwh wkh vhfrqg/ pruh frpsolfdwhg/

srvvleoh wudqvdfwlrqv sdwwhuq iru wklv hfrqrp| lq Iljxuh 61 Lq wklv vfhqdulr/

|rxqj eruurzhuv eruq lq orfdwlrq k dw wlph w lvvxh orfdwlrq k sulydwh qrwhv

wr |rxqj ohqghuv1 Wkh |rxqj ohqghuv fduu| wkhvh qrwhv wr orfdwlrq n dw wlph

� � zBUZLTWXS6Una\ L_] O�^ZLT[IY�Q!LXd�Y,h �G\ R6Y�O�S,s�\�S,U!QnK `�\ e,^�OC��x���� �6��S,NIS6U�S6UZS,d RN�\ N?Y,hJ]J^Z\ W�^
g!^6RN�\ WXS,d2Y,f���LXW_O�N�^ZS�a�L?SC^!\ e,^ a6LXd Y�WX\ O�RMY,h�WX\ `�W�PZd S,O�\ Y,U"ktzBPZ`*jPZLXN�O�\ Y,Un\ N�o9]J^ZY,N�Lbd \ S,fZ\ d \ O�\ L�N
^!S�a6LGSI^Z\ e,^ia6LXd Y�WX\ O�RbY6h9WX\ `�WXP!d S,O�\ Y,U"k
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Figure 2
Transactions patterns with all lending intermediated
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w . 4> dqg wudgh wkhp iru jrrgv wr wkh |rxqj lqwhuphgldulhv wkhuh1 Wkh

lqwhuphgldulhv krog wkh qrwhv iru rqh shulrg/ dqg wkhq uhghhp wkhp zlwk

wkh rog eruurzhuv�wkh ruljlqdo lvvxhuv�duulylqj lq orfdwlrq n1 Lq rughu wr

vxssruw wkhvh hyhqwv/ |rxqj lqwhuphgldulhv pxvw dftxluh uhdo uhvrxufhv1 D

|rxqj lqwhuphgldu| eruq dw wlph w lq orfdwlrq k grhv vr e| lvvxlqj orfdwlrq

k edqnqrwhv wr |rxqj ohqghuv/ dqg/ lq wklv fdvh/ dovr wr plggoh0djhg eru0

urzhuv1 Erwk wkh |rxqj ohqghuv dqg wkh plggoh0djhg eruurzhuv pryh wr

orfdwlrq n dw wlph w.4= Dw wkdw srlqw/ wkh| wudgh wkh orfdwlrq k edqnqrwhv

wr |rxqj ohqghuv/ zkr wkhq pryh wr orfdwlrq k dw wlph w.5 dqg uhghhp wkh

qrwhv zlwk wkh rog lqwhuphgldulhv�wkh ruljlqdo lvvxhuv�wkhuh1 Wkhuh lv rqh

rwkhu wudqvdfwlrq vhtxhqfh lq wklv vfhqdulr/ qdpho| wkdw |rxqj eruurzhuv

pd| lvvxh rqh0shulrg LRXv wr |rxqj lqwhuphgldulhv/ zklfk duh wkhq uhsdlg

lq wkh iroorzlqj shulrg1

Lq sulqflsoh/ wkh idfw wkdw hdfk uhvrxufh wudqvihu lqyroyhv d frvw zrxog

vhhp wr pdnh lw xqghvludeoh wr kdyh lqwhuphgldwhg wudqvdfwlrqv/ li wklv

frxog eh dyrlghg1 Lq sduwlfxodu/ kdylqj ohqghuv wudqvihu jrrgv wr lqwhuph0

gldulhv/ zkr wkhq wudqvihu uhvrxufhv wr eruurzhuv/ lqyroyhv dq h{wud dqg/

wr vxshu�fldo dsshdudqfh/ dyrlgdeoh wudqvdfwlrq1 Krzhyhu/ wkh qhfhvvlw| ri

wudglqj zlwk flufxodwlqj oldelolwlhv�dorqj zlwk rxu dvvxpswlrqv rq djhqwv*

lwlqhudulhv�lpso| wkdw lw lv lpsrvvleoh iru h{fkdqjh wr wdnh sodfh zlwkrxw

dw ohdvw vrph lqwhuphgldu| oldelolwlhv flufxodwlqj1 Wkxv wkh qhhg iru lqwhu0

phgldu| oldelolwlhv dv sd|phqwv lqvwuxphqwv pdnhv frvwo| lqwhuphgldwlrq

qrw rqo| ghvludeoh/ exw hvvhqwldo wr wudgh1 Dqg/ dv zh zloo vkrz/ lq htxlole0

ulxp rqo| lqwhuphgldu| oldelolwlhv zloo flufxodwh1 Zkhq jhqhudo htxloleulxp

frqvhtxhqfhv duh wdnhq lqwr dffrxqw/ wklv lv wkh wudqvdfwlrqv sdwwhuq wkdw

hfrqrpl}hv rq wudqvdfwlrqv frvwv1

61 RSWLPDO DJHQW EHKDYLRU

6141 Ohqghuv

\rxqj ohqghuv eruq lq orfdwlrq k vxsso| wkhlu hqgrzphqw lqhodvwlfdoo|1

Vlqfh wkh| zloo eh vhsdudwhg lq plggoh djh iurp dq| djhqw wkh| wudgh zlwk

zkhq |rxqj/ ohqghuv krog rqo| qrwhv�wzr shulrg flufxodwlqj oldelolwlhv1

Wkhvh pd| eh qhzo|0lvvxhg qrwhv/ ru wkh| pd| eh orfdwlrq n 9@ k edqn0

qrwhv lvvxhg lq wkh suhylrxv shulrg lq wkh rssrvlwh orfdwlrq +e| |rxqj

lqwhuphgldulhv wkhuh,1 Vlqfh erwk w|shv ri qrwhv pxvw eh khog/ lq htxlole0

ulxp/ wkh| ehdu wkh vdph udwh ri uhwxuq1 Dqg/ vlqfh d |rxqj ohqghu eruq
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Figure 3
Transactions pattern when some borrowing is not intermediated

MAB

YI

MAI

OI

YB

OB

MAL

YL

OL

Location h

Location k

Movement

Transactions flow

IOU’s

go
od

s

lo
ca

tio
n 

k 
ba

nk
no

te
s

location h banknotes

IOU’s  redeemed

location h banknotes redeemed

MAB

YI

MAI

OI

YB

OB

MAL

YL

OL

IOU’s

goods

go
od

s

IOU’s  redeemed

goods

goods

goods

goods

goods

goods

location h private notes

location h banknotes

goods

location k private notes

goods

location k banknotes

goods

goods

goods

goods

goods

location k private notes

location  k banknotes

location h private notes redeemed
goods

location k banknotes

location h private notes

location k banknotes redeemed

location h banknotes

lo
ca

ti
on

 h
 b

an
kn

ot
es

YB=Young Borrowers YI=Young Intermediaries YL=Young Lenders
MAB=Middle Age Borrowers MAI=Middle Age Intermediaries MAI=Middle Age Intermediaries
OB=Old Borrowers OI=Old Borrowers OL=Old Lenders

location k private notes redeemed

�����������
	������������� �������������� �������� ���� "!#���$�������� &%'����(�����)��* *,+-�����$��%'� ��./�  "� �0�������(��1�� ������132
45�6����  � ������������ �#7��(�0�086�(�0�$�/���$���# $�0����� ���� '���9��:����������;���2



4����������	��
/4����'4���	����
��������	�����:	 4��/	��������	�����:	
48

lq orfdwlrq k dw w pryhv wr orfdwlrq n 9@ k dw w.4> wklv jurvv uhdo uhwxuq lv

U ��� � +w, = Wkhuhiruh/ wkh plggoh0djh frqvxpswlrq ri d ohqghu lv

f � � ���  +w. 4, @ +4� �, hU ��� � +w, = +7,

Wkh whup +4� �, hqwhuv wklv h{suhvvlrq ehfdxvh wkh ohqghu ehduv d sur0

sruwlrqdo wudqvdfwlrqv frvw ri �h zkhq jrrgv duh gholyhuhg lq h{fkdqjh iru

qrwhv1

6151 Lqwhuphgldulhv

\rxqj lqwhuphgldu|0w|sh djhqwv eruq lq orfdwlrq k dw wlph w lvvxh orfd0

wlrq k edqnqrwhv zlwk d idfh ydoxh ri { !"� ���  +w. 5, =
#%$

Wkhvh qrwhv zloo eh

dffhswhg lq h{fkdqjh rqo| e| djhqwv zlwk d srvlwlyh hqgrzphqw dqg dw ohdvw

rqh pruh shulrg wr olyh/ qdpho|/ |rxqj ohqghuv ru plggoh0djhg eruurzhuv1

Hlwkhu w|sh ri djhqw zrxog fduu| wkh qrwhv iurp orfdwlrq k wr orfdwlrq n 9@ k

ehwzhhq w dqg w . 4= Wkh qrwhv zrxog wkhuhiruh hduq wkh jurvv uhdo uhwxuq

U ��� � +w, ehwzhhq wkrvh gdwhv1 Rwkhu djhqwv�|rxqj ohqghuv ru plggoh0djhg

eruurzhuv�zloo rewdlq wkh qrwhv lq orfdwlrq n dw w.4> dqg wkhq fduu| wkhp

edfn wr orfdwlrq k dw w.5 lq rughu wr uhghhp wkhp1 Wkhvh qrwhv pxvw wkhuh0

iruh hduq wkh jurvv uhdo uhwxuq U ��� � +w. 4, ehwzhhq w. 4 dqg w. 51 Vlqfh

wkh uhdo ydoxh ri qhzo|0lvvxhg qrwhv dw w lv wkh glvfrxqwhg suhvhqw ydoxh ri

wkhlu idfh ydoxh/ wkh lvvxh ri qrwhv doorzv |rxqj lqwhuphgldulhv lq orfdwlrq

k dw w wr rewdlq jrrgv lq wkh dprxqw { !�� ���  +w. 5, @U ��� � +w,U ��� � +w. 4, =

Wkh jrrgv rewdlqhg e| lvvxlqj qrwhv/ qhw ri wudqvdfwlrqv frvwv/ duh ordqhg

rxw/ dv zh zloo vhh/ hlwkhu wr |rxqj eruurzhuv ru wr plggoh0djhg lqwhuphgl0

dulhv1 Lq pdnlqj ordqv lqwhuphgldulhv gholyhu jrrgv/ wkhuhe| lqfxuulqj wkh

sursruwlrqdo wudqvdfwlrqv frvw �= Wkxv |rxqj lqwhuphgldulhv lq orfdwlrq k

dw w pdnh rqh0shulrg ordqv zlwk d uhdo ydoxh ri
&('*)�+-,�.�/�0 120 34&  "5�6 ,7 120 8 &  , 7 890 1 &  "5 '4, = Vlqfh wkhvh

ordqv duh pdgh wr djhqwv zkr uhpdlq lq orfdwlrq k ehwzhhq w dqg w.4> wkh|

hduq wkh jurvv uhdo udwh ri uhwxuq U ��� � +w, = Dv d uhvxow/ plggoh0djhg lqwhu0

phgldulhv lq orfdwlrq k dw w froohfw uhyhqxh htxdo wr
&�':)�+;, 7 120 1 &  ,�. /�0 1<0 3 &  "5�6 ,7 120 8�&  , 7 890 1=&  "5 '4, =

Wkh ehkdylru ri lqwhuphgldulhv gl�huv ghshqglqj rq wkh ydoxh ri wkhlu

plggoh0djh frqvxpswlrq uhodwlyh wr wkhlu plggoh0djh lqfrph1 Iluvw zh frq0

vlghu zkdw zh zloo fdoo Fdvh 4/ d vlwxdwlrq zkhuh plggoh0djhg lqwhuphgldulhv
>�? � ��;��#. � �0�����$����1#� ����� �� %'� * *-�������  � �;��:�����%@ !-����� ��1 * � �0+�� * � ��� �� �2"4 ����#��8�1#� 1  ��#70�����8(%���;#* 1

* ���#1 �0;,�'��#� �$�� ��0;��$���� '�0+,���0� ����1 ����1 ��#��� �$��!���86���� * �0��� ����� !-���$� ��1 * ��������2�45� ������ ���� ��
�6���$���# $�0����� ���# ���0 5� %��0;�* 1 +-��� ����;����$��132A�:��1  $� ����� 8���;���. � �0�����$����1#� ����� �� /%��0;�* 1 ������1 ���
!#��8(����:!��$��9���� * � ��. �����"B0����� ���������� $���$�����:��� * ���0�� �70��#�'�  � �;��'�0���0���%@ !-����� �,1 * � �0+�� * � ��� �� %���;#* 1
* ���01 ���(80��;��#.(� �0�����$����1�� �0�$� �� �� ����;��$��� �#.(* �� � ��� �2
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eruurz1 Lq wklv fdvh zh kdyh

f !�� ���  +w. 4, A
+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
> +8,

phdqlqj wkdw wkh plggoh0djh frqvxpswlrq ri wkh lqwhuphgldu|0w|sh djhqwv

h{fhhgv wkhlu plggoh0djh uhyhqxh1 Lq Fdvh 5/ plggoh0djh uhyhqxh lv h{dfwo|

vx!flhqw wr ixqg plggoh0djh frqvxpswlrq/ vr wkdw

f !�� ���  +w. 4, @
+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
= +9,

Fdvh 6 lv wkhq d vlwxdwlrq zkhuh plggoh0djhg lqwhuphgldulhv ohqg/ ehfdxvh

f !�� ���  +w. 4, ?
+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
= +:,

Zh qrz wxuq wr ghvfulelqj hdfk ri wkhvh fdvhv1

Lq Fdvh 4/ plggoh0djhg lqwhuphgldu| djhqwv pxvw rewdlq dgglwlrqdo frq0

vxpswlrq jrrgv e| lvvxlqj rqh0shulrg oldelolwlhv/ ru LRXv1 Wkh sdwwhuqv

ri djhqwv* pryhphqwv lpsolhv wkdw wkhvh oldelolwlhv pxvw eh vrog wr |rxqj

lqwhuphgldulhv1 Khqfh wkhuh lv vxevwdqwldo vfrsh iru eruurzlqj dqg ohqg0

lqj ehwzhhq lqwhuphgldulhv lq wklv prgho/ dv zh revhuyh klvwrulfdoo| zlwk

qrwh0lvvxlqj edqnv1

Vlqfh plggoh0djhg lqwhuphgldulhv eruurz iurp djhqwv zkr uhpdlq lq orfd0

wlrq k/ wkh| idfh wkh jurvv uhdo udwh ri lqwhuhvw U ��� +w. 4, ehwzhhq w.4 dqg

w.5= Wkxv wkh idfh ydoxh ri wkh rqh0shulrg oldelolwlhv lvvxhg e| plggoh0djhg

lqwhuphgldulhv lq orfdwlrq k dw w. 4 pxvw vdwlvi|

e !�� ���  +w. 4,

U ��� � +w. 4,
@ f !"� ���  +w. 4,� +4� �,U ��� � +w,{ !"� ���  +w. 5,

U ��� � +w,U �2� � +w. 4,
= +;,

Zkhq rog/ dq lqwhuphgldu| pxvw uhghhp wkh wzr0shulrg oldelolwlhv lvvxhg

zkhq |rxqj/ dqg wkh rqh0shulrg oldelolwlhv lvvxhg zkhq plggoh0djhg1 Wr

gr vr/ wkh lqwhuphgldu| zloo gholyhu wkhlu rog djh hqgrzphqw/ lqfxuulqj d

wudqvdfwlrqv frvw ri �d lq wkh surfhvv1 Wkxv dq rog lqwhuphgldu| idfhv wkh

exgjhw frqvwudlqw

+4� �,d � { !"� ���  +w. 5, . e !�� ���  +w. 4, = +<,

Frqvrolgdwlqj htxdwlrqv +;, dqg +<,/ d |rxqj lqwhuphgldu| eruq lq orfdwlrq

k dw wlph w zloo fkrrvh d ydoxh { !"� ���  +w. 5, wr pd{lpl}h f !�� ���  +w. 4,/ vxemhfw
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wr

+4� �,d � { !"� ���  +w. 5,.

U ��� � +w. 4,

�

f !�� ���  +w. 4,� +4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U �2� � +w. 4,

�

= +43,

Zh wkhuhiruh ghgxfh wkdw edqnqrwhv zloo eh lvvxhg e| |rxqj lqwhuphgldulhv

rqo| li

+4� �,U ��� � +w,U ��� � +w. 4, � U ��� � +w,U �2� � +w. 4, = +44,

Vlqfh zh nqrz wkdw dq| ihdvleoh wudqvdfwlrqv sdwwhuq lqyroyhv qrwh lvvxhv

e| |rxqj lqwhuphgldulhv/ htxdwlrq +44, pxvw eh vdwlv�hg lq htxloleulxp1

Pruhryhu/ li lqhtxdolw| +;, krogv/ vr wkdw wkh qrwh lvvxh ri |rxqj lqwhuph0

gldulhv lv qrw h{sdqghg wr wkh srlqw zkhuh +;, krogv zlwk htxdolw| +wkdw lv/

li Fdvh 4 rewdlqv,/ wkhq lw pxvw eh wkh fdvh wkdw +44, krogv zlwk htxdolw|1

Dqg/ zkhq +44, krogv zlwk htxdolw|/ wkhq +43, lpsolhv wkdw

f !"� ���  +w. 4, @
+4� �,d

U ��� � +w. 4,
= +45,

Wkdw lv/ plggoh0djhg lqwhuphgldulhv frqvxph wkh glvfrxqwhg suhvhqw ydoxh

ri wkhlu hqgrzphqw/ qhw ri wudqvdfwlrqv frvwv1 Zkloh wklv pljkw vhhp wr

eh dq reylrxv rxwfrph/ zh zloo vhh wkdw d vlplodu uhvxow grhv qrw rewdlq li

plggoh0djhg lqwhuphgldulhv duh qrw eruurzhuv1

Ilqdoo|/ zkhq htxdwlrqv +43, dqg +44, krog zlwk htxdolw|/ lw lv hdv| wr

yhuli| wkdw +8, krogv li dqg rqo| li

+4� �,d A { !"� ���  +w. 5, = +46,

Wklv frqglwlrq vwdwhv wkdw plggoh0djhg lqwhuphgldulhv eruurz li dqg rqo|

li wkhlu diwhu0wudqvdfwlrqv0frvw rog0djh hqgrzphqw h{fhhgv wkh idfh ydoxh ri

wkh qrwhv wkh| lvvxh zkhq |rxqj1

Lq Fdvh 5/ htxdwlrq +9, krogv dqg plggoh0djhg lqwhuphgldulhv qhlwkhu

eruurz qru ohqg/ ehfdxvh wkhlu ordq lqfrph lv h{dfwo| vx!flhqw wr ixqg

wkhlu frqvxpswlrq1 Lq wklv fdvh/ wkh exgjhw frqvwudlqw +43, krogv zlwk

htxdolw| lpso|lqj wkdw

+4� �,d @ { !"� ���  +w. 5, > +47,

wkdw lv/ wkh qhw0ri0wudqvdfwlrqv0frvw hqgrzphqw ri rog lqwhuphgldulhv lv h{0

dfwo| hqrxjk wr uhghhp wkh oldelolwlhv lvvxhg zkhq |rxqj1 Djdlq/ lq rughu
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iru |rxqj lqwhuphgldulhv wr lvvxh qrwhv frqglwlrq +44, pxvw eh vdwlv�hg1

Dqg dv zh vkrz ehorz/ lq rughu iru |rxqj lqwhuphgldulhv qrw wr zdqw wr

h{sdqg wkhlu qrwh lvvxhv deryh +4� �, d> lw lv qhfhvvdu| wkdw

+4� �,
�
U ��� � +w,U ��� � +w. 4, � U ��� � +w,U ��� � +w. 4, = +48,

Wkxv/ lq rughu iru plggoh0djhg lqwhuphgldulhv wr qhlwkhu eruurz qru ohqg/

udwhv ri uhwxuq pxvw vdwlvi|

+4� �,
�
U ��� � +w,U ��� � +w. 4, �

U ��� � +w,U ��� � +w. 4, ?

+4� �,U ��� � +w,U ��� � +w. 4, = +49,

Ilqdoo|/ zh qrwh wkdw htxdwlrqv +9, dqg +47, lpso|

f !"� ���  +w. 4, @
+4� �,

6
U ��� � +w,d

U ��� � +w,U ��� � +w. 4,
= +4:,

Pruhryhu/ lqhtxdolw| +48, wkhq lpsolhv wkdw

f !"� ���  +w. 4, � +4� �,d

U ��� � +w. 4,
= +4;,

Dv zh zloo vhh/ wklv frqglwlrq fdq krog dv d vwulfw lqhtxdolw|1 Wkxv plggoh0

djhg lqwhuphgldulhv fdq frqvxph pruh wkdq wkh glvfrxqwhg suhvhqw ydoxh

ri wkhlu hqgrzphqw1 Wklv lv ehfdxvh/ zkhq +44, krogv dv d vwulfw lqhtxdolw|/

lqwhuphgldulhv hduq d sur�w rq qrwh lvvxhv xs wr d idfh ydoxh ri +4� �,d=

Uhpdun 6141 Xqghu wkh duudqjhphqw iru lvvxlqj edqnqrwhv h{lvwlqj
xqghu wkh Qdwlrqdo Edqnlqj Dfw lq wkh X1V1/

#��
wkhuh zdv dq xsshu olplw rq

wrwdo edqnqrwh lvvxhv1 Dv qrwhg e| Fdjdq +4<96, dqg rwkhuv/
#��
rq dyhudjh

edqnqrwh lvvxh hduqhg lq h{fhvv ri qrupdo sur�wv1 Qrqhwkhohvv/ wkh xsshu
olplw rq edqnqrwh lvvxhv zdv qhyhu uhdfkhg1 Wklv kdv ehhq ylhzhg dv d
pdmru sx}}oh lq wkh olwhudwxuh1 Lq rxu prgho/ zkhq +44, krogv dv d vwulfw
lqhtxdolw|�dv fdq kdsshq�edqnqrwh lvvxh hduqv h{fhvv sur�wv1 Hyhq vr/ li
+48, krogv dv d vwulfw lqhtxdolw|/ lqwhuphgldulhv zloo rswlpdoo| fkrrvh qrw wr
h{sdqg wkh idfh ydoxh ri wkhlu qrwh lvvxhv eh|rqg +4� �,d= Wklv lv vlpso|
ehfdxvh ri wkh wudqvdfwlrqv frvwv wkh| zrxog lqfxu li wkh| glg vr1 Exw dq
>�� ����  ������$�0��.��������0��%��� �� � !�* ����� � �$�������
	
�*@������,2
>�� 	�����7�� �0��� �� $���0������7 � ��0�(! 7�� ��* * �����07 �0��1�� ��+-������������� ��� � �����!37��#�������(�0�37�����1

� ��+�����������
��2
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rxwvlgh revhuyhu/ pdnlqj Fdjdq*v fdofxodwlrqv lq rxu hfrqrp| zkhq Fdvh
5 rewdlqv/ zrxog frqfoxgh wkdw edqnqrwh lvvxh zdv sur�wdeoh/ dqg |hw wkdw
edqnv yroxqwdulo| olplwhg wkh txdqwlw| ri edqnqrwhv lq flufxodwlrq1 Wkxv
rxu dqdo|vlv srwhqwldoo| srvhv d uhvroxwlrq ri wkh txhvwlrq ri zk| edqnv glg
qrw lvvxh d odujhu yroxph ri qrwhv klvwrulfdoo| lq wkh X1V1

Zh qrz wxuq wr Fdvh 6/ lq zklfk lqhtxdolw| +:, krogv dqg wkh uhyhqxh ri

plggoh0djhg lqwhuphgldulhv h{fhhgv wkhlu frqvxpswlrq1 Dv d uhvxow/ plggoh0

djhg lqwhuphgldulhv pdnh ordqv1 Wkhvh ordqv duh pdgh/ lq htxloleulxp/ wr

|rxqj eruurzhuv1 Vlqfh ordqv duh pdgh wr djhqwv zkr uhpdlq lq orfdwlrq k

ehwzhhq w dqg w. 4> wkh| hduq wkh jurvv uhdo udwh ri uhwxuq U ��� � +w. 4, =

Vlqfh plggoh0djhg lqwhuphgldulhv gholyhu

+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
� f !�� ���  +w. 4, +4<,

xqlwv ri jrrgv wr eruurzhuv/ wkh| lqfxu d sursruwlrqdo wudqvdfwlrqv frvw ri

�= Khqfh wkh dfwxdo txdqwlw| ohqw e| d plggoh0djhg lqwhuphgldu| lq orfdwlrq

k dw w lv

+4� �,

�

+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
� f !�� ���  +w. 4,

�

= +53,

Wklv ohqglqj wkhq jhqhudwhv rog djh lqfrph ri

+4� �,U ��� � +w. 4,

�

+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
� f !�� ���  +w. 4,

�

= +54,

Wklv lqfrph/ dorqj zlwk wkh lqwhuphgldu|*v rog djh hqgrzphqw/ lv xvhg wr

uhghhp wkh qrwhv lvvxhg zkhq |rxqj1

Wr �{ lghdv zh lqyrnh Dvvxpswlrq 5 vr wkdw/ zkhq djhqwv uhghhp wkhlu

oldelolwlhv/ wkh| pxvw gholyhu jrrgv1
#��

Wkhq d iudfwlrq � ri rog lqwhuphgl0

dulhv* hqgrzphqwv dqg d iudfwlrq � ri wkhlu ordq lqfrph lv �orvw� lq wkh

irup ri wudqvdfwlrqv frvwv1 Khqfh rog lqwhuphgldulhv lq orfdwlrq k dw w. 5
>�� �:* ������������� 9���* 8�7'� � ��.����0�� 6����1������ ������ � � %'� * � �0+�� * � ��� �� 6;� �� ��. ���� * � ��+�� * � ��� �� ��� ����#���

�0.������� �7:��#��8 � �#��;��6����  $�0�(� ���$�0�� �������� �0�� ���0 $�� �0 � � �����8 �  � �;�� .�����1# �2 	:�  $������� ����* * 8�7
�0�$������.��������0�� ������ �0* * ��%���1 +�����B� �����  $ �;�� �������� �0� �����  $!������ ����1 ��#��� ���� ���* 1���� �0� ����
�#����� %��0 :���0��� ��* ��1 ��� ����1#����!,��� ����� ��� �����$����� �� �!-����� ����1� ����/��� ��+�� ������ �7� �;������ : �!-����� ��2/4 �
�  ���� $8���� .0� 90� ��;�� ����1���*)��� � �0�����$!������������ ��� %'����$������1����(!���� ��� ��� * � ��+�� * � ��� �� %'� �� .�����1# 
�  ����;#� 9���* ���0� ��� ����1����(!���� ��� ������������ %'� ��  �!-����� �026	�;��� ��� � �0������!��$��������� �0� %���;�* 1 � ��* * ��%
	,���$.0���0�'�0��1 � ��* * �0��� ������
�
��2
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fdq uhghhp wkhlu qrwh lvvxhv l�

+4� �,
6
U ��� � +w. 4,

�

+4� �,U ��� � +w,{ !�� ���  +w. 5,

U ��� � +w,U �2� � +w. 4,
� f !"� ���  +w. 4,

�

.

+4� �,d � { !"� ���  +w. 5, = +55,

\rxqj lqwhuphgldulhv wkxv fkrrvh { !�� ���  +w. 5, wr pd{lpl}h f !"� ���  +w. 4, >

vxemhfw wr lqhtxdolw| +55,1

Dq devhqfh ri duelwudjh rssruwxqlwlhv dvvrfldwhg zlwk edqnqrwh lvvxhv

uhtxluhv wkdw

+4� �,
�
U ��� � +w,U ��� � +w. 4, � U ��� � +w,U �2� � +w. 4, +56,

pxvw krog1 Pruhryhu/ zkhq lqhtxdolw| +:, lv vdwlv�hg/ wkhq +56, pxvw krog

zlwk htxdolw|1 Zkhq wkdw rffxuv/ zh kdyh

f !�� ���  +w. 4, @
d

+4� �,U ��� � +w. 4,
= +57,

Wkxv lqwhuphgldulhv hduq sur�wv iurp qrwh lvvxh= Qrw rqo| grhv wkhlu

plggoh0djh frqvxpswlrq h{fhhg wkh glvfrxqwhg suhvhqw ydoxh ri wkhlu qhw0

ri0wudqvdfwlrqv0frvw hqgrzphqw/ lw h{fhhgv wkh glvfrxqwhg suhvhqw ydoxh ri

wkhlu wrwdo hqgrzphqw1

Ilqdoo|/ frqglwlrq +56, kroglqj dw htxdolw| frxsohg zlwk htxdwlrq +57,

lpsolhv lqhtxdolw| +:, krogv l�

+4� �,d ? { !"� ���  +w. 5, = +58,

Wkdw lv/ wkh idfh ydoxh ri edqnqrwh lvvxhv e| |rxqj lqwhuphgldulhv pxvw

h{fhhg wkhlu rog0djh/ qhw0ri0wudqvdfwlrqv0frvw hqgrzphqw1

Iljxuh 7 vxppdul}hv wkh rswlpdo +idfh ydoxh, ri qrwh lvvxhv e| |rxqj

lqwhuphgldulhv1

Uhpdun 6151 Dv zh revhuyhg iru d Fdvh 5 hfrqrp|/ wklv prgho kdv
wkh srwhqwldo wr h{sodlq Fdjdq*v edqnqrwh xqghulvvxh sx}}oh1 Lq d Fdvh
6 hfrqrp|/ dyhudjh sur�wv iurp qrwh lvvxh duh srvlwlyh1

#��
Krzhyhu/ dw

wkh pdujlq/ dgglwlrqdo qrwh lvvxhv gr qrw jhqhudwh dgglwlrqdo sur�wv1 Wkh
qrqolqhdulw| ri sur�wv lq qrwh lvvxh lv jhqhudwhg e| wkh nlqn wkdw dulvhv
lq wkh exgjhw vhw ri lqwhuphgldulhv dv wkh| wudqvlw iurp ehlqj eruurzhuv lq
>�� � ��.0��� ����* ��;�* ������1 ��9����$�0.���!#�$� ���� .���������������1 +08 +�����B,���������  � $;#��;���1#��� ���� �:����� �����0*

���0��B�� ��. 	08, $����� 2
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Figure Four
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plggoh djh wr ehlqj ohqghuv1 Wklv nlqn lv gxh wr wkh suhvhqfh ri wudqvdfwlrqv
frvwv1

6161 Eruurzhuv

D |rxqj eruurzhu frxog/ dw ohdvw srwhqwldoo|/ lvvxh d pl{ ri rqh dqg wzr0

shulrg oldelolwlhv1 Rqh0shulrg oldelolwlhv/ LRXv/ duh lvvxhg zlwk d idfh ydoxh

ri e � � ���  +w, e| |rxqj eruurzhuv lq orfdwlrq k dw w1 Wkhvh oldelolwlhv pxvw

eh khog e| djhqwv zkr uhpdlq lq orfdwlrq k ehwzhhq w dqg w. 4> wkhuhiruh

wkh| kdyh d wlph w glvfrxqwhg suhvhqw ydoxh ri e � � ���  +w, @U ��� � +w, = Lq dggl0

wlrq/ |rxqj eruurzhuv lq orfdwlrq k dw w fdq lvvxh wzr0shulrg flufxodwlqj

oldelolwlhv/ sulydwh qrwhv/ zlwk d idfh ydoxh ri { � � ���  +w. 5, = Wkhuh duh wzr

srvvlelolwlhv uhjduglqj zkr pljkw krog wkhvh oldelolwlhv/ zklfk zh qrz wdnh

xs lq wxuq1

Wkh �uvw srvvlelolw| lv wkdw wkh wzr0shulrg flufxodwlqj oldelolwlhv duh khog

e| djhqwv zkr pryh iurp orfdwlrq k dw w wr orfdwlrq n> n 9@ k> dw w . 4=

Li wklv wudqvsluhv/ wkhvh oldelolwlhv pxvw uhpdlq lq orfdwlrq n ehwzhhq w. 4

dqg w . 5 lq rughu iru wkhlu lvvxhu�zkr zloo eh lq orfdwlrq n dw w . 5�wr

uhghhp wkhp1 Lq wklv vlwxdwlrq wkh oldelolwlhv hduq d jurvv uhdo uhwxuq ri

U ��� � +w, ehwzhhq w dqg w . 4> dqg U �2� � +w. 4, ehwzhhq w . 4 dqg w . 5= Lq
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wklv fdvh d |rxqj eruurzhu idfhv wkh exgjhw frqvwudlqw

f � � ���  +w, � e � � ���  +w,
U ��� � +w, .

{ � � ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
= +59,

Lq plggoh0djh eruurzhuv pxvw frpsohwh wzr wudqvdfwlrqv1 Wkh| pxvw

sd| r� dq| rqh0shulrg oldelolwlhv lvvxhg/ dqg wkh| pxvw dftxluh fodlpv rq

frqvxpswlrq lq orfdwlrq n 9@ k dw w . 51 Wkhvh fodlpv hqdeoh wkhp wr

uhghhp wkhlu wzr0shulrg oldelolwlhv1 Lq rughu wr gr vr/ wkh| pxvw rewdlq

flufxodwlqj oldelolwlhv1 Ohw �{ � � ���  +w. 4, eh wkh wlph w . 5 ydoxh lq orfdwlrq

n ri wkh oldelolwlhv dftxluhg1 Vlqfh wkhvh oldelolwlhv hduq d jurvv uhdo uh0

wxuq ri U ��� � +w. 4, ehwzhhq w . 4 dqg w. 5> wkh frvw ri dftxlulqj wkhp lv

�{ � � ���  +w. 4, @U ��� � +w. 4, = Wkh vhfrqg shulrg exgjhw frqvwudlqw ri d eru0

urzhu wkhq uhtxluhv wkdw

+4� �,z � e � � ���  +w, . �{ � � ���  +w. 4,

U ��� � +w. 4,
= +5:,

Ilqdoo|/ vlqfh wkh eruurzhu pxvw dftxluh fodlpv wr sd| r� suhylrxvo|0lvvxhg

flufxodwlqj oldelolwlhv/

+4� �, �{ � � ���  +w. 4, � { � � ���  +w. 5, +5;,

pxvw krog1 Wkh suhvhqfh ri wkh whup +4� �, rq wkh ohiw0kdqg0vlgh ri +5;,

uh hfwv wkh idfw wkdw rog eruurzhuv h{fkdqjh wkh fodlpv wkh| dftxluh lq

plggoh0djh iru jrrgv/ zklfk duh wkhq xvhg wr uhghhp wzr0shulrg oldelolwlhv1

Wkh gholyhu| ri wkhvh jrrgv lqyroyhv d sursruwlrqdo wudqvdfwlrqv frvw ri �=

Frqvrolgdwlqj htxdwlrqv +59,0+5;,/ zh rewdlq wkh olihwlph exgjhw frq0

vwudlqw ri d eruurzhu eruq lq orfdwlrq k dw w zkhq flufxodwlqj oldelolwlhv duh

vrog wr |rxqj ohqghuv ru plggoh0djhg eruurzhuv=

f � � ���  +w, � U ��� � +w,
)�' �

+4� �,z � �{ � � ���  +w. 4,

U ��� � +w. 4,

�

.
+4� �, �{ � � ���  +w. 4,

U ��� � +w,U ��� � +w. 4,
= +5<,

Eruurzhuv fkrrvh �{ � � ���  +w. 4, � 3 wr pd{lpl}h f � � ���  +w, > vxemhfw wr +5<,1

Wkh qr0duelwudjh frqglwlrq dvvrfldwhg zlwk wklv sureohp lv

+4� �,U ��� � +w,U ��� � +w. 4, � U ��� � +w,U �2� � +w. 4, = +63,
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Li +63, lv d vwulfw lqhtxdolw|/ wkhq eruurzhuv rswlpdoo| vhw �{ � � ���  +w. 4, @ 3=

Htxdwlrq +5;, wkhq lpsolhv wkdw |rxqj eruurzhuv gr qrw lvvxh sulydwh qrwhv

li +63, lv d vwulfw lqhtxdolw|1

Dv zh zloo vhh/ li plggoh0djhg lqwhuphgldulhv hlwkhu eruurz ru ohqg/ d

vwhdg| vwdwh zloo qhfhvvdulo| kdyh U ��� � +w, @ U ��� � +w. 4, = Wkhq/ dw ru qhdu

d vwhdg| vwdwh/ +63, zloo krog dv d vwulfw lqhtxdolw|1 Lq dgglwlrq/ li orfdwlrqv

duh v|pphwulf/ U ��� � +w, @ U �2� � +w. 4, zloo krog lq d vwhdg| vwdwh li plggoh0

djhg lqwhuphgldulhv qhlwkhu eruurz qru ohqg1 Wkxv djdlq +63, zloo eh d

vwulfw lqhtxdolw| dw ru qhdu d vwhdg| vwdwh= \rxqj eruurzhuv zloo qrw lvvxh

sulydwh qrwhv li orfdwlrqv duh v|pphwulf1

Wkh vhfrqg srvvlelolw| lv wkdw |rxqj eruurzhuv lvvxh wzr0shulrg oldelolwlhv

wkdw duh khog e| lqwhuphgldulhv ehwzhhq w dqg w . 4> dqg wkhuhiruh wkhlu

oldelolwlhv uhpdlq lq orfdwlrq k ehwzhhq wkrvh gdwhv1 Lqwhuphgldulhv wkhq vhoo

wkhvh oldelolwlhv wr djhqwv zkr pryh iurp orfdwlrq k wr orfdwlrq n ehwzhhq

w dqg w . 4= Lqwxlwlyho|/ grlqj wklv lv qrw vxshulru wr d vfhqdulr zkhuh

eruurzhuv wdnh d vhtxhqfh ri rqh0shulrg ordqv> wklv lv ihdvleoh vlqfh doo

wudghv lqyroyh djhqwv zlwk zkrp eruurzhuv vkduh wkh vdph orfdwlrq lq

wkh uhohydqw shulrgv1 Pruhryhu/ d vhtxhqfh ri rqh0shulrg ordqv lv lqihulru

wr d vlqjoh rqh0shulrg ordq/ vlqfh lw lqyroyhv pruh wudqvdfwlrqv dqg pruh

wudqvdfwlrqv frvwv1
#��

Wkxv zh fdq frqfoxgh wkdw eruurzhuv qhyhu lvvxh

sulydwh qrwhv1

Ilqdoo|/ zkhq eruurzhuv lvvxh qr sulydwh qrwhv/ htxdwlrq +5<, lpsolhv wkdw

f � � ���  +w, @ +4� �,z

U ��� � +w, = +64,

\rxqj eruurzhuv frqvxph wkh glvfrxqwhg suhvhqw ydoxh ri wkhlu qhw0ri0

wudqvdfwlrqv0frvw hqgrzphqw1

6171 Vxppdu|

Wkh rswlpdo ehkdylru ri djhqwv lqglfdwhv wkdw |rxqj lqwhuphgldulhv zloo

lvvxh edqnqrwhv/ zklfk wkh| xvh wr ex| jrrgv iurp |rxqj ohqghuv1 Wkhvh

jrrgv duh wkhq ordqhg lq d frqyhqwlrqdo zd| +wkdw lv/ xvlqj rqh0shulrg

oldelolwlhv/ ru LRXv, wr |rxqj eruurzhuv1 Ohqghuv wdnh qhzo|0lvvxhg qrwhv
>�� 4 � �  !-�� � �� +#* � ��� �$��!������ ���� * ��.�� � ��+-� 90� ����1  ��� % ������ ���� ���9@ ����+�� ���$�0.�� ���0��@

1#� ��� �0� �� � ������ ������1 %'� �� �5%��9@ !����$� ��1 * � ��+�� * � ��� �� ������ �0�$�  ���* 1 ��� � �0�����$����1�� ����� �� �  
�����	��
����� ��� ��
����� ��� ��
�������� ��� ��
������ ��� ������
�� 4 � ����  ���0��1�� ��� ��� �  �  $����� ��� � �#����;��0* � � 8�7
�#� !���� 9������:�������� %'� * *-+-�'�  � $;#��1�%'�����80��;#��.�2 ��;,����+09�� ��;# $* 8(����  ������1�� ��� ��� %'� * *#+��'�  $����� ���
� ��� ��;���* � �586���'�������������� $�����01,86 $��������2
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wr wkhlu qhz orfdwlrq/ dqg xvh wkhp wr ex| jrrgv1 Ohqghuv dovr wdnh wkh

suhylrxvo|0lvvxhg qrwhv rewdlqhg lq wklv zd| wr wkhlu orfdwlrq ri ruljlq dqg

uhghhp wkhp1 Eruurzhuv xvh wkh vhuylfhv ri lqwhuphgldulhv udwkhu wkdq lvvxh

sulydwh qrwhv wkhpvhoyhv ehfdxvh lvvxlqj sulydwh qrwhv lqyroyhv dq h{fhvvlyh

qxpehu ri wudqvdfwlrqv/ dqg h{fhvvlyh wudqvdfwlrqv frvwv1

71 HTXLOLEULXP FRQGLWLRQV

Wkhuh duh wkuhh jhqhudo frqglwlrqv wkdw dq htxloleulxp pxvw vdwlvi|1

Iluvw/ djhqwv zkr krog flufxodwlqj oldelolwlhv +|rxqj ohqghuv, pxvw eh zloo0

lqj wr krog doo ri wkh edqnqrwhv wkdw duh lvvxhg e| |rxqj lqwhuphgldulhv

lq wkhlu fxuuhqw orfdwlrq/ dv zhoo dv doo ri wkh suhylrxvo|0lvvxhg edqnqrwhv

wkdw zloo pdwxuh qh{w shulrg lq wkh rssrvlwh orfdwlrq1 Wkh ghpdqg iru dv0

vhwv shu |rxqj ohqghu lv vlpso| wkhlu qhw0ri0wudqvdfwlrqv0frvw hqgrzphqw/

+4� �, h= Dqg/ wkh iudfwlrq ri wkh orfdwlrq k srsxodwlrq wkdw lv ohqghuv lv

� ��� � = Wkxv wkh djjuhjdwh ghpdqg iru flufxodwlqj oldelolwlhv lq orfdwlrq k lv

� ��� � +4� �, h dw hdfk gdwh1

Dw gdwh w> hdfk |rxqj lqwhuphgldu| lq orfdwlrq k lvvxhv edqnqrwhv zlwk

d idfh ydoxh ri { !"� ���  +w. 5, = Wkhvh qrwhv kdyh d gdwh w glvfrxqwhg suhvhqw

ydoxh ri { !�� ���  +w. 5, @U ��� � +w,U ��� � +w. 4, > vlqfh wkh| zloo eh fduulhg iurp

orfdwlrq k wr orfdwlrq n ehwzhhq w dqg w. 4> dqg wkhq edfn djdlq ehwzhhq

w. 4 dqg w. 5= Dqg |rxqj lqwhuphgldulhv frqvwlwxwh d iudfwlrq � ��� ! ri wkh
orfdwlrq k srsxodwlrq1 Lq dgglwlrq/ dw w�4 |rxqj lqwhuphgldulhv lq orfdwlrq

n 9@ k/ zkr frqvwlwxwh d iudfwlrq � �2� ! ri wkh srsxodwlrq lq wkdw orfdwlrq/

lvvxhg orfdwlrq n edqnqrwhv zlwk d idfh ydoxh ri { !"� �2�  )�' +w. 4, = Doo ri

wkhvh qrwhv zhuh fduulhg iurp orfdwlrq n wr orfdwlrq k e| |rxqj ohqghuv/

dqg khqfh dw w wkh| flufxodwh lq orfdwlrq k= Wkhuh wkh| duh xvhg wr ex|

jrrgv iurp |rxqj ohqghuv1 Wkh gdwh w glvfrxqwhg suhvhqw ydoxh ri wkhvh

qrwhv lv { !�� ���  )�' +w. 4, @U ��� � +w, > vlqfh wkh| pxvw eh fduulhg iurp orfdwlrq

k wr orfdwlrq n= Lw iroorzv wkdw wkh ghpdqg iru qrwhv htxdov wkhlu vxsso| li

� ��� !
�

{ !"� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,

�

. � �2� !
�

{ !�� ���  )�' +w. 4,

U ��� � +w,

�

@ � ��� � +4� �, h +65,

iru k @ 4> 5> n @ 4> 5> k 9@ n=

Wkh qdwxuh ri wkh uhpdlqlqj htxloleulxp frqglwlrqv/ zklfk duh ordq pdu0

nhw fohdulqj dqg qr duelwudjh frqglwlrqv/ ghshqg rq zkhwkhu plggoh0djhg

lqwhuphgldulhv eruurz ru ohqg1 Zh qrz frqvlghu hdfk fdvh lq wxuq1
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7141 Fdvh 4= Plggoh0djhg Lqwhuphgldulhv Eruurz

Zkhq Fdvh 4 rewdlqv/ wkh qr duelwudjh frqglwlrq dvvrfldwhg zlwk edqn0

qrwh lvvxhv lv

+4� �,U ��� � +w,U ��� � +w. 4, @ U ��� � +w,U ��� � +w. 4, +66,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Lq dgglwlrq/ plggoh0djhg lqwhuphgldulhv�zkr

frpsulvh d iudfwlrq � ��� ! ri wkh orfdwlrq k srsxodwlrq�zdqw wr eruurz

f !�� ���  )�' +w,� +4� �,U ��� � +w� 4,{ !�� ���  )�' +w. 4,

U ��� � +w� 4,U �2� � +w, +67,

lq orfdwlrq k dw w= Pruhryhu/ zkhq Fdvh 4 rewdlqv/

f !�� ���  )�' +w, @ +4� �,d

U ��� � +w, = +68,

\rxqj eruurzhuv pxvw eruurz wkhlu hqwluh |rxqj shulrg frqvxpswlrq/

f � � ���  +w, @ +4� �,z

U ��� � +w, = +69,

Wkhvh djhqwv frqvwlwxwh d iudfwlrq � ��� � ri wkh orfdwlrq k srsxodwlrq1 Il0

qdoo|/ wkh vxsso| ri fuhglw lq orfdwlrq k dw w lq d Fdvh 4 hfrqrp| lv&�':)�+;, � 1<0 / . /�0 120 3 &  "5�6 ,7 1<0 8 &  , 7 890 1 &  "5 '4, = Wklv lv wkh fdvh vlqfh |rxqj lqwhuphgldulhv hdfk rewdlq

jrrgv zlwk d ydoxh ri
. /�0 120 3 &  "5�6 ,7 1<0 8 &  , 7 890 1 &  "5 ':, e| lvvxlqj qrwhv1 Wkh jrrgv rewdlqhg

duh gholyhuhg wr eruurzhuv/ vr wkdw d sursruwlrqdo wudqvdfwlrqv frvw ri �

lv lqfxuuhg1 Doo ri wkhvh revhuydwlrqv lpso| wkdw wkh ordq pdunhw fohduv lq

orfdwlrq k dw w li

� ��� �
�

+4� �,z

U ��� � +w,

�

.

� ��� !
�

+4� �,d

U ��� � +w, �
+4� �,U ��� � +w� 4,{ !�� ���  )�' +w. 4,

U ��� � +w� 4,U �2� � +w,

�

@

� ��� !
�

+4� �,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,

�

+6:,

iru k @ 4> 5> n @ 4> 5> k 9@ n=

Zh dovr qrwh wkdw/ lq rughu iru Fdvh 4 wr rewdlq/ { !�� ���  +w. 5, ? +4� �,d

pxvw krog1
���

��� �������;�.�#��;,� ����  1��  ���;� � �� ����%��:� ����;# ����* 8��0�  �� ��;������ ���� %'����$�:��� 1�1#* �4@ ��.0��1 � �0�������(�4@
1#� �0�$� �� ���$�(��� ������/�#��� +-�0�$����%����� /� � ������ * �,������� �0�373���/�#��� * ����1����$ � � ������ * ��������� ���32 ����  
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7151 Fdvh 5= Plggoh0djhg Lqwhuphgldulhv Qhlwkhu Eruurz Qru

Ohqg

Zkhq Fdvh 5 krogv/ lw pxvw eh wkh fdvh wkdw |rxqj lqwhuphgldulhv zdqw

qhlwkhu wr h{sdqg qru frqwudfw wkhlu edqnqrwh lvvxhv1 Wklv uhtxluhv

+4� �,
�
U ��� � +w,U ��� � +w. 4, �

U ��� � +w,U �2� � +w. 4, � +4� �,U ��� � +w,U ��� � +w. 4, +6;,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Ordq pdunhw fohdulqj lv h{dfwo| dv ghvfulehg

ehiruh/ h{fhsw wkdw plggoh0djhg lqwhuphgldulhv gr qrw eruurz ru ohqg1 Wkxv

fuhglw vxsso| dqg fuhglw ghpdqg duh htxdo lq hdfk orfdwlrq li

� ��� � +4� �,z

U ��� � +w, @
� ��� ! +4� �,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
+6<,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Pruhryhu/ zkhq Fdvh 5 rewdlqv/ wkh idfh ydoxh

ri edqnqrwh lvvxhv e| |rxqj lqwhuphgldulhv htxdov wkhlu wklug0shulrg/ qhw0

ri0wudqvdfwlrqv0frvw hqgrzphqw= Wkdw lv/ { !"� ���  +w. 5, @ +4� �,d= Wkhq

+6;, ehfrphv

� ��� � U ��� � +w,U ��� � +w. 4, @ � ��� ! +4� �,dU ��� � +w, = +73,

7161 Fdvh 6= Plggoh0djhg Lqwhuphgldulhv Ohqg

Zkhq Fdvh 6 rewdlqv/ lw pxvw djdlq eh wkh fdvh wkdw |rxqj lqwhuphgldulhv

zdqw qhlwkhu wr frqwudfw qru wr lqgh�qlwho| h{sdqg wkhlu edqnqrwh lvvxh1

Wklv uhtxluhv wkdw wkh qr0duelwudjh frqglwlrq

+4� �,
�
U ��� � +w,U ��� � +w. 4, @ U ��� � +w,U ��� � +w. 4, > +74,

iru k @ 4> 5> n @ 4> 5> k 9@ n> eh vdwlv�hg1 Lq dgglwlrq/ lq d Fdvh 6 hfrq0

rp|/ wkh ghpdqg iru fuhglw e| |rxqj eruurzhuv dqg wkh vxsso| ri fuhglw

e| |rxqj lqwhuphgldulhv lv dv suhylrxvo| ghvfulehg1 Krzhyhu/ plggoh0djhg

� ;� $� ���$�0�� �!�� ����� � �����* ��������� ���� 6���$�� $8,���������$� ��2�	:� %���90����7'� � * ��������� ���# ������ �; � ��� ���0��* 8
�0 $8,���(������� �07�� � ����;�* 1���0!�!-��� ������ ��� 1�1#* �%@ ��.0��1�� �0�����$����1�� ����� �� /���$�(�����/+����$����%����$ /� � �����
* ��������� ��� �0��1 ����� * ����1#���� � ������'���������2�����  %���;�* 1 ���,!����#1�����: ��������3!-�� � �� +�* �'� ��;�� * � +���� ;#�
��������.0;��$����� ���� �2
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lqwhuphgldulhv lq orfdwlrq k dw wlph w qrz zdqw wr ohqg

+4� �,U ��� � +w� 4,{ !�� ���  )�' +w. 4,

U ��� � +w� 4,U �2� � +w, � f !"� ���  )�' +w, @

+4� �,U ��� � +w� 4,{ !"� ���  )�' +w. 4,

U ��� � +w� 4,U ��� � +w, � d

+4� �,U ��� � +w, = +75,

Vlqfh lqwhuphgldulhv frqvwlwxwh d iudfwlrq � ��� ! ri wkh orfdwlrq k srsxodwlrq/

lw iroorzv wkdw wkh ordq pdunhw fohduv lq hdfk orfdwlrq li

� ��� �
�

+4� �,z

U ��� � +w,

�

@ � ��� !
�

+4� �,{ !�� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,

�

.

+4� �, � ��� !
�

+4� �,U ��� � +w� 4,{ !"� ���  )�' +w. 4,

U ��� � +w� 4,U �2� � +w, � d

+4� �,U ��� � +w,

�

+76,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Wkh vhfrqg whup rq wkh uljkw0kdqg vlgh ri

htxdwlrq +76, lv pxowlsolhg e| +4� �, vlqfh d sursruwlrqdo wudqvdfwlrqv frvw

ri � lv lqfxuuhg zkhq plggoh0djhg lqwhuphgldulhv gholyhu jrrgv wr |rxqj

eruurzhuv lq wkh surfhvv ri pdnlqj ordqv1

Ilqdoo| zh qrwh wkdw/ lq rughu iru Fdvh 6 wr rewdlq/ { !"� ���  +w. 5, A

+4� �,d pxvw krog1

Lw uhpdlqv wr ghvfuleh wkh lqlwldo frqglwlrqv ri rxu hfrqrp|1 Lq wkh lqlwldo

shulrg/ w @ 3> wkh ydoxhv { !�� ���  )�' +4, > k @ 4> 5 duh jlyhq dv lqlwldo frqglwlrqv1

Zh qrz wxuq rxu dwwhqwlrq wr d pruh frpsohwh fkdudfwhul}dwlrq ri htxl0

oleulxp1 Wklv fkdudfwhul}dwlrq lqfoxghv d ghvfulswlrq ri zkhq hdfk fdvh

rewdlqv1

81 VWHDG\ VWDWH HTXLOLEULD

Lq wklv vhfwlrq zh dqdo|}h vwhdg| vwdwhv1 Zh wkhuhiruh rplw wlph vxe0

vfulswv dqg dujxphqwv1 Lq dgglwlrq/ zh uhvwulfw rxu dwwhqwlrq wr hfrqrplhv

zkhuh orfdwlrqv duh v|pphwulf/ vr wkdw � ' � � @ � 62� � iru m 5 ic> e> lj > frqvh0
txhqwo|/ zh zloo vlpso| ghqrwh iudfwlrqv ri djhqw w|shv e| � � > m 5 ic> e> lj1
Frqvlghulqj rqo| hfrqrplhv zkhuh orfdwlrqv duh v|pphwulf juhdwo| vlpsol0

�hv wkh frqglwlrqv wkdw dq htxloleulxp pxvw vdwlvi|1
� #

� > �:* �����;#.�370�� ��;�* * ����1(�0��1 	���� �� � ������� �& $#��% 7����0�08 � �0�����$�� 5��� �#./!�������������#�:��#��� �����
�,����;#��%'���� * �,������� �0�� ������ �����' $8,���������$� ������	
	��� ������;���� �&* ��������� ���� ��0�$�  $8,����������� ��2
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Dv lq wkh suhylrxv vhfwlrq/ wkh frqglwlrqv wkdw d vwhdg| vwdwh htxloleulxp

pxvw vdwlvi| gl�hu dffruglqj wr zkhwkhu plggoh0djhg lqwhuphgldulhv duh qhw

eruurzhuv ru qhw ohqghuv1 Zh qrz ghvfuleh hdfk fdvh lq wxuq1

8141 Fdvh 4= Plggoh0djhg Lqwhuphgldulhv Eruurz

Lq d Fdvh 4 hfrqrp|/ wkh vwhdg| vwdwh yhuvlrq ri wkh qr0duelwudjh frqgl0

wlrq +66, lv vlpso|

+4� �, +U ' � ' , 6 @ +4� �, +U 6<� 6 , 6 @ U ' � 6 U 6<� ' = +77,

Lw lv wkhq lpphgldwh wkdw U ' � ' @ U 6<� 6 @ U=
� �

Lq dgglwlrq/ wkh vwhdg| vwdwh

yhuvlrq ri htxdwlrq +6:, lv

� � z . � ! d
U ��� � @ � !

�

{ !�� �
U ��� � U ��� �

�

+4 .U ��� � , = +78,

Xvlqj +77, lq +78, dqg uhduudqjlqj whupv zh rewdlq

{ !"� � @
�

� � z . � ! d
� !

��

+4� �,U ��� �
4 .U ��� �

�

= +79,

V|pphwu| ri orfdwlrqv wkhuhiruh lpsolhv wkdw { !�� ' @ { !"� 6 @ {=

Xvlqj wkhvh revhuydwlrqv lq wkh qrwh pdunhw fohdulqj frqglwlrq +65,/ dorqj

zlwk wkh idfw wkdw � ��� ! @ � �2� ! @ � ! > zh rewdlq wkh uhpdlqlqj vwhdg| vwdwh

htxloleulxp frqglwlrq lq d Fdvh 4 hfrqrp|=

{

U ' � 6 U 6<� ' .
{

U ��� � @
� � +4� �, h

� ! +7:,

iru k @ 4> 5> n @ 4> 5> k 9@ n= V|pphwu| ri orfdwlrqv wkhuhiruh lpsolhv wkdw

U ' � 6 @ U 62� ' = Wkxv/ lq d v|pphwulf Fdvh 4 hfrqrp|/ dssursuldwh udwhv ri

uhwxuq dqg edqnqrwh lvvxhv duh htxdo dfurvv orfdwlrqv1

Xvlqj U ' � 6 @ U 6<� ' lq +7:, dqg uhduudqjlqj whupv/ zh rewdlq

{ @

�

� � +4� �, h

� !

�

+U ' � 6 , 6

4 .U ' � 6 = +7;,

Lq dgglwlrq/ vhwwlqj U ' � 6 @ U 6<� ' lq htxdwlrq +77, lpsolhv wkdw U ' � 6 @ U 6<� ' @
U
s
4� �= Xvlqj wklv idfw lq +7;,/ dqg xvlqj +79, wr vxevwlwxwh rxw {> zh jhw

��� �:�����:�����������  ��$�� �;�* �'� � ���(%���861���!-����1� ��0� ����  $8,���������$86���&* ��������� ���� �2
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wkh frqglwlrq wkdw ghwhuplqhv wkh vwhdg| vwdwh ydoxh ri wkh zlwklq orfdwlrq

lqwhuhvw udwh U=

U +4 .U,

4 .U
s
4� �

@ � +7<,

zkhuh

� � � � z . � ! d
� � +4� �, h

= +83,

Wkh txdqwlw| +4� �,�@U kdv dq lqwhusuhwdwlrq dv wkh udwlr ri wkh frq0

vxpswlrq ri |rxqj eruurzhuv dqg plggoh0djhg ohqghuv�doo ri zkrp gh0

pdqg fuhglw lq d Fdvh 4 hfrqrp|�wr wkh vxsso| ri vdylqjv e| |rxqj

ohqghuv/ qhw ri wudqvdfwlrqv frvwv1 Wkh xqltxh srvlwlyh vroxwlrq wr +7<,

lv

U @
4

5

�

�
s
4� �� 4

�

.
4

5

k

�

�
s
4� �� 4

� 6
. 7�

l

�

�

= +84,

Ri frxuvh/ lq rughu wr kdyh d Fdvh 4 vwhdg| vwdwh/ { ? +4� �,d pxvw krog1

Iurp +79,/ wklv uhtxluhphqw lv htxlydohqw wr

U ?
� ! d
� � z

= +85,

Htxdwlrq +85, dvvhuwv wkdw wkh zlwklq orfdwlrq vwhdg| vwdwh lqwhuhvw udwh

pxvw eh orz uhodwlyh wr wkh udwlr ri wkh djjuhjdwh frqvxpswlrq ri lqwhu0

phgldulhv wr wkh djjuhjdwh frqvxpswlrq ri eruurzhuv1 Lqwxlwlyho|/ wkh glv0

frxqwhg suhvhqw ydoxh ri edqnqrwh lvvxh pxvw eh odujh hqrxjk wr phhw

wkh ghpdqg iru fuhglw ri |rxqj eruurzhuv dqg plggoh0djhg lqwhuphgldulhv1

Htxdwlrq +85, srlqwv rxw wkdw wklv lv srvvleoh rqo| li lqwhuhvw udwhv duh qrw

wrr kljk1 Krz kljk wkh| fdq eh lq d Fdvh 4 hfrqrp| ghshqgv rq krz pxfk

|rxqj eruurzhuv frqvxph uhodwlyh wr plggoh0djhg ohqghuv1

Htxdwlrqv +84, dqg +85, doorz xv wr vwdwh dq h{dfw frqglwlrq xqghu zklfk

dq| hfrqrp| zloo eh d Fdvh 4 hfrqrp|= Dq hfrqrp| zloo eh lq Fdvh 4 l�

4

5

�

�
s
4� �� 4

�

.
4

5

k

�

�
s
4� �� 4

� 6
. 7�

l

�

�

?
� ! d
� � z

= +86,

8151 Fdvh 5= Plggoh0djhg Lqwhuphgldulhv Qhlwkhu Eruurz Qru

Ohqg

Lq d Fdvh 5 vwhdg| vwdwh/ htxdwlrq +6;, uhgxfhv wr

+4� �,
�
+U ��� � , 6 � U ��� � U ��� � � +4� �, +U ��� � , 6 +87,
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iru k @ 4> 5> n @ 4> 5> k 9@ n= Lq dgglwlrq/ ordq pdunhw fohdulqj uhtxluhv

U ��� � @
�

� � z

� ! +4� �, d

�

U ��� � U �2� � +88,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Wkhuhiruh v|pphwu| ri orfdwlrqv lpsolhv wkdw

U ' � ' @ U 6<� 6 @ U=
���

Pruhryhu/ lpsrvlqj � ��� ! @ � ��� ! @ � ! lq +65,/ wkh vwhdg| vwdwh yhuvlrq ri

wkh qrwh pdunhw fohdulqj frqglwlrq wdnhv wkh irup

{ !�� �
U ��� � U ��� � .

{ !"� �
U ��� � @

� � +4� �, h

� ! = +89,

Wkhq/ vlqfh { !"� � @ { !�� � @ +4� �,d> htxdwlrq +89, lpsolhv wkdw U ' � 6 @ U 6<� ' =
Xvlqj wklv idfw lq htxdwlrq +88,/ zh rewdlq

U ' � 6 @ U 6<� ' @
��

� ! d
� � z

�

+4� �,U

�

�

�

= +8:,

Xvlqj wklv dqg { !"� � @ { !�� � @ +4� �, d lq +89, jlyhv wkh frqglwlrq wkdw

ghwhuplqhv wkh vwhdg| vwdwh ydoxh ri U=

�

� ! d +4� �,

� � z

�

�

�

U
�

�

@

�

4

5

��

� ! d
� � h

�

.

�

4

5

�

%

�

� ! d
� � h

� 6
. 7

�

� ! d
� � h

�

&

�

�

= +8;,

Ri frxuvh lq rughu iru wkh hfrqrp| wr dfwxdoo| eh lq Fdvh 5/ wkh ydoxhv ri

U dqg U ' � 6 @ U 6<� ' jlyhq e| +8:, dqg +8;, pxvw vdwlvi| htxdwlrq +87,1 Lw lv

vwudljkwiruzdug wr vkrz wkdw wkh| gr l�

� ! d
� � z

� U �
�

� ! d
� � z

��

4

4� �

� 6
= +8<,

��� �)90��� � �'* �,������� �0�� �0�$� �#���( $8,���������$� ��7) �� ������ � > � >��� �
�
�
� ����� ���* 137)� ���  (���0 $8 ���
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Xvlqj htxdwlrq +8;, zh fdq zulwh +8<, lq whupv ri sdudphwhuv dorqh= Dq

hfrqrp| kdv d Fdvh 5 vwhdg| vwdwh l�

5
s
4� �

�

� ! d
� � z

�

�

�

� ! d
� � h

�

.

%

�

� ! d
� � h

� 6
. 7

�

� ! d
� � h

�

&

�

�

�
�

5s
4� �

��

� ! d
� � z

�

= +93,

8161 Fdvh 6= Plggoh0djhg Lqwhuphgldulhv Ohqg

Zkhq plggoh0djhg lqwhuphgldulhv duh qhw ohqghuv/ wkh vwhdg| vwdwh yhu0

vlrq ri wkh qr0duelwudjh frqglwlrq lv

+4� �,
�
+U ��� � , 6 @ U ��� � U ��� � +94,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Lw lv wkhq lpphgldwh wkdw U ' � ' @ U 6<� 6 @ U=
�:$

Pruhryhu/ xvlqj +8<, lq wkh vwhdg| vwdwh yhuvlrq ri wkh ordq pdunhw fohdulqj

frqglwlrq +76, |lhogv

{ !"� � @
�

� � +4� �,z . � ! d
� !

�

%

+4� �,
6
U

4 . +4� �,U

&

+95,

iru k @ 4> 5= Wkhq/ dv ehiruh { !�� ' @ { !�� 6 @ {= Ilqdoo|/ xvlqj � ��� ! @ � �2� ! @ � !
lq +65, jlyhv

�

� ��� � {
U ��� �

��

4 .
4

U ��� �

�

@ � � +4� �, h +96,

iru k @ 4> 5> n @ 4> 5> k 9@ n= Lw iroorzv wkdw U ' � 6 @ U 6<� ' =Pruhryhu/ htxdwlrq

+94, wkhq lpsolhv wkdw

U ' � 6 @ U 6<� ' @ U +4� �,
�
�

= +97,

Vxevwlwxwlqj +95, dqg +97, lqwr +96, wkhq jlyhv wkh frqglwlrq wkdw ghwhu0

plqhv wkh vwhdg| vwdwh ydoxh ri U=

U ^4 . +4� �,U`

4 .U +4� �,
��� 6 @ �> +98,

� ? �:.���� �37,����  �1����� �������1#��!-����16�0� ���� �� � �;�����1  $8,���������$86���&* ��������� �0�� �2
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zkhuh

� � � � z +4� �, . � ! d
� � h +4� �,

6 = +99,

Lw lv hdv| wr fkhfn wkdw htxdwlrq +98, kdv d xqltxh srvlwlyh vroxwlrq iru U=

U @
� +4� �,

��� 6 � 4

5 +4� �,
.

%

4

5 +4� �,

�

k

� +4� �,
��� 6 � 4

l 6
. 7 +4� �,�

�

�

�
&

= +9:,

Ri frxuvh/ lq rughu wr kdyh d Fdvh 6 vwhdg| vwdwh lw lv qhfhvvdu| wkdw { A

+4� �,d krog1 Htxdwlrq +95, lpsolhv wkdw wklv frqglwlrq zloo eh vdwlv�hg

l�

U A

�

� ! d
� � z

��

4

4� �

� 6
= +9;,

Xvlqj +9:, zh fdq zulwh +9;, lq whupv ri sdudphwhuv dorqh= Dq hfrqrp|

kdv d Fdvh 6 vwhdg| vwdwh l�

� +4� �,
��� 6 � 4

5
.

�

4

5

��

k

� +4� �,
��� 6 � 4

l 6
. 7 +4� �,�

�

�

�

A

�

� ! d
� � z

��

4

4� �

�

= +9<,

8171 Lqwhuphgldu| Sur�wv dqg Zhoiduh

Lq d Fdvh 5 ru Fdvh 6 vwhdg| vwdwh/ wkh frqvxpswlrq ri plggoh0djhg lqwhu0

phgldulhv h{fhhgv wkh glvfrxqwhg suhvhqw ydoxh ri wkhlu qhw0ri0wudqvdfwlrqv0

frvw hqgrzphqwv1 Wkxv/ lq h�hfw/ lqwhuphgldulhv pdnh sur�wv iurp lvvxlqj

qrwhv dqg ohqglqj wkh jrrgv sxufkdvhg zlwk wkhp1 Wklv revhuydwlrq pljkw

ohdg rqh wr eholhyh wkdw dq lqwhuphgldu| zrxog suhihu wr olyh lq dq hfrqrp|

wkdw kdg d Fdvh 5 ru d Fdvh 6 vwhdg| vwdwh udwkhu wkdq lq dq hfrqrp| wkdw

kdg d Fdvh 4 vwhdg| vwdwh1 Lqwhuhvwlqjo|/ wklv lv qrw qhfhvvdulo| wkh fdvh1

Lqghhg/ frpsdulqj lqwhuphgldu| zhoiduh dfurvv Fdvhv 4/ 5/ dqg 6 vwhdg|

vwdwhv/
���

lw lv srvvleoh wkdw lqwhuphgldu| zhoiduh lv kljkhvw +orzhvw, lq dq
� � ��������  �70%��'��#� ��B���+���;,� ��#�' $������1,8  $�������'%���* � �0�$�:���3� �58,!�� ����*-� �0�����$����1�� �0�58�%'�� * � 90�� 

� � ��� �������#��� 8 %'� �� � � �� ����  $������1,8  $�������07&�0��1 ������!��0�$�������� %'� �� �����%���* � ����� ��� ����
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hfrqrp| zlwk d Fdvh 4 +Fdvh 6, vwhdg| vwdwh1 Lq h�hfw/ frpsdulqj dfurvv

hfrqrplhv zlwk gl�huhqw vwhdg| vwdwhv/ lqwhuphgldu| sur�wv dqg lqwhuph0

gldu| zhoiduh fdq eh lqyhuvho| uhodwhg1 Ru/ lq rwkhu zrugv/ wkh idfw wkdw

lqwhuphgldulhv hduq sur�wv lq qr zd| lpsolhv wkdw wkh| hqmr| kljk ohyhov ri

xwlolw|1

Wr vhh wklv zh revhuyh wkdw/ lq dq hfrqrp| zlwk d Fdvh 4 vwhdg| vwdwh/

wkh frqvxpswlrq ri d plggoh0djhg lqwhuphgldu| lv f !�� ���  +w. 4, @
&�':)�+;,

�7 120 1�&  , =
Pruhryhu/ wkh idfw wkdw wkhuh lv d Fdvh 4 vwhdg| vwdwh lpsolhv wkdw U ��� � +w, ?
� ! d@� � z= Wkxv/ lq d Fdvh 4 vwhdg| vwdwh/ f !�� ���  +w. 4, A � ��� 6 +4� �,z@� !
krogv1

Qrz frqvlghu d gl�huhqw hfrqrp| zkhuh sdudphwhu ydoxhv lpso| wkh

h{lvwhqfh ri d Fdvh 5 vwhdg| vwdwh1 Khuh wkh frqvxpswlrq ri d plggoh0djhg

lqwhuphgldu| lv

f !"� ���  +w. 4, @
+4� �,U ��� � +w,{ !"� ���  +w. 5,

U ��� � +w,U ��� � +w. 4,
@

+4� �,
6
dU ��� � +w,

U ��� � +w,U ��� � +w. 4,
= +:3,

Pruhryhu/ lq d Fdvh 5 vwhdg| vwdwh/

U @

�

� � z

� ! +4� �,d

�

U ' � 6 U 6<� ' = +:4,

Wkxv/ lq dq hfrqrp| zlwk d Fdvh 5 vwhdg| vwdwh

f !�� ���  +w. 4, @
� � +4� �,z

� ! = +:5,

Ilqdoo|/ frqvlghu d wklug hfrqrp| wkdw kdv d Fdvh 6 vwhdg| vwdwh1 Lq vxfk

dq hfrqrp|/ wkh frqvxpswlrq ri d plggoh0djhg lqwhuphgldu| lv

f !"� ���  +w. 4, @
d

+4� �,U ��� � +w, = +:6,

Pruhryhu/ lq d Fdvh 6 vwhdg| vwdwh

U ��� � +w, A � ! d
� � z +4� �,

6 +:7,

krogv1 Wkhuhiruh/ zkhq dq hfrqrp| kdv d Fdvh 6 vwhdg| vwdwh/

f !"� ���  +w. 4, ?
� � z +4� �,

� ! +:8,

 ��0�(� � �0����������1�� ���58�7 * � 9,� �#. � �� $�����01 � � �������#����� �� /%'� �� � �� �� �6���#1 � �� �� �6 $������1,8  5�������� �7
���� �!-������� 90��* 8�2
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krogv1

Zh qrz qrwh wkdw zh fdq �{ wkh ydoxhv d> z> dqg � � > m 5 ic> e> lj dqg fdq/
e| fkrrvlqj wkh hqgrzphqw ri ohqghuv/ h> dssursuldwho|/ pdnh vxuh wkdw dq

hfrqrp| kdv d Fdvh 4/ 5/ ru 6 vwhdg| vwdwh1 Wkxv lw lv txlwh srvvleoh wkdw

lqwhuphgldu| xwlolw| zloo eh kljkhvw +orzhvw, lq d Fdvh 4 +Fdvh 6, hfrqrp|/

hyhq wkrxjk lqwhuphgldu| sur�wv duh kljkhvw +orzhvw, lq d Fdvh 6 +Fdvh

4, hfrqrp|1 Zh frqfoxgh wkdw wkh delolw| ri lqwhuphgldulhv wr hduq sur�wv

lq hfrqrplhv zlwk Fdvh 5 ru Fdvh 6 vwhdg| vwdwhv grhv qrw lpso| wkdw

lqwhuphgldu| zhoiduh lv qhfhvvdulo| kljk lq vxfk hfrqrplhv1

8181 H{lvwhqfh dqg Xqltxhqhvv ri Vwhdg| Vwdwh Htxloleuld

Dsshqgl{ D hvwdeolvkhv wkh iroorzlqj uhvxow1

�iNVNt�|�NA F��� +d, Hyhu| hfrqrp| kdv d vwhdg| vwdwh htxloleulxp1

+e, Hyhu| hfrqrp| kdv rqo| rqh vwhdg| vwdwh zlwk U '*' @ U 6*6 =

Surri1 Vhh Dsshqgl{ D1

Sduw +e, ri wkh sursrvlwlrq lpsolhv wkdw qr hfrqrp| kdv d Fdvh 4 dqg d

Fdvh 5 vwhdg| vwdwh/ iru h{dpsoh1

91 G\QDPLFV

Lq wklv vhfwlrq zh h{soruh htxloleulxp g|qdplfv1 Wkh g|qdplfdo v|vwhp

wkdw jryhuqv wkh hyroxwlrq ri edqnqrwh lvvxhv dqg udwhv ri uhwxuq gl�huv

dffruglqj wr zkhwkhu plggoh0djhg lqwhuphgldulhv eruurz ru ohqg1 Wr vlp0

soli| pdwwhuv/ zh irfxv rqo| rq g|qdplfv zkhq plggoh0djhg lqwhuphgldulhv

dozd|v eruurz/ dozd|v ohqg/ ru dozd|v gr qhlwkhu1 Lq sduwlfxodu/ zh gr

qrw dqdo|}h wudqvlwlrqv ehwzhhq wkhvh vlwxdwlrqv1 Wkxv/ lq vrph vhqvh/ zh

irfxv rq orfdo g|qdplfv1 Dv zh nqrz iurp wkh suhylrxv vhfwlrq/ hyhu|

hfrqrp| kdv d xqltxh vwhdg| vwdwh zlwk U ' � ' @ U 6<� 6 = Wkxv zh uhihu wr dq

hfrqrp| wkdw kdv d Fdvh 4 vwhdg| vwdwh dv d Fdvh 4 hfrqrp|/ dqg vr rq1

Zh frqwlqxh wr hpsor| wkh dvvxpswlrq ri v|pphwu| ri orfdwlrqv/ vr wkdw

� ' � � @ � 62� � @ � � iru doo m= Zh qrz dqdo|}h htxloleulxp g|qdplfv lq Fdvh 4/

5/ dqg 6 hfrqrplhv lq wxuq1
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9141 D Fdvh 4 Hfrqrp|

Iru d Fdvh 4 hfrqrp|/ wkh qr0duelwudjh frqglwlrq +66, lpsolhv wkdw wkh

ordq0pdunhw fohdulqj frqglwlrq iru orfdwlrq k> htxdwlrq +6:, fdq eh zulwwhq

dv

{ !�� ���  +w. 5,

U ��� � +w,U �2� � +w. 4,
@

� � z . � ! d
� ! U ��� � +w, �

{ !�� ���  )�' +w. 4,

+4� �,U ��� � +w, +:9,

iru k @ 4> 5> n @ 4> 5> k 9@ n1 Vxevwlwxwlqj +:9, lqwr wkh edqnqrwh pdunhw

fohdulqj frqglwlrq +65, jlyhv

� � z . � ! d
� ! U ��� � +w, �

{ !"� ���  )�' +w. 4,

+4� �,U ��� � +w, .
{ !�� ���  )�' +w. 4,

U ��� � +w, @
� � +4� �, h

� ! +::,

iru k @ 4> 5> n @ 4> 5> k 9@ n=Zh fdq qrz vroyh wkh k @ 4 dqg k @ 5 yhuvlrqv

ri +::, iru { !�� ���  )�' +w. 4, > k @ 4> 5> wr rewdlq

{ !�� 6<�  )�' +w. 4, @

��

� � z . � ! d
� !

��

U ' � 6 +w,
U ' � ' +w,

��

4 .
U 6<� ' +w,

+4� �,U 6<� 6 +w,

�

�
�

� �
� !

�

+4� �, hU ' � 6 +w,
�

4 .
U 6<� ' +w,

+4� �,U ' � ' +w,

��

�
+

U ' � 6 +w,U 6<� ' +w,
+4� �,

6
U ' � ' +w,U 6<� 6 +w,

� 4

,

)�'

� i ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 6<� ' +w,`

+:;,

dqg

{ !�� ' �  )�' +w. 4, @

�

� �
� !

�

+4� �, hU 6<� ' +w,�
�

� � z . � ! d
� !

��

U 6<� ' +w,
U 6<� 6 +w,

�

.

�

U 6<� ' +w,
+4� �,U 62� 6 +w,

�

i ^U ' � ' +w, > U 6<� 6 +w, >U ' � 6 +w, > U 6<� 6 +w,` �

j ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 6<� ' +w,` = +:<,

Htxdwlrqv +:;, dqg +:<, jlyh edqnqrwh lvvxhv dw w dv d ixqfwlrq ri wkh

frpsohwh vhw ri wlph w lqwhuhvw udwhv1
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Qrz vxevwlwxwh htxdwlrqv +:;, dqg +:<, lqwr wkh k @ 4 dqg k @ 5 yhuvlrqv

ri htxdwlrq +65, wr rewdlq

j ^U ' � ' +w. 4, > U 6<� 6 +w. 4, > U ' � 6 +w. 4, > U 6<� ' +w. 4,`

U ' � 6 +w,U 6<� ' +w. 4,
.

i ^U ' � ' +w, >U 62� 6 +w, > U ' � 6 +w, > U 6<� ' +w,`
U ' � 6 +w, @

�

� �
� !

�

+4� �, h= +;3,

dqg

i ^U ' � ' +w. 4, > U 6<� 6 +w. 4, > U ' � 6 +w. 4, > U 6<� ' +w. 4,`

U 6<� ' +w,U ' � 6 +w. 4,
.

j ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 62� ' +w,`
U 6<� ' +w, @

�

� �
� !

�

+4� �, h= +;4,

Htxdwlrqv +;3,/ +;4,/ dqg wkh wzr qr0duelwudjh frqglwlrqv +66, frqvwlwxwh d

frpsohwh vhw ri htxloleulxp frqglwlrqv ghwhuplqlqj wkh hyroxwlrq ri lqwhuhvw

udwhv1 Rqfh wkhvh duh ghwhuplqhg htxdwlrqv +:;, dqg +:<, ghvfuleh wkh

hyroxwlrq ri edqnqrwh lvvxhv1 Htxdwlrqv +66,/ +:;,/ dqg +:<, frpsulvh d

v|vwhp ri irxu �uvw0rughu gl�huhqfh htxdwlrqv1

Wkhvh htxdwlrqv fdq eh uhzulwwhq lq h{solflw �uvw0rughu irup1 Gh�qh � ' @
� ��� 5 � /

�

� / > � 6 @
����� &�':)�+;,

� / > dqg � � @
s
4� �> dv zhoo dv g ' @ � 6 . � ' +� � , 6 >

g 6 @ +� � ,
�

+� ' . � 6 , > g � @ � 6 � � 6 +� � , 6 > dqg g � @ � '
�

+� � ,
6 � 4

�

= Wkhq

wkh v|vwhp lv jlyhq e|

U ' � ' +w. 4, @
� '
k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�

U ' � ' +w,U 6<� 6 +w,
l

D ' .U ' � 6 +w,U 6<� ' +w, ^g ' � � 6 U 6<� ' +w,`�U ' � ' +w,U 6<� 6 +w,g 6
+;5,

zkhuh

D ' @ U ' � ' +w,U 6<� ' +w,
q

U ' � 6 +w,g � . +� � ,
6
^g � . � 6 U 6<� 6 +w,`

r

> +;6,

U 62� 6 +w. 4, @
� '
k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�

U ' � ' +w,U 6<� 6 +w,
l

D 6 � � 6 U ' � 6 +w, 6 U 6<� ' +w,� g 6 U ' � ' +w,U 6<� 6 +w,
+;7,
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zkhuh

D 6 @ U ' � 6 +w,�
q

+� � ,
6
U 6<� 6 +w, ^g � . � 6 U ' � ' +w,` .U 6<� ' +w, ^g ' . g � U 6<� 6 +w,`

r

> +;8,

U ' � 6 +w. 4, @
� ' +� � , 6 U 6<� 6 +w,

k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�

U ' � ' +w,U 6<� 6 +w,
l

D � � � 6 U ' � 6 +w, 6 U 6<� ' +w, 6 � g 6 U ' � ' +w,U 6<� 6 +w,U 6<� '
+;9,

zkhuh

D � @ U ' � 6 +w,U 6<� ' +w,�
q

+� � ,
6
^g � . � 6 U ' � ' +w,`U 6<� 6 +w, .U 6<� ' +w, ^g ' . g � U 6<� 6 +w,`

r

> +;:,

dqg

U 6<� ' +w. 4, @
� ' +� � , 6 U ' � ' +w,

k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�

U ' � ' +w,U 6<� 6 +w,
l

U ' � 6 +w, 6 U 6<� ' +w, ^g ' � � 6 U 62� ' +w,` .D �

+;;,

zkhuh

D � @ U ' � ' +w,U ' � 6 +w,�
q

U 6<� ' +w,
k

g � U ' � 6 +w, . +� � ,
6
+g � . � 6 U 6<� 6 +w,,

l

� g 6 U 6<� 6 +w,
r

= +;<,

Ohwwlqj U uhsuhvhqw wkh vwhdg| vwdwh ydoxh ri U ' � ' @ U 62� 6 lq Fdvh 4/ wkh

Mdfreldq pdwul{ dvvrfldwhg zlwk wklv v|vwhp lv jlyhq e|

M @ D �

5

9

9

7

M '*' � � M '9' M ' � �M '*'
� � M '*' M '*' �M '*' M ' �

+� � ,
6
M '*' M � 6 �� � M '*' M � �

M � 6 +� � ,
6
M '*' M � � �� � M '*'

6

:

:

8

+<3,

zkhuh

D � @
4

+� � � 4,U +� 6 � � ' � � . � 6 U,
6 > +<4,

M '*' @ � ' +� 6 U� � ' � � , > +<5,

M ' � @ � ' +� ' � � 6 U, > +<6,
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M � 6 @ �� ' � �
k

� ' +� � , 6 � � 6 +� � U. � � � 4,
l

> +<7,

dqg

M ��� @ � '
q

� ' +� � , 6 . � 6 ^4 .U� � � +4 . 5U,`
r

= +<8,

Wkh dvvrfldwhg hljhqydoxhv/ ghqrwhg e| � � > q @ 4> 5> 6> 7 duh jlyhq e|

� ' @ � ' +� 6 . � ' � � ,
5U +� 6 � � ' � � . � 6 U,

6 �
u

+� ' , 6
k

+� ' , 6 +� � , 6 . 5� ' � 6 � � +4� 5U, . +� 6 . 5� 6 U,
6 l

5U +� 6 � � ' � � . � 6 U,
6 > +<9,

� 6 @
� ' +� 6 . � ' � � ,

5U +� 6 � � ' � � . � 6 U,
6 .

u

+� ' , 6
k

+� ' , 6 +� � , 6 . 5� ' � 6 � � +4� 5U, . +� 6 . 5� 6 U,
6 l

5U +� 6 � � ' � � . � 6 U,
6 > +<:,

� � @
�� ' +� 6 � � ' � � . 5� 6 U,� � ' +� 6 � � ' � � ,

5U +� 6 � � ' � � . � 6 U,
6 > +<;,

dqg

� � @
�� ' +� 6 � � ' � � . 5� 6 U, . � ' +� 6 � � ' � � ,

5U +� 6 � � ' � � . � 6 U,
6 = +<<,

Wkh hljhqydoxhv duh dozd|v uhdo1
���

Rqh hljhqydoxh lv srvlwlyh dqg juhdwhu

wkdq rqh1 D vhfrqg hljhqydoxh lv htxdo wr �4= D wklug hljhqydoxh olhv lq wkh

lqwhuydo +�4> 3, = Wkh �qdo hljhqydoxh lv qhjdwlyh dqg fdq eh lq wkh lqwhuydo

+�4> 3, > ru lq wkh lqwhuydo +�4>�4, = D qhfhvvdu| dqg vx!flhqw frqglwlrq

iru wklv odvw hljhqydoxh wr olh lq +�4>�4, lv wkdw U
s
4� � A 4= Wkh whup

U
s
4� � @ U ' � 6 @ U 6<� ' > vr wkdw wklv frqglwlrq lv dvvrfldwhg zlwk h!flhqf|1

Zkhq U
s
4� � A 4> zh kdyh rqh vwdeoh hljhqydoxh/ d xqlw hljhqydoxh/

dqg wzr lqlwldo frqglwlrqv1 Zh fdqqrw vd| zlwk fhuwdlqw| zkhwkhu htxl0

oleulxp lv ghwhuplqdwh ru qrw1 Dq dqdo|vlv ri wkh fhqwhu pdqlirog ri wklv

v|vwhp/ zklfk zh sodq wr xqghuwdnh/ pd| vxjjhvw wkdw wkh fhqwhu pdqlirog
� � ����� $�� $���������������� "����� +��0 $��1 ���(�: $8, $����������� � �,;������$� ���0*��0����* 8, ��  �2 � � ���,!-�����&���:����!-���$�

���0�$� ���0�(!�* ����� �$�� $;#* �� ���� 1,8,�#����� �� �� �6��� ;,��;����/90���� �� �0�6�0� ���� !��0!-����2
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lv vwdeoh/ lq zklfk fdvh htxloleulxp zrxog eh ghwhuplqdwh/ ru xqvwdeoh/ lq

zklfk fdvh wkh vwhdg| vwdwh zrxog eh xqdssurdfkdeoh iurp jlyhq lqlwldo

frqglwlrqv1

Zkhq U
s
4� � ? 4> zh pd| kdyh wzr vwdeoh hljhqydoxhv/ d xqlw hljhq0

ydoxh/ dqg wzr lqlwldo frqglwlrqv1 Lq wklv fdvh/ wkh vwhdg| vwdwh fdq eh

dssurdfkhg/ exw htxloleulxp pd| eh lqghwhuplqdwh li wkh fhqwhu pdqlirog

lv vwdeoh1

9151 D Fdvh 5 Hfrqrp|

Wkh orfdo g|qdplfv ri d Fdvh 5 hfrqrp| duh/ dv zh zloo vkrz/ txdolwd0

wlyho| gl�huhqw iurp wkrvh ri d Fdvh 4 ru d Fdvh 6 hfrqrp|1 Lq dgglwlrq/

wkh g|qdplfdo v|vwhp lv vlpsohu wr dqdo|}h lq Fdvh 51

Lq d Fdvh 5 hfrqrp|/ wkh edqnqrwh pdunhw fohdulqj frqglwlrq +65, dqg

wkh ordq pdunhw fohdulqj frqglwlrq +6<, lpso| wkdw

� � z

� ! U ' � ' +w, .
� � zU 6<� ' +w� 4,

� ! U 6<� 6 +w� 4,
@

� �
� ! +4� �, h +433,

dqg

� � z

� ! U 6<� 6 +w, .
� � zU ' � 6 +w� 4,

� ! U ' � ' +w� 4,
@

� �
� ! +4� �, h= +434,

Lq dgglwlrq/ htxdwlrq +73, lpsolhv

U ' � ' +w, @
�

� � z

� ! +4� �,d

�

U ' � 6 +w,U 6<� ' +w. 4, +435,

dqg

U 6<� 6 +w, @
�

� � z

� ! +4� �,d

�

U 6<� ' +w,U ' � 6 +w. 4,= +436,

Wkh g|qdplfdo v|vwhp frqvlvwlqj ri htxdwlrqv +433,0+436, frqvwlwxwhv d vhw

ri irxu �uvw0rughu gl�huhqfh htxdwlrqv1

Lw wxuqv rxw wr eh frqyhqlhqw wr uhzulwh wklv v|vwhp lq dq h{solflw �uvw0

rughu irup1 Wklv irup lv jlyhq e|

z

U ' � ' +w. 4,
@

�

� �
� �

�

+4� �, h�z

�

U 6<� ' +w,
U 6<� 6 +w,

�

> +437,

z

U 6<� 6 +w. 4,
@

�

� �
� �

�

+4� �, h�z

�

U ' � 6 +w,
U ' � ' +w,

�

> +438,
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U 6<� ' +w. 4, @

�

� !
� �

��

+4� �, d

z

�

U ' � ' +w,
U ' � 6 +w, > +439,

dqg

U ' � 6 +w. 4, @

�

� !
� �

��

+4� �, d

z

�

U 6<� 6 +w,
U 6<� ' +w, = +43:,

Zh qrz frqvlghu orfdo g|qdplfv ri wklv hfrqrp|/ lq wkh qhljkerukrrg

ri d Fdvh 5 vwhdg| vwdwh1 Wr gr vr/ zh olqhdul}h wkh v|vwhp jlyhq e| htxd0

wlrqv +437,0+43:,/ dqg hydoxdwh wkh olqhdul}hg v|vwhp dw wkh vwhdg| vwdwh1

Wkh orfdo g|qdplfv duh wkhq jryhuqhg e| wkh hljhqydoxhv ri wkh dvvrfldwhg

Mdfreldq pdwul{ M ri wkh v|vwhp +437,0+43:,1 Wklv pdwul{ lv glvsod|hg lq

Dsshqgl{ E1 Wkh dsshqgl{ dovr frqwdlqv wkh surri ri wkh iroorzlqj sursr0

vlwlrq1

�iNVNt�|�NA U��� Wkh hljhqydoxhv ri M duh 3> 3> �4�
k � / &�':)�+;,

�

� ���

l

�

�

U
�

� >

dqg �4.
k � /%&('*)�+-,

�

� � �

l

�

�

U
�

� > zkhuh U @ U ' � ' @ U 6<� 6 lv jlyhq e| htxdwlrq +8;,1

Surri1 Vhh Dsshqgl{ E1

Lw lv lpphgldwh iurp Sursrvlwlrq 914 wkdw M kdv wzr hljhqydoxhv lqvlgh

dqg wzr hljhqydoxhv rxwvlgh wkh xqlw flufoh1 Vlqfh wkhuh duh wzr jlyhq lqlwldo

frqglwlrqv/ wkh vwhdg| vwdwh lv ghwhuplqdwh1 Wkhuh lv qr vfrsh iru  xfwxd0

wlrqv dorqj g|qdplfdo htxloleulxp sdwkv dssurdfklqj wkh vwhdg| vwdwh1

Wkh htxloleulxp g|qdplfv lq Fdvh 5 duh txdolwdwlyho| gl�huhqw iurp wkrvh

ri d Fdvh 4 ru d Fdvh 6 hfrqrp|1 Dv zh zloo vkrz ehorz/ d Fdvh 6 hfrqrp|

ehkdyhv pxfk olnh d Fdvh 4 hfrqrp| zlwk uhvshfw wr htxloleulxp g|qdplfv1

Lq hlwkhu Fdvh 4 ru Fdvh 6/ zkhq d ghwhuplqdwh htxloleulxp h{lvwv/ lw lv

qhfhvvdulo| fkdudfwhul}hg e|  xfwxdwlqj prwlrq dorqj wkh htxloleulxp sdwk1

Vxfk prwlrq fdqqrw rffxu lq d Fdvh 5 hfrqrp|1

9161 D Fdvh 6 Hfrqrp|

Zh qrz wxuq rxu dwwhqwlrq wr d Fdvh 6 hfrqrp|/ lq zklfk plggoh0djhg

lqwhuphgldu|0w|sh djhqwv ohqg1 Wkh dqdo|vlv lq wklv fdvh lv vlplodu wr wkdw

iru Fdvh 41 Zh ehjlq zlwk d gh�qlwlrq ri wkh ixqfwlrq I ^U ' � ' +w, > U 6<� 6 +w, >
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U ' � 6 +w, > U 6<� ' +w,` e|

I ^U ' � ' +w, >U 6<� 6 +w, > U ' � 6 +w, > U 6<� ' +w,` �
��

� �
� !

�

h

�

+4� �,U ' � 6 +w, . U ' � 6 +w,U 6<� ' +w,
+4� �,U ' � ' +w,

�

�
%

� � z . � !
�&�':)�+;,

� !

&%

U ' � 6 +w,
U ' � ' +w, .

U ' � 6 +w,U 6<� ' +w,
+4� �,

6
U ' � ' +w,U 6<� 6 +w,

&,

�
+

4� U ' � 6 +w,U 6<� ' +w,
+4� �,

�

U ' � ' +w,U 6<� 6 +w,

,

)�'

= +43;,

Gh�qh wkh ixqfwlrq J ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 62� ' +w,` e|

J ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 6<� ' +w,` �
�

� �
� !

�

+4� �, hU 6<� ' +w,.
%

U 6<� ' +w,
+4� �,

6
U 6<� 6 +w,

&

I ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 6<� ' +w,`�
5

7

� � z . � !
�

�':)�+
�

� !

6

8

U 6<� ' +w,
U 6<� 6 +w, = +43<,

Wkhq xvlqj htxdwlrqv +65,/ +74,/ dqg +76, dqg uhshdwlqj wkh orjlf sxuvxhg

lq Fdvh 4/ lw lv hdv| wr vkrz wkdw d Fdvh 6 hfrqrp| kdv

{ !�� 6<�  )�' +w. 4, @ I ^U ' � ' +w, > U 6<� 6 +w, >U ' � 6 +w, > U 6<� ' +w,` +443,

dqg

{ !�� ' �  )�' +w. 4, @ J ^U ' � ' +w, >U 62� 6 +w, > U ' � 6 +w, > U 6<� ' +w,` +444,

;w= Pruhryhu/ vxevwlwxwlqj +443, dqg +444, lqwr wkh k @ 4 dqg k @ 5

yhuvlrqv ri +65, rqh rewdlqv

J ^U ' � ' +w. 4, > U 6<� 6 +w. 4, > U ' � 6 +w. 4, > U 6<� ' +w. 4,`

U ' � 6 +w,U 6<� ' +w. 4,
.

I ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 62� ' +w,`
U ' � 6 +w, @

�

� �
� !

�

+4� �, h +445,



75
� ��� ��	��������-����
�����
���������� 
(2-	�� 4��
	

dqg

I ^U ' � ' +w. 4, >U 62� 6 +w. 4, > U ' � 6 +w. 4, > U 6<� ' +w. 4,`

U 6<� ' +w,U ' � 6 +w. 4,
.

J ^U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > U 6<� ' +w,`
U 62� ' +w, @

�

� �
� !

�

+4� �, h= +446,

Htxdwlrqv +74, iru k @ 4> 5> htxdwlrq +445,/ dqg htxdwlrq +446, ghvfuleh

wkh htxloleulxp odz ri prwlrq iru U ' � ' +w, > U 6<� 6 +w, > U ' � 6 +w, > dqg U 6<� ' +w, =
Rqfh djdlq/ wklv lv d v|vwhp ri irxu �uvw0rughu gl�huhqfh htxdwlrqv1

Wkhvh htxdwlrqv fdq eh zulwwhq lq h{solflw �uvw0rughu irup1 Iluvw/ gh�qh

� ' @
� ��� 5 � /

�
&�':)�+;, � �

� / > � 6 @
� ��� &�':)�+;,

� / > dqg � � @ +4� �,
�

�

> dv zhoo dv p ' @
� 6 .� 6 +� � ,

�

> p 6 @ � 6 .� ' +� � , 6 > p � @ � 6 �� 6 +� � ,
6
> p � @ � '

�

+� � ,
6 � 4

�

>

dqg p � @ �� 6 � � ' +� � ,
�

= Wkhq

U ' � ' +w. 4, @
� '
k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�
U ' � ' +w,U 6<� 6 +w,

l

E � � +� � ,
�
p 6 U ' � ' +w,U 6<� 6 +w,�E ' +447,

zkhuh

E � @ U ' � 6 +w,U 6<� ' +w, ^p ' � � 6 U 6<� ' +w,` > +448,

dqg

E ' @ +� � ,
6
U ' � ' +w,U 6<� ' +w,

k

p � U ' � 6 +w, . +� � ,
�

+p � . � 6 U 6<� 6 +w,,
l

> +449,

U 6<� 6 +w. 4, @
� '
k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�
U ' � ' +w,U 6<� 6 +w,

l

E 6 � � 6 U ' � 6 +w, 6 U 6<� ' +w,� +� � ,
�
p 6 U ' � ' +w,U 6<� 6 +w,

+44:,

zkhuh

E 6 @ U ' � 6 +w,
q

+� � ,
�
+p � . � 6 U ' � ' +w,,U 6<� 6 +w,

.U 6<� ' +w,
k

p 6 � � 6 +� � ,
6 �

+� � ,
6 � 4

�

U 6<� 6 +w,
lr

> +44;,

U ' � 6 +w. 4, @
� ' +� � ,

�
U 6<� 6 +w,

k

+� � ,
�
U ' � ' +w,U 6<� 6 +w,�U ' � 6 +w,U 6<� ' +w,

l

� 6 U ' � 6 +w, 6 U 6<� ' +w, 6 . +� � ,
�
p 6 U ' � ' +w,U 6<� 6 +w,U 62� ' +w, .E �

+44<,
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zkhuh

E � @ +� � ,
� �

� ' � � ' +� � , 6 � � 6 U ' � ' +w,
�

U 6<� 6 +w,U ' � 6 +w,U 6<� ' +w,.

U 6<� ' +w, 6 U ' � 6 +w,
k

p � . � 6 +� � ,
6 �

+� � ,
6 � 4

�

U 6<� 6 +w,
l

> +453,

dqg

U 6<� ' +w. 4, @
� ' +� � ,

�
U ' � ' +w,

k

U ' � 6 +w,U 6<� ' +w,� +� � ,
�
U ' � ' +w,U 6<� 6 +w,

l

U ' � 6 +w, 6 U 62� ' +w, ^p 6 � � 6 U 6<� ' +w,`�E �

+454,

zkhuh

E � @ +� � ,
6
U ' � 6 +w,U ' � ' +w,�

k

+� � ,
�
p 6 U 6<� 6 +w,�U 6<� ' +w,

k

p � U ' � 6 +w, . +� � ,
�

+p � . � 6 U 6<� 6 +w,,
ll

=

+455,

Ohwwlqj U uhsuhvhqw wkh vwhdg| vwdwh ydoxh ri U ' � ' @ U 6<� 6 lq Fdvh 6/ wkh

Mdfreldq pdwul{ dvvrfldwhg zlwk wklv v|vwhp lv jlyhq e|

M @ E �

5

9

9

7

M '*' � � M '*' M ' � �M '*' @ +� � , 6

� � M '*' M '*' �M '*' @ +� � , 6 M ' �
+� � ,

�

M '*' M � 6 �� � M '*' M � �

M � 6 +� � ,
�

M '*' M � � �� � M '*'

6

:

:

8

+456,

zkhuh

E � @
4

U +� � � 4,
�

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� � 6 > +457,

M '*' @ � ' +� � , 6 +� 6 U� � ' � � , > +458,

M ' � @ � ' +� ' � � 6 U, > +459,

M � 6 @ � ' +� � ,
� k

� +� � ,
�

� ' . � 6
�

U +� � ,
�
. � � � 4

�l

> +45:,

dqg

M � � @ � ' +� � ,
�
^� ' � � � � 6 U` = +45;,
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Wkh dvvrfldwhg hljhqydoxhv duh jlyhq e|

� ' @
�� '

k

� 6 . 5U� 6 +� � ,
6 � � ' +� � ,

� l

� � �
k

� 6 � � ' +� � ,
� l

5U
k

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� l 6 > +45<,

� 6 @
�� '

k

� 6 . 5U� 6 +� � ,
6 � � ' +� � ,

� l

. � �
k

� 6 � � ' +� � ,
� l

5U
k

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� l 6 > +463,

� � @
� '
k

� 6 . � ' +� � ,
� l

5U
k

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� l 6 �

� '
u

+� ' , 6 +� � ,
�
.
k

� 6 . 5U� 6 +� � ,
6 l 6

. � ' � 6
k

5 +� � ,
�
� 7U +� � ,

� l

5U
k

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� l 6 > +464,

dqg

� � @
� '
k

� 6 . � ' +� � ,
� l

5U
k

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� l 6 .

� '
u

+� ' , 6 +� � ,
�
.
k

� 6 . 5U� 6 +� � ,
6 l 6

. � ' � 6
k

5 +� � ,
�
� 7U +� � ,

� l

5U
k

� 6 .U� 6 +� � ,
6 � � ' +� � ,

� l 6 = +465,

Wkh txdolwdwlyh vlwxdwlrq zlwk uhvshfw wr orfdo g|qdplfv lq Fdvh 6 lv

lghqwlfdo wr wkh vlwxdwlrq iru Fdvh 41
� �

Wkh hljhqydoxhv duh dozd|v uhdo1 Rqh

hljhqydoxh lv srvlwlyh dqg juhdwhu wkdq rqh1 D vhfrqg hljhqydoxh lv htxdo wr

�4= D wklug hljhqydoxh olhv lq wkh lqwhuydo +�4> 3, = Wkh �qdo hljhqydoxh lv
qhjdwlyh dqg fdq eh lq wkh lqwhuydo +�4> 3, > ru lq wkh lqwhuydo +�4>�4, = D
qhfhvvdu| dqg vx!flhqw frqglwlrq iru wklv odvw hljhqydoxh wr olh lq +�4>�4,
lv wkdw U +4� �,

��� 6
A 4= Wkh whup U +4� �,

��� 6
@ U ' � 6 @ U 6<� ' > vr wkdw wklv

frqglwlrq lv dvvrfldwhg zlwk h!flhqf|1
� � �:.���� �37������ ��  $���������(���0�� ���$�(+��� ���1���� �  $8� 5����������� �(��;�������� ����*"���#��* 8� ��  �2 � � ���,!-�����

�����$��!-���5�'������� ������!�* ����� �$�� $;#* �� ���� 1,8,�#����� �� �� �6��� ;,��;����/90���� �� �0�6�0� ���� !��0!-����2
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Zkhq U +4� �,
��� 6

A 4> zh kdyh rqh vwdeoh hljhqydoxh/ d xqlw hljhqydoxh/

dqg wzr lqlwldo frqglwlrqv1 Zh fdqqrw vd| zlwk fhuwdlqw| zkhwkhu htxlole0

ulxp lv ghwhuplqdwh ru qrw1 Dq dqdo|vlv ri wkh fhqwhu pdqlirog ri wklv

v|vwhp/ zklfk zh sodq wr xqghuwdnh/ pd| vxjjhvw wkdw wkh fhqwhu pdqlirog

lv vwdeoh/ lq zklfk fdvh htxloleulxp zrxog eh ghwhuplqdwh/ ru xqvwdeoh/ lq

zklfk fdvh wkh vwhdg| vwdwh zrxog eh xqdssurdfkdeoh iurp jlyhq lqlwldo

frqglwlrqv1

Zkhq U +4� �,
��� 6

? 4> zh pd| kdyh wzr vwdeoh hljhqydoxhv/ d xqlw

hljhqydoxh/ dqg wzr lqlwldo frqglwlrqv1 Lq wklv fdvh/ wkh vwhdg| vwdwh fdq eh

dssurdfkhg/ exw htxloleulxp pd| eh lqghwhuplqdwh li wkh fhqwhu pdqlirog

lv vwdeoh1

:1 FRQFOXVLRQ

Wkh oldelolwlhv ri fhuwdlq lqwhuphgldulhv�edqnv lq sduwlfxodu�sod| d fhq0

wudo uroh lq pdnlqj sd|phqwv1 Wklv lv wuxh ri wkh oldelolwlhv ri qr rwkhu

sulydwh djhqwv1 Wklv sdshu kdv srvhg wkh txhvwlrq ri zk| wklv vkrxog eh

wkh fdvh1 Dqg/ pruh vshfl�fdoo|/ zh kdyh srvhg wkh txhvwlrq ri zk| wkh

dfwlylw| ri ohqglqj ru lqwhuphgldwhg ohqglqj vkrxog eh frxsohg�dv lw kdv

dozd|v ehhq�zlwk wkh lvvxh ri sd|phqwv lqvwuxphqwv1

Zh kdyh surgxfhg d prgho lq zklfk fuhglw pdunhwv fdqqrw ixqfwlrq xq0

ohvv djhqwv lvvxh oldelolwlhv wkdw flufxodwh1 Lq dgglwlrq/ wkh prgho ghvfulehg

deryh dvvxphv d sdwwhuq ri phhwlqj dqg frppxqlfdwlrq dprqj djhqwv wkdw

lpsolhv wkdw fuhglw pdunhwv fdqqrw ixqfwlrq xqohvv wkhuh lv vrph lqwhuph0

gldwhg ohqglqj/ dqg xqohvv lqwhuphgldulhv lvvxh flufxodwlqj oldelolwlhv1 Lq

h�hfw/ lqwhuphgldwhg ohqglqj rffxuv ehfdxvh wkh flufxodwlqj oldelolwlhv lv0

vxhg e| lqwhuphgldulhv duh hvvhqwldo lq pdnlqj sd|phqwv1 Wkxv/ lq frqwudvw

wr wkh h{lvwlqj olwhudwxuh rq edqnlqj/ zklfk hpskdvl}hv krz edqnv fdq khos

ryhufrph lqirupdwlrqdo dv|pphwulhv lq ohqglqj ru fdq khos lqvxuh ghsrv0

lwruv/ zh exlog d prgho ri edqnv edvhg rq wkhlu uroh lq lvvxlqj phgld ri

h{fkdqjh1

Lq rxu prgho/ dv orqj dv wkhuh duh vrph flufxodwlqj oldelolwlhv lvvxhg e|

lqwhuphgldulhv/ lw lv ihdvleoh iru vrph rwkhu djhqwv wr lvvxh flufxodwlqj old0

elolwlhv dv zhoo1 Krzhyhu/ lq htxloleulxp wkh| zloo qrw gr vr/ hyhq li lqwhu0

phgldulhv sur�w e| lvvxlqj vxfk oldelolwlhv1 Wklv lv ehfdxvh wkh xvh ri lq0

whuphgldu| oldelolwlhv hfrqrpl}hv rq wudqvdfwlrqv/ zklfk lv ghvludeoh zkhq
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wudqvdfwlqj lv frvwo|1 Dqg/ lw ehduv hpskdvlv/ wudqvdfwlrqv frvwv ri dq|

pdjqlwxgh zloo gr�zh gr qrw qhhg wkhp wr eh odujh1

Rxu dqdo|vlv dovr h{sodlqv krz lqwhuphgldulhv fdq sur�w e| lvvxlqj qrwhv/

dqg krz dw wkh vdph wlph lqwhuphgldu| qrwh lvvxhv zloo eh olplwhg1 Wkh

prgho wkxv jrhv vrph zd| wrzdugv uhvroylqj wkh edqn qrwh xqghulvvxh

sx}}oh ri Fdjdq +4<96,1 Lw dovr h{sodlqv zk| lqwhuphgldulhv eruurz dqg

ohqg vr pxfk zlwk hdfk rwkhu/ zkhq wkh| frxog udlvh pruh ixqgv/ li wkh| vr

ghvluhg/ e| lvvxlqj pruh qrwhv1

Lw kdv riwhq ehhq dujxhg wkdw doorzlqj djhqwv zkr ohqg wr lvvxh sd|phqwv

phgld lv d irupxod iru jhqhudwlqj lqghwhuplqdflhv ri htxloleulxp dqg h{0

fhvvlyh hfrqrplf yrodwlolw|1 Rxu dqdo|vlv ri htxloleulxp g|qdplfv doorzv xv

wr hydoxdwh wklv dujxphqw1 Lq rxu Fdvh 5 hfrqrp|�plggoh0djhg lqwhuph0

gldulhv qhlwkhu eruurz qru ohqg�yrodwlolw| lv qrw d frqfhuq hlwkhu lq wkh

vhqvh ri lqghwhuplqdf| ru lq wkh vhqvh ri htxloleulxp g|qdplfv1 Iru wkh

ohvv vshfldo Fdvh 4 dqg Fdvh 6 hfrqrplhv/ krzhyhu/ htxloleulxp g|qdplfv/

vkrxog wkh| eh ghwhuplqdwh/ duh qhyhu prqrwrqlf1

Ilqdoo|/ zh fdq lqyhvwljdwh krz wkh lqwurgxfwlrq ri rxwvlgh prqh|/ ru wkh

vxvwdlqhg h{sdqvlrq ri wkh rxwvlgh prqh| vwrfn d�hfwv wkh xvh ri lqwhuph0

gldu| oldelolwlhv lq h{fkdqjh1
� �

Dv zh kdyh vhhq/ wkh lqwurgxfwlrq ri rxwvlgh

prqh| fdqqrw vxssodqw/ lq wkh devhqfh ri rwkhu lqwhuyhqwlrqv/ wkh xvh ri

lqwhuphgldu| oldelolwlhv1 Wkhvh duh hvvhqwldo lq doorzlqj fuhglw pdunhwv wr

ixqfwlrq1 D jryhuqphqw fdq/ ri frxuvh/ hqjdjh lq uhvwulfwlrqv rq wkh lvvxh ri

sulydwh oldelolwlhv ru fdq h{solflwo| surklelw wkhlu xvh1 Krzhyhu/ wklv prgho

looxvwudwhv krz grlqj vr frxog lqklelw wkh delolw| ri pdq| djhqwv wr wudqvdfw

dw doo/ dqg krz grlqj vr frxog kdyh yhu| dgyhuvh zhoiduh frqvhtxhqfhv1

Qdwxudoo| rxu dqdo|vlv devwudfwv iurp d qxpehu ri lvvxhv1 Rqh lv sulydwh

lqirupdwlrq1 Lq rxu prgho hyhu|rqh nqrzv wkh lvvxhuv ri sulydwh flufxodwlqj

oldelolwlhv/ dqg wkhuh duh qr sureohpv zlwk iudxg ru zlwk hqirufhphqw ri

frqwudfwv zkhq wkhvh oldelolwlhv duh suhvhqwhg iru uhghpswlrq1 D zkroh

duud| ri hfrqrplvwv/ iurp Dgdp Vplwk +4::9, wr Plowrq Iulhgpdq +4<93,/

kdyh hpskdvl}hg wkh srwhqwldo iru iudxgxohqw qrwh lvvxh wr jhqhudwh d uroh

iru jryhuqphqw uhjxodwlrq ri qrwh lvvxh1 Lw zrxog eh lqwhuhvwlqj wr h{whqg

wkh prgho wr frqvlghu wklv srvvlelolw|1

Dgglwlrqdoo|/ rxu prgho kdv qr uroh iru edqnv wkdw lvvxh qrwhv dqg vl0

pxowdqhrxvo| wdnh ghsrvlwv1 Vxfk dq h{whqvlrq ri wkh dqdo|vlv vkrxog eh

� � �:;������#��* 8� ��  ��0� ����  ��  � �;�� ��� '�����'+-����� � ����* ;�1#��1 � �6��#�  '!��$��* � ��� ���0�5861������ � 2
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ihdvleoh e| lqwurgxflqj vrph ihdwxuhv iurp Fkdps/ Vplwk/ dqg Zlooldpvrq

+4<<9, lqwr wkh prgho ri wkh suhvhqw sdshu1 Lw zrxog eh lqwhuhvwlqj wr vhh

krz wklv zrxog d�hfw wkh xvh ri flufxodwlqj oldelolwlhv lvvxhg e| lqwhuph0

gldulhv/ dqg krz wkh frpsrvlwlrq ri lqwhuphgldu| oldelolwlhv ehwzhhq qrwhv

dqg ghsrvlwv zrxog eh ghwhuplqhg1
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Zh dovr qrwh wkdw � � � +4� �,� � 1
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vlpxowdqhrxvo|1 Wkxv +D145, dqg +D147, fdqqrw erwk krog1 Wklv hvwdeolvkhv

wkh h{lvwhqfh ri d vwhdg| vwdwh1
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